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PREFACE 

Problems of the flow of fluids are of great interest and complexity, 
and the practical importance of their solution is very wide. The study 
of the flow of fluids in pipes and channels, and of the transfer of heat 
from solids to fluids, for example, is of importance in nearly every 
branch of engineering. The study of turbulence is not only of direct 
interest to aeronautics, but is indispensable for the advance of the 
sciences of meteorology and oceanography. But the chief incentive 
to explore such problems in recent years has been provided by the 
study of the practical problems of flight. 

In May 1930 the Aeronautical Research Committee appointed 
a Fluid Motion Panel, and gave it the responsibility of encouraging 
and initiating general researches in hydrodynamics of direct or in- 
direct interest to aeronautics. The Committee has had the advantage 
of the help of many distinguished men of science in the course of this 
work, among whom must be specially mentioned the late Sir Horace 
Lamb, who will always be remembered gratefully by those who knew 
and worked with him. The present book was started at his suggestion. 
It makes no pretence to provide an exhaustive account of all modern 
advances in hydrodynamics, but only to present and summarize 
methods of experiment and development of theory in certain 
branches of hydrodynamics of special interest to aeronautical science. 
The book does not deal with the potential flow of inviscid fluids or 
with the trailing vortex theory of aerofoils, except to summarize the 
results of work recorded in other books, nor does it discuss problems 
of compressibility, which have recently become of practical interest 
to aeronautics. On the other hand, the book is concerned with the 
laminar and turbulent flow of viscous fluids, particularly near and at 
the surfaces of solids and in wakes, and with transfer of heat in 
laminar and turbulent flow. Modern theories of such flow are fully 
discussed ; exact mathematical solutions of particular types of flow 
are given, when possible, and approximate methods for the solution 
of more general cases are developed. The experimental results and 
illustrations of theory are naturally mainly of aerodynamic interest, 
but technical applications are avoided. 

The book has been written by many authors, but an attempt has 
been made to make the account connected. The name of Dr. Her- 
mann Glauert does not appear in the list of collaborators; his 
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PREFACE 


premature death in August 1934 deprived the Panel of a colleague 
whose ability was outstanding. Sir Horace Lamb originally undertook 
the general Editorship, but when he was compelled to relinquish this 
task it was entrusted to Dr. Sydney Goldstein. If the book fulfils its 
object of meeting the needs of those who are primarily interested 
in the physical and engineering aspects of fluid flow, as well as those 
who are engaged on its mathematical study, this will be largely due 
to the work of Dr. Goldstein. 


H. T. TIZARD. 

Chairman^ Aeronautical Research Committee, 



EDITOR’S NOTE 


*My thanks are due to all collaborators for their co-operation, to Mr. 
Ower, Dr. Howarth, and Mr. Squire for assistance to myself and the 
authors in reading proofs, to Mr. Ower and to Mr. W. S. Brown for 
assistance in making the indexes, to Mr. Ower for the checking of 
references, and to the staff of the Clarendon Press for their assistance 
and courtesy in the very difficult task of getting the book into print. 

S. GOLDSTEIN. 
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INTRODUCTION. REAL AND IDEAL FLUIDS 


1. Real and ideal fluids. 

If we imagine a surface S drawn in a fluid, then forces are exerted 
between the portions of the fluid close to 8 on its two sides, these 
sets of forces being equal and opposite, in the nature of an action 
and reaction. The set of forces on the fluid on one side of 8 is equi- 
valent to a force and a couple, and this is true for any portion of 8. 
We assume, however, that the resultant force exerted over a vanish- 
ingly small area is ultimately proportional to the area: that is, that 
the ratio of force to area has a definite limit when the area shrinks 
up to a point; and it follows that the ratio of the couple to the area 
must ultimately vanish. We can, therefore, specify the intensity of 
the action at any point of the surface by the limit of the ratio of 
force to area; this may be called the force per unit area at the point, 
and is, by definition, the stress at the point. This stress may, in 
general, be in any direction. For a fiuid at rest it is normal to the 
surface, and is in the nature of a pressure. For fluids in motion, 
however, tangential stresses occur. The existence of these ’tangential 
stresses constitutes the phenomenon known as viscosity or internal 
friction in fluids. 

Similarly, if Sf is a surface of contact of a fluid with a solid body, 
forces are exerted between the parts of the solid body and the fluid 
close to 8, and there is a resultant force and couple on the body, and 
a stress at any point of its surface. Now consider any portion of a 
vanishingly thin layer of fluid next to the solid body. Its inertia is 
vanishingly small, and therefore the forces acting on it must be in 
equilibrium. The resultant of the body forces (such as gravitation) 
which act on it is also vanishingly small. Hence the forces exerted 
on it across a portion of 8 must balance the forces exerted on it 
across its surface of separation from the remainder of the fluid. But 
the forces exerted on it across a portion of 8 are equal and opposite 
to the forces exerted on the body across the portion of 8. It follows, 
by taking the portion of in question to be small, that the stress on 
the surface of the solid body at any point is the same as the stress 
at a neighbouring internal point of the fluid. Thus if the fluid and 
the solid body are at rest, the solid body will be subjected to normal 

3837.8 
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pressures only; but if the fluid is in motion, there will also be tan- 
gential stresses on the solid body, giving rise to the phenomenon 
called skin-friction. 

Neglect of the internal tangential stresses for a fluid in motion 
leads to the theory, very highly developed mathematically, ol the 
so-called ideal or perfect fluid. There is, however, another funda- 
mental difference between a real fluid and the ideal fluid of that 
theory. At a surface of contact of an ideal fluid and a solid body con- 
tinuity requires that the normal velocity of fluid and solid should 
be the same, but there is a relative tangential velocity, or velo(*ity of 
slip. In a real fluid, on the other hand, there can be no relative 
velocity at all at such a surface, the velocity of the fluid in cH">ntact 
with the solid being exactly the same as that of the solid itsclf.f 
This impossibility of slip persists no matter how slightly viscous the 
fluid may be. 

The existence of tangential stresses and the impossibility of slip 
constitute, then, the differences between a real fluid and a theoretic- 
ally ideal one. In this book we are concerned with the motion of 
those fluids whose viscosity is small: the phenomena in mvh motions 
sometimes approximately agree, sometimes violently disagree, with 
the predictions of ideal fluid theory; and the explanation of sudi 
agreements and discrepancies is one of the first objects of the book. For 
such an explanation, both the impossibility of slip and tlie existence 
of internal friction (no matter how small) must be taken into account. 

2. The measure of viscosity. 

If a shaft of circular cross-section is jflaced centrally within a 
rotating circular tube, so that a narrow annular space is left between 
the two cylindrical surfaces, and if this space is filled with any fluid, 
either gas or liquid, then there is a tendency for the shaft to rotate 
on account of the rotation of the tube and the friction of the fluid, 
and a torque is required to hold the shaft stationary. This torciue is 
found to be proportional to the relative velocity of the two surflices. 
It is also inversely proportional to the distance between the siirfa-ces, 
so long as this distance is small compared with the radii. With given 
values of the relative velocity and the distance, the torque will have 
a value depending on the nature of the fluid; and its magnitude is a 
measure of the viscosity of the fluid. 

t See the note on pp. 676 -GSO. 
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MEASURE OF VISCOSITY 


The conditions in this experiment approximate to the ideal (but 
less easily realizable) conditions which are postulated in the definition 
of viscosity given (following Maxwellf) in most text-books of physics : 
'The viscosity of a substance is measured by the tangential force on 
the unit area of either of two horizontal planes at the unit of distance 
apart, one of which is fixed, while the other moves with the unit of 
velocity, the space between being filled with the viscous substance/ f 
It is implied in this definition that 

if a stratum of fluid, of thickness C D 

a, is contained between two hori- 
zontal planes of indefinite extent, 

one {AB) fixed and the other (CD) , 

moving from C to D with velocity A B 

u, then when the fluid in the 

different parts of the stratum has taken up its final steady velocity, 
the tangential force exerted on an area S of either plane, from A 
to B on the lower plane and from D to <7 on the upper, is ixSuja, 
where jut, the measure of viscosity, is independent of u, S and a, 
depending only on the nature of the fluid. The tangential stress is 
then (jiuja, where u is the relative velocity of the two planes or of 
the layers of fluid in contact with them. 

Now the tangential stress at any point of a plane, in a fluid moving 
everywhere in the same direction parallel to the plane, can depend 
only on the motion in the neighbourhood of the point. Hence we 
are led to replace the relative velocity and distance of the two layers 
by differentials, and to write fjiduldz for the tangential or shearing 
stress in such motions, where u is the velocity of a layer at a distance 
2 ; from a fixed point, measured perpendicular to the layers, and /x is 
a characteristic constant for each fluid, which, in all simple fluids, is 
independent of dujdz. (The restriction that the layers should be 
horizontal, put into the definition originally in order that the motion 
might be unaffected by gravity, may now be removed, since the 
tangential stress in a shearing motion cannot depend on gravity.) 1) 

f Theory of Heat (London^ 1871), p. 278. i ' 

% The experiment above, with a coaxial cylinder system, is not, in fact, the best 
experiment for the measurement of viscosity ; but more accurate methods are less suit- 
able illustrations of the definition. The most widely used, method is that in which 
fluid is forced through a circular tube of small diameter, and the viscosity deduced 
from the volume discharged in a measured time, the pressure fall along the tube, and 
its dimensions. See § 6. 

11 The idea of a formula such as this was first given by Newton in the ‘Hypothesis’ 
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Since a stress is a force per unit area, it follows that the dimensions of 
fi are In the centimetre-gramme-second system of units, 

in which the unit of force is a dyne, the unit for /x is called a poise. f 

The viscosity is small both for air and for water. Thus at atmo- 
spheric pressure and 20° C., while the viscosity of glycerine is about 
8*7, and that of cylinder oil (Mobiloil BB) about 9-5, the value for 
water is about 0-01 and that for air about 1*9 X 10^‘KX The viscosity 
of air is, in fact, so small that the stress corresponding to a change of 
velocity of 100 miles per hour over 1/lOOth of an inch is about 1 oz. 
wt. per square foot. 

In liquids jn diminishes fairly rapidly as the temperature rises.il 
A table of values of 100/x for water at intervals of 1°C. from 0°C. 
to 50° C., and of 2° C. from 50° C. to 100° C., is given on pp. 5 and 6 
(Table 1 (a)). The. table is abridged from one calculated by Bingham 
and Jackson,f t using an empirical formula with four constants, Irom 
weighted averages of a number of determinations by various 
observers, [x is in poises, or gm. per cm. per sec. The various deter- 
minations differ fairly considerably among themselves (from 1*77() to 
1*796 at 0° C., for example), and for further details reference should be 
made to the original papers. Table 1 (6) contains the values of 1 ,000 /a 
in lb. per ft. per sec. Since there are 2*2046 lb. in 1 kg. and 3*2808 ft. 
in 1 m., the value of jx in lb. per ft. per sec. is found by multiplying 
its value in gm. per cm. per sec. by 0*06720, so that tlie entries in 
Table 1 (6) are found by multiplying those in Table 1 {a) by 0*6720, 

As we shall see later (pp. 11, 12 and p. 96), although the viscous 
stresses in different fluids themselves depend upon [x, yet their effects 

just before Prop. LI, Lib. II, of the Principia: ‘Resistentiarn quae oritur ex dofectii 
lubricitatis partium fluidi, caeteris paribus, proportionalern volo<*itati, cpia. part t'B 
fluidi separantur ab invicem.’ In Prop. LI and Prop. LII Newton eal(‘ulat(‘«, in- 
correctly, the steady flow of an infinite viscous liquid due to a rotatinjjj <‘ylinder and 
rotating sphere respectively. (See Stokes, Trans, Camb, Phil. Soc. 8 (1845), 503. 
^04; Math, and Phya. Papers, 1 , 103.) Navier {MSmoires de V Acadtin ie dvs ^vii^ncvs, 6 
(1823), 416) gives almost exactly Maxwell’s definition. 

t In honour of Poiseuille, a physician interested in the circulation of the blood, 
who, in a series of careful and beautiful experiments, established experinuuitally tht' 
laws of discharge of fluid flowing through capillary tubes {MtUnoires des ^Savants 
J^trangers, 9 (1846), 433-544). 

J These values are taken from a chapter by A. G. M. Miehell in The Mechaimal 
Properties of Fluids, a Collective Work (London, 1925), p. 112. 

II Data for a number of liquids are given by Hatschek, The Viscositi/ of LiquidH 
(London, 1928), chap, v, and Erk, Uandbuch der Experimentalphi/aik, 4, part 4 
(Leipzig, 1932), 638 et seq. Figures for a number of lubricating oils are given by 
Miehell, loc. cit. 

tf Bulletin of the Bureau of Standards, 14 (1919), 76. 



Table 1 


The Viscosity and Kinematic Viscosity of Water 


Temp. 

Table i (a), 
loofjL in 
gm.Kcm, sec.) 

Table i (i). 

ijOOOjLc in 
lb. lift, sec.) 

Table i (c). 
loov in 
cm.^/sec. 

Table i (d). 
loh in 
ft.-jsec. 

o° 

1-793 

1*204 

1-792 

1-929 

I 

1-731 

1*163 

1*731 

1*863 

2 

1-673 

1*124 

1-673 

1*801 

3 

1-619 

1*088 

1*619 

1-743 

4 

1-567 

1*053 

1-567 

1-687 

5 

1*519 

1*021 

1*519 

1-635 

6 

1-473 

0*990 

1-473 

1*586 

7 

1*428 

0*960 

1*428 

1-537 

8 

1*386 

0*931 

1*386. 

I *492 

9 

1-346 

0*905 

1-346 

1*449 

lO 

1*308 

0-879 

1*308 

1-408 

II 

1*271 

0-854 

1-271 

X-368 

12 

1*236 

0-831 

1-237 

I- 33 I 

13 

1*203 

0-808 

1*204 

1-296 

14 

1*171 

0-787 

1*172 

1*261 

IS, 

1*140 

0^766 

1*141 

1*228 

i6 

I*III 

0*747 

I-II 2 

1-197 

17 

1*083 

0*728 

1*084 

1*167 

i8 

1*056 

0*710 

1*057 

1*138 

19 

1*030 

0*692 

1*032 

1*110 

20 

1-005, 

0-675, 

1*007 

1*084 

21 

0*981 

0-659 

0-983 

1*058 

22 

0-958 

0*644 

0*960 

1*034 

23 

0-936 

0-629 

0-938 

i-oio 

24 

0-914 

0*614 

0-917 

0-987 

25 

0-894 

o*6oi 

0-897 

0 965 

26 

0-874 

0-587 

0-877 

0*944 

27 

0-855 

0*575 

0-858 

0-924 

28 

0-836 

0*562 

0-839 

0*903 

29 

0*818 

0*550 

0*821 

0*884 

30 

0*801 

0-538 

0*804 

0-866 

31 

0-784 

0-527 

0-788 

0*848 

32 

0*768 

0-516 

0*772 

^ 0-831 

33 

0*752 

0-505 

0-756 

0-814 

34 

0-737 

0*495 

0-741 

0*798 

35 

0*723 

0*486 

0*727 

0-783 

36 

0*709 

0*476 

0*7x3 

0*768 

37 

0-695 

0*467 

0*700 

0*753 

38 

o*68i 

0-458 

0*686 

0*738 

39 

0*668 

0*449 

0*673 

0-724 

40 

0*656 

0*441 

o*66i 

0-712 

41 

0*644 

0*433 

0-649 

0*699 

42 

0*632 

0*425 

0*637 

0*686 

43 

0-621 

0*417 

0*627 

0*674 

44 

o*6io 

0-410 

o*6i6 

0-663 

45 

0*599 

0*403 

0*605 

0*651 

46 

0*588 

0*395 

0-594 

0*639 

47 

0-578 

0-388 

0-584 

0*629 

48 

0-568 

0-382 

0 -S 74 

0-618 
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Table 1 (cont.) 


Temp, 

Table i (a). 

1 00/A 

gm.licm. sec.) 

Table i (6). 

itooofi in 
lb. lift, sec.) 

Table i { c ). 
loot’ in 

Table i (</). 
lo"'!' in 

49 "" 

0-559 

0-376 

0-565 

0-609 

50 

0-549 

0-369 

0-556 

0-598 

52 

0-532 

0-358 

0-539 

0-580 

54 

0-515 

0-346 

0*522 

0-562 

56 

0-499 

0-335 

0-506 

0*545 

58 

0-483 

0-325 

0*491 

0-528 

60 

0-469 

0-315 

0-477 

0-513 

6z 

0-45 S 

0-306 

0-463 

0*499 

64 

0-442 

0-297 

0 * 45 1 

0-485 

66 

0-429 

0-288 

0-438 

0-471 

68 

0*417 

0-280 

0-426 1 

0*459 

70 

0*406 

0-273 

0-415 

0*447 

72 

0-395 

0-265 

0-404 

0*435 

74 

0-385 

0-259 

0-395 

0-425 

76 

0-375 

. 0*252 

0-385 

0-414 

78 

0-366 

0*246 

0-376 

0-405 

80 

0-357 

0*240 

0-367 

0-395 

82 

0-348 

0-234 

0-358 

0-386 

84 

0-339 

0*228 

O‘ 3 S 0 

0*376 

86 

0-331 

0-222 

0-342 

0-368 

88 

0-324 

0 - 2 I 8 

0-335 

0-361 

90 

0-317 

0-213 

0*328 

0*353 

92 

0-310 

0-208 

0-322 

0*346 

94 

0-303 

0*204 

0*315 

0*339 

96 

0-296 

0-199 

sc 

0 

6 

0*331 

98 

0-290 

0-195 

0-302 

0-325 

100 

0-284 

0-191 

0-296 

0*319 


on the motions of the fluids are deten;nined by the ratio of /x to the 
density p, which is called the kinematic viscosity and denot ed l)y v. 
In Table 1(c) values of lOOv are given, wliere v is in (-ni." per .sec., 
while Table 1 (d) gives the values of 10®a in ft.- per soti. 'I'lie valm^ 
of V in ft.® per sec. is found by multiplying its value in cm.® per 
sec. by 1'0764:. 10~®, so that the entries in Tal)le I (d) are found l)y 
multiplying those in Table 1 (c) by 1-0764. 

These values are for pressures of about one idniosplH>r<'. T'lic 
effect of a change of pressure on the viscosity of water dept-nds 
markedly on the temperature, but is very small for any change likely 
to occur in ordinary circumstances. Thus the percentage change in 
the viscosity of water between 1 and 100 atmospheres seem.s to vary 
from about - 1-2 at 0° 0. to about +0-7 at 75° O.f 

t See Bridgman, The Physics of High Pressure (London, 1931), p. 34«. For most 
other liquids the viscosity increases with increase of pressure at all lom}>eratur(*H at 
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Table 2 


The Viscosity and Kinematic Viscosity of Air 


Temp. 

' Table 2 (a) 

10 V 

gm.licm. sec.) 

Table 2 (b) 
in 

Ib.Kft. sec.) 

Table 2 (c) 

V in 

cm.^jsec. 

Table 2 (d) 
jo^v hi 
ft.^lsec. 

o° 

1-709 

1*148 

0-132 

0-142 

20 

I i-8o8 

1*215 

0*150 

0*161 

40 

1-904 

1-279 

0*169 

o-i8i 

6o 

1-997 

1*342 

0-188 

0-202 

8o 

2-088 

1*403 

0-209 

0-225 

lOO 

2- 17s 

1*462 

0-330 

0-248 

120 

2-260 

1-519 

0*252 

0-271 

140 

2-344 

1*575 

0-274 

0*295 

160 

2-425 

1*630 

0*298 

0-321 

180 

2*505 

1-683 

0*322 

0-347 

200 

2-582 

1-735 

0-346 

0-372 

220 

2-658 

1-787 

0*371 

0*399 

240 

2-733 

1-837 

0-397 

0-427 

260 

2-806 

1-886 

0*424 

0-456 

280 

2-877 

1-933 

0-451 

0-485 

300 

2-946 

1*980 

0*481 

0*518 

320 

3-014 

2*025 

0*507 

0*546 

340 

3-080 

2*070 1 

0*535 

0*576 

360 

3*146 

2*114 1 

0*565 

0-608 

380 

3-212 

2*158 

0*595 

0*640 

400 

3-277 

2*202 

0*625 

0-673 

420 

3-340 

2-244 

0*656 

0-706 

440 

3*402 

2*286 

0-688 , 

0*741 

460 

3-463 

2*327 i 

0*720 

0*775 

480 

3*523 

2-367 

0-752 

0-809 

500 

3*583 

2*408 

0*785 

00 

b 


In gases, on the other hand, /x increases as the temperature rises. 
It varies only slightly with pressure within fairly wide limits. As 
regards the viscosity of air, Ruckesf found an increase of 20 per cent, 
in /X for an increase of pressure from 1 to 15 atmospheres; but this 
result is contested by Wildhagen, J who found an increase of 23 per 
cent, at 100 atmospheres and 91 per cent, at 200 atmospheres. On 
the assumption that the increase is parabolic, this would mean an 
increase of only about 1*5 per cent, at 25 atmospheres, for example; 
but Boyd|| criticizes Wildhagen’s work, and both on a theoretical 

which experiments have been made, and the percentage change is greater than for 
water (Bridgman, loc, ciU), For lubricating oils reference may be made to Hyde, 
Proc. Roy, Soc. A, 97 (1920), 240-259 ; Hersey and Shore, Mechanical Engineering, 50 
(1928), 221-232; Kleinschmidt, Trans. Amer. Soc. Mechanical Engineers, Applied 
Mechanics Section, 49-50, (1927-1928), 2-5. 

t Ann, d. Phys. (4), 25 (1908), 983—1021. See particularly 997. 
t Zeitschr. /. angew Math. u. Mech. 3 (1923), 181-191. 

11 Phys. Rev. (2), 35 (1930), 1297. 
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basis and by considerations of dynamical similarity for the onset of 
turbulence in Wildhagen’s experiments (cf. §§ 5, 6 and 23 mfra) he 
deduces a nearly linear law of increase of fi with pressure, with an 
increase of about 4 per cent, at 25 atmospheres. 

Values of 10^ in cm. per sec. for air at atmospheric 

pressure, at intervals of 20° C. from 0°C. to 500° C., are given in 
Table 2 {a) on p. 7. Table 2 (b) gives values of 10^/x in lb. per ft. ])er 
sec., and Tables 2 (c) and 2 (d) give values of v in cm.- per sec. and of 
10 ^ 1 ^ in ft. 2 per sec., respectively. Table 2 (a) is reproduced from the 
International Critical Tables. A careful survey of the results of the 
most recent determinations of [jl showed that this table gave a very 
good mean of the best observations. In a few cases individual 
experimental values depart by about 1| per cent, from the curve 
through the plotted values of Table 2 (a), but generally the agree- 
ment is much closer. 

3. The viscosity and some other properties of gases accord- 
ing to the kinetic theory. 

A theoretical explanation of Newton’s formula for the shearing 
stress in a viscous fluid was first given by Maxwellf for gases, accord- 
ing to the kinetic theory: a simplified form of the calculations may 
help to explain several notions which will be useful later. According 
to the kinetic theory the molecules of a gas are always in motion, 
with velocities distributed at random, so that there is no motion 
of the gas as a whole on this account: the kinetic energy of tlK‘se 
random motions is the heat energy of the gas. Now suppose that, on 
the molar scale, the gas has a velocity ti every wliere in tlic same 
direction AB, with u constant over any one of a series of planes 
parallel to one another and to AB, and with a constant gradient 
at right angles to these planes. Thus, if we suppose that u va.^nsh^^s 
over the plane whose trace is AB, its value at a distance from this 
plane is ocz. Then the molecules of the gas, in addition to their 
random heat motions, possess the ordered motion and the niomen- 
tum associated with it. 

In consequence of the random heat motion, molecules from below 
wiU pass upward, and from above will pass downward, through A B. 
If we call momentum in the direction AB positive, the molecules 
from above bring with them positive momentum, and those from 
t Pthil. Mag. (4), 19 (1860), 19-32; Scientific Papers, 1, 377 « 391 . 



VISCOSITY OF GASES. KINETIC THEOBY 


below negative momentum. Thus the transport of momentum tends 
to equalize the velocities of the upper and lower layers. If there are 
N molecules per unit volume of the gas, moving with an average velo- 
city c, then for a simple calculation we suppose that -JiV molecules 
per unit volume are moving with the ^ 

velocity c at right angles to the planes 

of constant with J-iV moving in each - 

of two directions parallel to these A — : ' ,1 5 

planes and at right angles to each r., 
other. Of the molecules per unit 
volume moving at right angles to the ^ 

planes of constant u, we suppose that half, i.e. molecules per unit 
volume, are moving downwards, and the other half upwards, all with 
the velocity c; so that, in time dt, \NodtdS molecules pass down- 
wards through an area dS of the plane AB^ and the same number 
pass upwards. If the molecules when they pass through AB have on 
the average the velocity appropriate to a plane at a distance L from 
AB, and if m is the mass of a molecule, the average momentum of 
each molecule is mLoc, and there is a transport of positive momen- 
tum downwards through AB, of amount ^NcmLot per unit area per 
unit time, and an equal transport of negative momentum upwards. 
Thus the gas below is gaining momentum \NcmLoL per unit area 
per unit time, and this gives the tangential stress on AB, Since a is 
the velocity gradient, Newton’s formula gives the tangential stress 
equal to /xa; and since Nm is the total mass per unit volume, i.e. the 
density p of the gas, it follows that fx is ^pcL. 

This calculation is extremely rough, and the method of averaging 
is probably the simplest and roughest possible. More accurate 
calculations (in which account is taken of the correct distribution of 
random velocities among the molecules, and of the change in this dis- 
tribution due to the ordered motion) give the value 0A99pcL for pi, 
where c is the average random velocity of a molecule, and L the mean 
free path, calculated in a certain way.f 

According to this formula it may be shown that the usual ideas of 
the kinetic theory would make ju. independent of the pressure and 
directly proportional to the square root of the absolute temperature. 


t The calculations are due to Enskog and Chapman. For an account of the applica- 
tion of the kinetic theory of gases to hydrodynamics reference may be made to 
Rocard, L'Hydrodynamique et la Thdorie Cinetique des Gaz (Paris, 1932). 
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The former result is, as we have noted, experimentally confirmed 
within fairly wide limits; but the increase of viscosity with tempera- 
ture is more rapid than the latter result asserts. Formulae more in 
harmony with experimental results have been found by allowing for 
forces of attraction or repulsion between the molecules; but the 
results naturally depend on the model chosen, and the discussion of 
the validity of the formulae is complicated.f 

When the molecules cross the plane AB they carry with tliem not 
only the momentum of their ordered motion but also their mass and 
their energy. In a gas in which the density is not constant tlie trans- 
port of mass corresponds to the phenomenon of diffusion; if tlie 
temperature is not constant the transport of energy gives rise to tlie 
phenomenon of the conduction of heat. Thus on the simplest theory 
the mechanisms of the transport of a component of ordered momen- 
tum, of heat energy, and of mass are identical; and as a result it ivS 
found that, according to the simplest possible calculations, the co- 
efficient of conduction of heat {k) is equal to the produ(‘t of the 
viscosity [yCj and the specific heat at constant volume ({y , while tlie 
coefficient of self-diffusion {D) is equal to the viscosity (/x) divided 
by the density {p). Both experiment and more accurate calculations 
give values round about 2 for kj{ixG^), the value for air at O'" C. being 
1-91. If Cp is the specific heat at constant pressure, y, is equal to 
l'40lCIy for air, so that A;/(/xC!p) is about 1*36. Similarly, the values of 
DpIfjL appear to lie between 1*2 and 1*5. J 

Throughout this book, with the exception of the present section, 
we shall regard a fluid as a continuum. In order that this view 
may be justified it must be possible to define a volume, very small 
from the molar point of view, which nevertheless includes so many 
molecules that it possesses the average, or molar, properties of the 
fluid. Ordinarily this condition presents no difficulties (thus a cube 
of air at atmospheric pressure, of side one-hundredth of a millimetre, 
contains about 2-7.10^® molecules), but it is violated in the ease of 
gases at very low pressures. Again, in order that an element of 
volume, so defined, may possess an individuality of its own for a 
sufficient time to permit us to reason about its motion, its dimensions 
must not be small compared with the molecular mean free path of 

*f For a discussion of some of the more recent theoretical results reference may bo 
made to Fowler, Statistical Mechanics (Cambridge, 1929), pp. 229-234. 

t See, for example, Jeans, The Dynamical Theory of Oases (Cambridge, 1925), 
chaps, xi, xii, and xiii. 
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a gas (and, as we have seen, even when this condition is satisfied, 
transport phenomena across its boundaries must still be taken into 
account). It follows that the mean free path must be very small 
compared with the dimensions of the apparatus or other system with 
which we are concerned. 

Finally, we remark that the mechanism of viscosity in liquids is 
.quite different from that in gases, and that its theory has not been 
developed to anything like the same extent. f 

4. The compressibility of air. 

In this book we shall usually neglect the compressibility of air, 
and treat its density as constant. This procedure naturally involves 
some departure from the facts, but we can see that the error intro- 
duced is small so long as the velocities with which we are concerned 
are not too large. The percentage change in density is small so long 
as the percentage change in pressure is small: now the maximum 
pressure change associated with motion is of the order of where 
Pq is the density and v the maximum velocity, and thus the approxi- 
mation will be satisfactory so long as this quantity is small compared 
with the undisturbed pressure, Near the ground the pressure of 
the atmosphere is about 2,100 lb. wt. per square foot, and for a speed 
of 100 miles an hour PqV^ is about 52 lb. wt. per square foot or about 
2| per cent, of Pq. Quite generally we can say that the condition 
required is that v should be small compared with (PqIpq)-: since a, 
the velocity of sound, is about 1-2{PqIpo)-, the condition is then that 
vjd should be small. At atmospheric pressure a is about 1,120 feet 
per second, or about 760 miles per hour. 

An exact evaluation of the error involved for a particular value 
of vja, and a description of what happens either when is a con- 
siderable fraction of a (as for motion near the tips of airscrew blades) 
or when v is greater than a (as for the flight of bullets and shells) is 
outside the scope of this book. 

5. Kinematic viscosity and Reynolds number. Force coeffi- 
cients. Scale effect. Non-dimensional parameters-^ 

The viscous stresses in different fluid.s depend on the velocity 
.gradients and on ja; but when an element of the fluid is accelerated 
in passing from point to point, the effect of the viscous stresses on 

t For a discussion and references see ‘A Discussion on Viscosity of Liquids’, 
Proc. Roy. Soc. A, 163 (1937), 319-337. 
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its motion is determined by the ratio of their resultant to its inertia. 
The determining quantity is then the ratio jxjp, where p is the density, 
rather than p, itself. This ratio is usually called the kinematic 
viscosity, f and denoted by the special symbol v. 

Since the dimensions of p. are and those of p are 

[ML~% the dimensions of v are At atmospheric pre.ssure 

and 20° C. v has the values 6-9 for glycerine, 10-4 for cylinder oil, 
0-01 for water, and 0-16 for air (in c.g.s. units). Thus viscosity has 
more effect on the motion of air than on the motion of water. 
(Moreover, as we have seen in Tables 1 (c) and 2 (c), with increase of 
temperature v decreases for water but increases for air.) Neverthe- 
less, the value of v for air is only about one-seventieth of that of an 
ordinary cylinder lubricating oil. 

We can now go farther and ask what is the determining (piantity 
for the flow of different fluids at different speeds and on different 
scales for systems which are in all respects geometrically similar. In 
the first place we may suppose the effects of forces such as gravity 
acting on the fluid eliminated by the following device; — If the fluid 
were in equilibrium, a certain system of hydrostatic pressures would 
be set up whose effects would just balance the effects of these 
forces, — that is, their effects would be equal and opposite to those 
of the forces. If, then, we assume that when the fluid is moving, 
instead of the actual system of stresses we have the differences of 
these actual stresses from the hydrostatic pressure (i.e. the actual 
stresses minus the hydrostatic pressure) the effect, will be e.vactly 
the same as for the actual stresses together with the e.xternal 
forces. We shall suppose this done (except in Chap. Ill, §§;}(> :h), 
and Chaps. XIV, XV), so that whenever we speak of the pressure in 
a moving fluid we mean the difference of the actual ])ressui-e from 
the hydrostatic pressure; and, as a consequence, whenever we speak 
of the force on a solid body immersed in a moving fluid we mean 
the excess of the actual force experienced by the body over the force 
of buoyancy. 

The arguments are now quite general, but to fix ideas we may 
consider the flow of fluid past a stationary obstacle, any other 
boundaries being so far away from the obstacle that their influence 
may be neglected. The shape of the obstacle, and its orientation 
with regard to the direction of the undisturbed stream, are supposed 

t This name and symbol are due to Maxwell, Theory of Heat (London, 1 87 1 1, p. 27<). 
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fixed. If d IS some representative length of the obstacle — for example, 
its diameter, if the obstacle is a sphere — and U is the undisturbed 
velocity of the stream, then the whole system is fixed if we know 
U and d, together with p and v for the fluid. Now if is a component 
of fluid velocity in some arbitrarily chosen direction, if ^ is a pressure 
and T a shearing or tangential stress, thenulU,p/{pU^),Sbiidrl(pU^) are 
non-dimensional quantities in the sense that their values will be the 
same whatever the units chosen to measure mass, length, and time. 
They will depend in the first place on the position at which they are 
measured; but if we fix our attention on corresponding points in our 
systems, then their values can depend only on U, d, p, and v, and 
being themselves non-dimensional they must depend on some non- 
dimensional combination of these quantities which is entirely inde- 
pendent of the units chosen. Kemembering that the dimensions of 
U are [LT^'^], of d are [L], of p are and of v are we 

easily see that the only non-dimensional combination possible does 
not contain p and is J?. = Udiv, or some function of i?. Thus at corre- 
sponding points ujU, pKpU^), and rl{pU^) must be functions of i? 
only. More generally, if in any system of coordinates three lengths 
X, y, z fix the position of a point in any one of our systems, then xjd, 
yjd, and zjd are non-dimensional, and we may say that 'ujU, plipU^), 
and T/{pU^) depend on xjd, yjd, zjd, and iJ, and on these only. 

Again, if F is the component in an arbitrarily chosen direction of 
the force on the obstacle due to the system of stresses over its surface, 
FliipUH^) is a non-dimensional quantity. Instead of writing d^ we 
usually write S, where S is some representative area associated 
with the obstacle : for example, for a sphere of which d is the 
diameter, /S may be the area opposed to the stream, Then the 

non-dimensional quantity FjdpU^S) is called a force coefficient. It 
can depend only on a non-dimensional combination of U, d, p, andv, 
and must therefore be a function of R only. The component of the 
force in the direction of the undisturbed stream is called the drag 
force, and denoted by D; any component at right angles to this 
is a component of lift,t and the resultant lift force is denoted by 
L; the drag and lift coefficients are denoted by and Cj^, so 

t The word lift suggests a force vertically upwards, and the orientation of the 
undisturbed stream and of the obstacle may usually be considered to be such that 
the force actually is in that direction; but the word lift will be used in this book 
quite generally for a component force perpendicular to the main stream, without 
any necessary relation to the direction of gravity. ✓ 
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that, for an obstacle of given shape at a given orientation to the 
stream, r 

IpU^S 

are functions of R only. 

In the special but important case of flow past an infinite cylinder, 
jD and L are used to denote the drag and lift forces per unit length of 
the cylinder, so that they have one less dimension in length than a 
force has. The drag and lift coefficients are then defined by 

fi ^ n . 

they are still functions of R alon^. In this case, the motion being 
two-dimensional, the direction of the lift — at right angles to the 
undisturbed stream — ^is quite definite. 

The non-dimensional quantity Udjv, denoted by R, is usually 
called a Reynolds number, in honour of Osborne Reynolds, who (in 
his researches on the flow of water through pipes)’j‘ first applied the 
idea that the state of affairs in geometrically similar systems depends 
only on R, in the sense outlined above. The dimensional argument 
was given by Lord Rayleigh. J 

The advantages of using non-dimensional quantities, and of the 
arguments given above, are considerable. In the first plac^c a force 
coefficient or a Reynolds number will have the same value whatever 
units are employed for measurement, though it is to be I'cmarked 
that different velocities and different lengths may, in different 
connexions, be used for U and d in systems geometrically similar. 
Thus for flow along a pipe U may be either the maximum velocity 
or the mean velocity across a section; d may be the diameter or tlie 
radius of a circular pipe, or the hydraulic radius~the ratio of the 
area of the section to its perimeter, which, for a circular pipe, is half 
the radius. But the importance of the ideas arises mainly from the 
fact that, although we can" make out theoretically that — /(J?), 
for example, the form of the function involved cannot be theoretically 
determined,, except perhaps for certain restricted ranges of values 
of R. Generally recourse must be had to experiment; and the values 
of Cp for a series of values of R can then be found by varying U or d 

t Pul Trans. 174 (1883), 935-982; Scientific Papers, 2 , 51-105. 

t PUL Mag. (5), 34 (1892), 59, 60; PUL Mag. (6), 8 (1904), 66, 67; Admaonj 
Committee for Aeronautics, Peports and Memoranda, Ko. 15 (1909) ; Scientific Papers, 
3 , 575, 576; 5 , 196, 197, and 532, 533. 
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or V or any combination of them, as may be most convenient. Thus 
in Fig. 1 the graph of CJc, as a function of It is given for the flow of a 
stream past a circular cylinder (U is taken as the undisturbed velocity 
of the stream, and d as the diameter of the cylinder). f A similar 
graph for a sphere is given in Fig. 2 {d is taken as the diameter of 
the sphere, and 8 as the area opposed to the stream. 



log R 
Fig. 1. 


Fig. 2, for example, represents in one curve the results of a large 
number of measurements of the drag of spheres, with spheres of 
different sizes, streams of different velocities, and fluids of different 
densities and viscosities. J If the function /(JS) were a constant, one 
experiment would suffice to determine the drag of all spheres in all 
fluids, and similar statements would be true for all other cases. To 
what extent the non-dimensional coefficients vary with Reynolds 
number must in general be a matter for experiment; this variation is 
referred to as scale effect. If we wish to study scale effect in con- 
nexion with model experiments on aeroplanes, for example, we should 

f For an explanation of the sudden drop in the drag coefficient in the neighbour- 
hood of = 2. 10®, see Chap. II, §24. The fact that Gj) may take different values 
for Reynolds numbers in this neighbourhood is due to different degrees of turbu- 
lence in the main stream. See p. 18, and Chap. IX, § 184. The experiments in air 
were carried out at the Aerodynamische Versiichsanstalt, Gottingen, Germany, and 
the National Physical Laboratory, Teddington, England; those in water by Dr. 
Eisner in Berlin. 

} Fig. 2 is reproduced with little alteration from an article by Muttray in the 
Handbuch der Experimentalphysikf 4, part 2 (Leipzig, 1932), 304. For Gottingen, 
see above. The Variable Density Txmnel, XJ.S.A., is of the compressed air type 
(see pp. 17, 237, 238). The other names with dates are those of the experimenters. 
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have to be able to make Udjv large for the model as for the full- 
scale aeroplane : since d is much smaller this would mean making U 
much larger if y is unaltered. This is difficult, and is in any case 
undesirable, partly because of the effects of compressibility at large 
values of U, Considerations such as these have led to the. use of 
a compressed air wind tunnel (Chap. VI, § 102) as a means of 
diminishing v or ja/p. Since ju, is not much altered* if the pressure and 
density are increased, v can thus be diminished and E increased. 

An interesting interpretation of E for a gas, according to the kinetic 
theory, has been given by Karman.f Apart from a numerical con- 
stant, V or ja/p is cL for a gas, where c is the average molecular 
velocity and L is the molecular mean free path (p. 9). Thus apart 
from a numerical constant, E is U /ex djL. Now in ordinary problems 
of hydrodynamics djL must be very large and Uje very small, 
otherwise the phenomena will depend not only on E but on U jc and 
djL separately. Thus if djL is not very large we can no longer regard 
the gas as a continuum, — we must take molecular phenomena into 
account; if Uje is not very small, compressibility and thermal effects 
in the gas must not be ignored. 

The conditions under which we have established that the various 
non-dimensional coefficients are functions of E only must be carefully 
noted. In the first place geometrical similarity is postulated through- 
out: thus if experiments are performed, for example, on solid bodies 
of the same shape but different sizes in one or in several wind 
tunnels (Chap. VI, § 99 et seq.), the tunnel boundaries must in every 
case be so far from the solid boc^y that they do not influence the 
results, if the simple laws enunciated above are to apply. Otherwise 
some correction must be made for the influence of these boundaries; 
and, if this is not done, then even for the same or geometrically similar 
tunnels the ratio of the linear dimensions of the tunnel section to 
the linear dimensions of the solid body enters as a second non- 
dimensional parameter, in addition to the parameter E, Again, 
strictly speaking, the geometrical similarity of two solid bodies must 
extend also to the roughnesses of their surfaces. (To what extent 
varying roughness affects the results must be a matter for experi- 
ment. Some such experiments, and attempts to interpret them by 
introducing further parameters to characterize the roughness, are 
reported in later chapters. See especially Chap. VIII, §§ 167, 168.) 
t Zeitachr.f, angew. Math. u. Mech. 3 (1923), 395, 396. 
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Moreover, when a model is placed in a stream of air in a wind 
tunnel, this stream is not completely smooth, but is, to a greater or 
less extent, eddying or turbulent (see Chap. II, §§ 23, 24, and Chap. V). 
Thus, in addition to the main velocity of the stream, the air at any 
point has an eddying or irregular velocity; and the conditions of 
geometrical similarity will not be satisfied in different tunnels as 
regards the flow past the model, unless these eddying velo(*ities luive 
the same periodicity, structure and magnitude (in ])ro])ortion to the 
velocity of the main stream) at a section sufficiently far in front of 
the model. This explains why different results may be ol)tained in 
different tunnels for the lift and drag coefficients of the same model 
at the same Reynolds number. The influence of the various factors is 
again a matter for experiment. (See Chaps. IX, X and XT.) 

We must next note that our previous reasoning will not ap|)ly if 
the system includes a free surface, or surface of separation of one 
fluid from another, such as water from air. For at such a surla(‘e the 
stresses must be continuous, — and not only tlie diifcrences of tlie 
stresses from the hydrostatic pressure, but the actual stresses; so 
that for fluid subject to gravity only, for example, our ({uantities 
may depend on the acceleration, g, due to the earth's attraction, as 
well as on 27, d, p, and r. Therefore another non-dimensional ])ara- 
meter, U^jgd, usually called the Froude number, j* enters as well as 
R, Now work must be done to supply the kineti(^ energy of the 
system of waves caused by the motion of a ship, or to overcome t lie 
wave-making resistance, as it is called; and if, in model ship exjieri- 
ments, both the frictional and wave-making resistances arc to lie 
accurately determined at once, both Ud/v and U-jgd will have to 
be the same in the model experiment as for the motion of the full- 
scale ship: this is impossible. It is easy to make U-lgd the same 
for both, since 27 must be diminished wlien d is; and the usual 
procedure is to estimate the frictional resistance for tlie model, sub- 
tract it from the total resistance to give the wave-making ri^sist ante, 
calculate from this the wave-making resistance on iho full-scale, 
and add to this the estimated full-scale ftictioual resistance. Jhit 
the difference of the total resistance and frictional I’csistance is not 
entirely independent of the Reynolds number; and the possible 

t After the, discoverer of its significance, William Fronde. :S0th Report of the 
British Association, Exeter (1869), 43-47; also 7Vam*. Inst, HamL Aretu tt (1870), 
87-93. 
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errors so introduced are greater with smaller Reynolds numbers or 
smaller models, so that fairly large models are usually used.f 

Other non-dimensional parameters may enter in other circum- 
stances. Thus, if the compressibility of a gas has to be taken into 
account, the various non-dimensional coefficients depend on the 
ratio of the typical velocity U to the velocity of sound in the gas,:|; 
as well as on J?; if surface tension, y, is important, then the non- 
dimensional parameter yj{pdU‘^) enters; and so on. In particular, in 
phenomena in which the conduction of heat is involved, we can 
first define a quantity analogous to the kinematic viscosity v. Thus 
the rate of flow of heat at any point depends on the conductivity k 
and the temperature gradient; but the effect of conduction on 
change of temperature is determined by the ratio of the resultant 
heat flow into any volume to the amount of heat necessary to raise 
the temperature of this volume by 1° C. ; so the determining quantity 
is the ratio hl[pC), where p is the density and C the specific heat. 
This ratio is called the thermometric conductivity, and denoted 
by K. Its dimensions are the same as those of v, namely [L^T-'^], so 
that, for heat conduction in a moving viscous fluid, k/v enters as 
well as JR. We shall see later that in a gas moving with a velocity 
small compared with the velocity- of sound, the relative specific heat 
is Gp, the specific heat at constant pressure; and we have already 
seen (p. 10) that for air /c/v is about T36. For water at 10° C. it is 
about 0*1, and for mercury about 30. If Q is the total rate of heat 
transfer from any surface S, anddf T is a typical temperature differ- 
ence, then Qd/{kTS) is a non-dimensional coefficient, the, coefficient 
of total heat transfer, analogous to a force coefficient; and such non- 
dimensional quantities as this depend on B and on fc/v. 

6. Steacly flow through a circular tube. 

Some of the results of the preceding section may be illustrated 
by considering the steady motion of fluid through a circular tube 
under the influence of a pressure gradient. A knowledge of the 
characteristics of this motion will, moreover, be required later. 

t Scale eUect on the frictional resistance also demands a fairly high Reynolds 
number if the results are to be capable of extension to full-scale (cf. Chap. VII, § 151). 

i For geometrically similar systems in different gases the non-dimensional 
coefficients will be the same function of this parameter and of E only if the connexion 
between pressure and density is the same. For adiabatic changes in a perfect gas, 
for example, the ratio of the specific heats will enter in genex'al. 
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If the flow is steady and the same across all sections, tlien at all 
points in the tube at the same distance r from the axis the velocity 
which is along the tube, has the same value; in other words, ti is a 
function of r only. Now consider a cylinder of fluid of lengtli I and 
radius r, with its axis along the axis of the tube. Under the conditions 
previously specified, this fluid is neither gaining nor losing momentum, 
and hence the forces on it must balance. The tangential stress over 
its curved surface is /x dujdr. The velocity u must fall to zero at the 
wall, and is biggest in the middle, so that duldr is negative. The effect 
of the viscous stress is to retard the motion of the fluid considered, so 
that there is a retarding pull — /x dujdr per unit area over its curved 
surface. This is the same at all points of that surface, and since the 
area of the surface is 27Trl, the total retarding force due to friction 
is ^2TTfjdr dujdr. The area of either flat end is Trr^, and, if tlie pres- 
sures over them are and p 2 , there is a force nr^Pi jiushing the fluid 
forward, and a force ^rr^p^ pushing it back. Since tlie forces as a 
whole must balance, we must have 


ttt^P^^P^ = —^TTplr dujdr j 

1 Pl-P2 ^ 

dr 2/x I 


Since nothing else in this equation depends on I, {Px—p^:^jl must be 
independent of 1. This means that there must be a constant pi'cssure 
gradient, P, along the tube, and {p^—p^jl is equal to P, Also u must 
be zero at the wall, so that, if the tube is of radius a, u — 0 when 
r a, and hence „ 



r 


The graph of u across a meridian section of the tube is therefore 
parabolic. The maximum velocity is Pa‘'^/4g,. The ffux between 
two circles of radii r and r-\-dr is u.27Tr dr, and the flux across any 
section is „ 

Q = r u . 277r dr == ^ f {a^-—r^)r dr — — .+ 

J 2/x J 8^ 

0 0 

The average velocity u^^ is Qjrra^ or Pa^j^p, and is ocpial to 
The velocity — either average or maximum — is directly propor- 


t This formula provides the starting-point for the most widely us(mI method of 
measuring viscosity. For the various precautions and corrections necessary, reference 
may be made to Hatschek, op. cit. 
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tional to the pressure gradient. The tangential stress, at the wall 
is the value of —iiduldr when r = a, and is |Pa or 4:[jLuJa, Hence 
To/(pu|i) is 4v/ a) , or 8/i?, if P is the Eeynolds number djv, where 
d is the diameter of the tube, equal to 2a. 

The parabolic distribution of velocity is attained only after a 
sufficient distance from the entry. The distribution of velocity in this 
^inlet length’ depends on the conditions at the entry (Chap. VII, § 139). 

If the Reynolds number is increased beyond a certain limit, the 
motion ceases to be of the rectilinear type here considered, and 
becomes turbulent (Chap. II, §23, and Chap. VIII). 

7. Some results of ideal fluid theory, and comparison with 

observation, t 

We have seen that for air and water the viscosity is small, and 
for ordinary motions of these fluids the Reynolds number is high. 
Indeed, in most cases of fluid motion of technical importance we are 
dealing with motions at very high Reynolds numbers; and it might 
perhaps be anticipated that fairly close agreement with observation 
would be obtained from a theory which, as a simplifying assumption, 
neglected the viscosity altogether — ^that is, regarded the Reynolds 
number as infinite. Since ideal fluid theory is based on this simplify- 
ing assumption, it is natural to look first to this theory, especially 
as it has been developed into an instrument of great elegance and 
power, and in some classes of problems the expectation ot fairly close 
agreement with observation has been realized, notably for tides and 
waves. But in the problems with which we shall be chiefly concerned 
in this book — ^namely, the prediction of the motion of a solid body 
through air or water, or the flow of air or water past a solid body or 
along a pipe, and of the forces that arise — progress along these lines 
appears to be obstructed by the second property of real fluids, that, 
however low their viscosity, they are incapable of slipping (with any 
velocity that can be measured) over the surface of a solid body, 
whereas the only solutions of these problems yielded by the theory 
all involve very considerable ‘slip. In these circumstances it is 
perhaps surprising, not that the results of theory and observation 
often disagree violently, but rather that they sometimes agree fairly 
well, as for the motion of airship bodies. In any case a correct theory 

t A closer discussion of many of the points raised in this and the next two sec- 
tions, together with references to the original papers, will be found in Lamb’s 
■Hydrodynamics (Cambridge, 1932). 
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must explain both the agreements and the discrepancies. Before 
attempting to set forth such a theory we recall some of the results 
of the ideal fluid theory. 

The most striking of these results is that on a solid body moving 
with uniform velocity through otherwise still fluid the pressure 
of the fluid produces no resultant force at all, although, in the 
general case, there may be a resultant torque. f In particular, a solid 
body should experience no resistance to motion through the air or, 
if submerged to a sufficient depth, to motion through water. Tins 
is definitely in contradiction with observation: in the words of 
Rayleigh, 'On this principle the screw of a submerged })oat woidd be 
useless, but, on the other hand, its services would not be needed. 
Nevertheless it is to be remarked that for bodies with what arc called 
good stream-line shapes, such as airships, the drag coeiHeient as 
defined above is fairly small. In general the designer is inteivsted 
in reducing resistance as much as possible, and hence in solid bodies 
for which this contradiction between ideal fluid tlieory and observa- 
tion is a minimum. 

To examine the theoretical results in moi'e detail let us consider 
as an example steady two-dimensional flow past a circular cylinder. 
The stream-lines — a stream-line is such that the tangent to it at any 
point is in the direction of the velocity at the point — are, at some 
distance from the cylinder, almost undisturbed, and so are parallel 
straight lines in the direction of the undisturbed vekxaiy, U, of the 
stream. A diagram of the stream-lines is given in Fig. 3. 

When the motion is steady, as here, the stream-lines are the ai‘t ual 
paths of particles of fluid. The same amount of fluid flows, ])er unit 
time, across any section between the same two Btreaau-lines, and 
hence a crowding together of the stream-lines denotes a.n increase^ in 
the velocity. Thus the crowding together of the streaiu diues at H 
and D shows that the velocity there is greater than the vehnity, U, 
upstream. At A and C two stream-lines intersect. At a |H>int of 


t Since, according to the laws of mechanics, the stipi^rposition on th<' wliolo Hystorn 
of a uniform velocity, equal and opposite to that of bo<ly (ho that th<* body is 
brought to rest), can make no differonco to inochauwuil planioinona. h^huKh 

also hold for an obstacle anchored in a stream, uniform apart from t he (Jint urhanco 
caused by the obstacle. 

The pressure of the fluid denotes here, and from now on throughotit t book tmloHS 
otherwise stated, the difl’erenco between the acjtiial and thc^ hydrostatic proHsur<B, so 
that the resultant force is meant to exclude the forego of b\u)yancy. 

J Proc. Roy. Institution^ 21 (1914), 70; Scieniifto Papers, 6, 237, 
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intersection of two stream-lines the fluid cannot possess a finite 
velocity, since this would mean that it was moving in two directions 
at once. At such a point the velocity is zero or (on the mathematical 
theory) infinite. At A and C the velocity is zero. Points of zero 
velocity are called stagnation points. Thus along the cylinder the 
velocity rises from zero at A to jB or D, then falls again to zero at G. 
The mathematical result is that at any point P on the surface of tlie 



Fig. 3. 


cylinder the velocity is 2Z7sin6, where 6 is the angle subtended by 
the arc AP at the centre of the section. 

The fluid is accelerated in passing from places of higher pressure 
to places of lower pressure, so that where the pressure is less the 
velocity is greater, and conversely. The mathematical result for an 
ideal fluid is thatp+|p^?^ = H, where p is the pressure, q the velocity, 
and J? is a constant, called the total pressure head, for reasons con- 
nected with its measurement (see Chap. VI, § 111). If Pq is the 
pressure upstream, where the velocity is U, H is Po+ipU^, a'Rd this 
is the pressure at stagnation points such as A and C. The increase 
of pressure, ipU^, at a stagnation point may be called the kinetic 
pressure. At the point P of the Cylinder the non-dimensional 
pressure coefficient {p—Po)l{lpU^) is equal to or I*— 4sin^0. 

The pressure is then greatest at A, where it is i?; it falls to H—2plP^ 
at B or D, and rises again to H at C. The stream-lines close in again 
behind. In moving down the pressure gradient from A to P or P 
the fluid acquires momentum and energy, just sufficient, in the 
absence of friction, to carry it up the pressure gradient again to C. 
The whole diagram is symmetrical about BD. The resultant of the 
pressures on the front portion BAD is exactly balanced by the 
resultant of the pressures on the rear portion BCD, so that in this 
case it is clear that there will be no resultant drag. The theoretical 



24 


INTRODUCTION. REAL AND IDEAL FLUIDS 


[X. 7 


result for the pressure coefficient {p-— 2 h)l{ 2 P^^) xs plotted against 
6 in Fig. 4,f which also contains graphs of the measured pressure 
distribution for two values of the Reynolds number R or V djv, where 
d is the diameter of the cylinder. It will be seen tliat there is fair 
agreement with the theoretical result in the neighbourhood of the 
forward stagnation point, especially at the larger Reynolds number, 



0 (degrees) 

~ Th<2on2fc»c2xl 

Meg^sured R = G7x 10^ 

Mc^^sured R ^ 

Fig. 4. 

but that the actual and theoretical results differ enormously in the 
rear of the cylinder. 

A similar diagram for the pressure distribution over m\y inei'idiaii 
section of a sphere is given in Fig. 5, where 0 is again the angle 
measured from the forward^stagnation point. It will bc^ seen that the 
results are very similar to those for a cylinder.;!; i ii Fig. 0 a meridian 
section is shown of a body of revolution of good strea indino sha pe (an 
airship body), together with the pressure distributions ovtn* (other 
the top or the bottom of the section, both from (aihndation and from 
measurement at a Reynolds number Ud/v ^ F2. wher*e d is tlic 

t Figs. 4, 5, and 6 ar© reproduced, with very littl(> ulioration. fVuiu an ariicln by 
H. Muttray in the Handhuch der Experimemtalphymk, 4, pai’t 2 {Loi|r/.ig, 1932), 3HK 
306, and 309 respectively, the £rst two from moasuronunitH by C). Ma«‘hHbart and the 
last from measurements by G. Fuhrmann. See also ChapH. IX and X f, 1 H7, 21 7, 228, 

J The'breaking of the full line curve between 6 150‘^ and & ^ ^210*'’ indicates 

that the shape of the curve there is uncertain. 
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maximum diameter of a cross-section. It will be seen that in this case 
there is very good agreement over the whole of the body, except 
right at the tail, where the theoretical rise of the pressure to 'Po-\-\pU^ 
does not take place. The theoretical results in this case differ from 



Mca6ur«d R = I -6 x 10® 

Eio. 5. 

-0---0--0— Measured 
Theorcbica! 



those for a cylinder or sphere very markedly in that the pressure 
rise towards the rear is very gradual over most of the length. 

It is to be expected that these results, that the calculated and 
observed pressure distributions agree fairly well near the front 
stagnation point for a bluff obstacle and over almost all the surface 
for a stream-line one, will apply also to cases when the undisturbed 
stream is not necessarily straight and uniform. This is verified by 
the agreement of calculation and experiment on the orientations that 

3837.8 
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would be assumed by bodies of certain shapes suspended in curved 
or converging streams, f 

We may here state explicitly that the theorem that t he force on a 
solid body moving uniformly in an ideal fluid is zero will not a])pl3^ if 
the fluid is limited in extent, with either a solid boundary or iree 
surface too near the immersed body. Thus for a body sidnnerged to an 
insuiflcient depth in water there would be a wave-iuaking resistance 
associated with the formation of a system of weaves on tiie surihee 
of the water. Again, a sphere moving parallel to a plane rigid wall, 
may be shown to be subject to a force of attraction towards the wall. 
Finally, for a body in accelerated motion relative to the Ihiid, there 
is a drag force proportional to the acceleration, and this force has 
the same effect as an increase in the inertia of the l)od\'. 

8. Vorticity and circulation. 

The results of ideal fluid theory given in the preceding section 
depend on the absence of two quantities known as vorti(*ity a nd cii'cu- 
lation. Proofs are given in the literature that, for any niotion which 
can be generated from rest in an inviscid fluid, tiiese two (piantities 
are zero under conditions which we may assume satisfied . J Neverthe- 
less (fortunately for the development of hydrodynamics) important 
and elegant investigations of the nature of the motion of an iiu'iseid 
fluid possessed of circulation or vorticity have been ])ublished 
without any close consideration of their production: these investiga- 
tions find a place in the treatises on the motion of inviscid fluids, and 
some of the results will be briefly mentioned here. It will be con- 
venient, in the first place, to recapitulate certain general definitions 
and theorems, and, where necessary, to explain also the modifications 
introduced when the fluid is viscous. In the following seci ions w^e shall 
then consider again particular examples of the flow of inviscid fluids 
past solid bodies, this time with circulation or vorti(ity included. 
We shall then be in a position to pass on to our proper subjtai - the 
main features of the flow of fluids of small viscosity past solid Ixxlics. 

t a. I. Taylor, Proc. Roy. Soc. A, 120 (1928), 260-283. 

X The density must be uniform or a function of tho prosKun’i only ; an<l any fu^kl of 
external force acting on the fluid must be such that, if a partirlc^ won*. t ak<‘a rouiui any 
closed path in the field, the work- done by the forces on the partiek^ wouki he zc'n)-- -• 
that is, the field of force must be conservative. The former (•(uidit ion is vit)kU ('d in 
meteorological phenomena, where temperature differences play a part; the only 
common field of force violating the second condition would be a magnetic field of 
electric currents. (See, however, the discussion on p. 46 for a eloBt^r examination of 
the theorem stated in the text.) 
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The vorticity is a vector quantity, of the same nature as angular 
velocity, and its meaning may be explained in the manner of Stokesf 
by imagining an infinitesimally small sphere at any point of a fluid 
in motion to be suddenly solidified, as by freezing; if the resultant 
solid is found to have rotation, then the fluid was possessed of 
vorticity, which by definition is equal to twice the initial angular 
velocity of the solid sphere. A vortex-line is then defined as a 
line drawn in the fluid so that the tangent to it at any point has 
the direction of the axis of the vorticity at the point. The vortex-lines 
through every point of a small closed curve form a tube, called a 
vortex-tube. For such a vortex -tube, of small cross-section, it ma^^^ 
be shown that the product of the magnitude of the vorticity and the 
area of a normal cross-section at any point has the same value all 
along the tube; this constant product is called the strength of the 
tube. As a consequence of the constancy of the strength, vortex- 
tubes — and therefore also vortex-lines — cannot begin or end in the 
fluid. The vortex-lines form closed curves, or begin or end on the 
boundaries of the fluid, or — if we suppose the fluid unbounded — go 
to infinity. 

Motions in which the vorticity is zero everywhere are called irrota- 
tional motions, or, occasionally, potential motions, for reasons con- 
nected with the mathematical similarity of their theory with those of 
other subjects, such as gravitation and electricity. The absence of 
vorticity introduces an enormous simplification into the mathematics, 
and this is one of the reasons why the theory of irrotational motion 
has been so highly developed. 

Circulation is associated with a closed circuit drawn in the fluid. 
Mathematically, the circulation round such a circuit is defined by 
the integral § ds taken once completely round the circuit, where Vg 
is the component of the fluid velocity in the direction of the tangent 
at the element ds of the circuit. This circulation may be shown 
to be equal to the total strength of all the vortex-tubes that 
thread through the circuit; and the difference of the circulations 
in any two circuits is equal to the total strength of all the vortex- 
tubes that pass between them. Thus, if there is no vorticity in 
the fluid, the circulation must be the same in any two circuits that 
can be made to coincide with one another without passing out of 
the fluid. 

t Trans. Camh. Phil. Soc. 8 (1845), 309, 310; Math. andPhys. Papers, 1, 112. 
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We have now to distinguish carefully between two possible eases. 
If we have any ordinary finite solid body, such as a sphere, in a fluid, 
then any circuit in the fluid may be so moved and deformed without 
passing out of the fluid that it shrinks up into a point, the circulation 
becoming zero. Hence, if there is no vorticity in the fluid, the circu- 
lation must have been zero originally; in other words, absence of 
vorticity implies zero circulation in every circuit. But if we think 
of an infinite cylinder in the fluid then a circuit that encloses the 
cylinder cannot be made to shrink up into a point without passitig 
out of the fluid. In such a case we cannot assert that absence of 
vorticity implies that the circulation round such a circuit must be 
zero. All we can assert is that the circulation must then be the same 
for all circuits enclosing the cylinder; this we naturally call the circu- 
lation round the cylinder. 

In an inviscid fluid vorticity may be imagined concentrated on 
sheets or along lines. To explain this, we may first consider a motion 
of any fluid, similar to one already considered in §§ 2 and 3. Thus 
. j, between two planes, whose traces are 

^ AB and CD, we imagine the fluid to be 

moving parallel io AB or CD. If the 
velocity is u, and if z is distance per- 
- pendicular to AB or CD, and if u is a 

I function of z only, then it may be shown 
^ ^ that the voz'ticity in this layer is about 

an axis at right angles to the plane of the paper, in the direction 
shown by the arrow, and of magnitude dujdz. If wo consider two 
planes at a distance dz apart, the total strength of all the vortex-tubes 
between them, per unit length of the planes in the direction A B, is 
simply du (since dz is the total area of the cross-sections) . This is the 
relative velocity of the two planes: hence the total strength of all 
the vortex-tubes in the layer, per unit length, is the relative velocity 
of the two planes AB and CD — that is, the difference in the velocities 
at A and C. We arrive at the same result by calculating the circula- 
tion round the rectangle A BCD, i£ A B and CD are of unit length. 
This circulation is equal to the total strength of all the vortex-tubes 
that pass through the rectangle, and is also equal to the difference in 
the velocities at A and C. We may call it the strength of the layer. 
Then so long as the velocity-difference is unaltered, the strength of 
the layer is unaffected by any change in its thickness. If, the 
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velocity-difference remaining constant, this thickness becomes zero, 
we get a surface at which the velocity is discontinuous. Such a 
surface is called a vortex-sheet, and the strength of the sheet is 
equal to the discontinuity in the velocity. More generally, if we 
have any surface at which the normal velocity is continuous but 
the tangential velocity discontinuous, this surface is a vortex-sheet. 
The vorticity at any point of the sheet is tangential to the sheet and 
at right angles to the discontinuity in the velocity; and the magnitude 
of this discontinuity measures the magnitude of the strength of the 
vortex-sheet. 

Vortex-sheets may be regarded as an idealization, for inviscid 
fluids, of thin layers of vorticity in a fluid whose viscosity is small 
but not zero; we shall meet such layers later. Again, in the motion of 
fluids of small viscosity we may often observe cases in which the 
vorticity is sensibly concentrated into narrow tubes, in which case the 
tubes are called simply vortices. Such concentrated vortices may be 
observed if a blade is dipped into running water, or the point of a 
spoon moved across the surface of a liquid. In these cases observa- 
tion is facilitated by the depression of the free surface where the 
vortex meets it.f In the motions with which we shall be concerned 
there is, in general, no free surface to facilitate the observation of 
concentrated vortices; but such vortices often exist behind solid 
bodies in motion relative to the fluid, in much the same way as in 
the cases mentioned above with a free surface. In the theory of 
inviscid fluids such concentrated vortices are often idealized by 
supposing the vorticity concentrated along a line, the total strength 
remaining finite. In this way we arrive at the conception of a line 
vortex, with a certain finite strength. Then the circulation in any 
circuit which is threaded by the line vortex is equal to the strength 
of the vortex. 

The definitions of vorticity, vortex-lines, vortex-tubes, and circula- 
tion, together with the theorems given above concerning the strength 
of a vortex-tube and the connexion of circulation therewith, all apply 
equally well to a viscous as to an inviscid fluid. They are, in fact, 

t This depression is easily explained. For the fluid in the vortex is rotating, and 
there must be a pressure gradient to balance the centrifugal force, so that the kinetic 
pressure is less in the middle than in the outer parts of the vortex. But at the free 
surface the total pressure, including the hydrostatic, must be constant. The hydro- 
static pressure is therefore greater in the middle, which must be at a lower level than 
• the outer parts. 
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purely kinematical or geometrical matters, completely independent 
of the presence or absence of shear stress. In the theory ol in viscid 
fluids, however, it is proved in addition that if a circuit always 
passes through the same fluid particles, then the circulation round 
that circuit remains the same for all time. In other words, the 

circulation in a circuit moving 
with the fluid is invariable. f This 
theorem concerning the circula- 
tion is fully equivalent to two 
theorems concerning the vorticity . 
The fluid inside any small portion 
of a narrow vortex-tube at any 
time remains a ])()rtion .of a 
vortex-tube during the whole of 
its motion; that is, if a small 
portion of a narrow tube of fluid 
is in the direction of the vort icuty 
at any time, tlien it moves in 
such a way that at any subsec juent 
time it is in the direction of the vorticity at its new ])osition. Further, 
the strength of the tube remains constant as it moves, 'fhese two 
theorems may he summed up by saying that the vortiedty is con- 
vected with the fluid. It follows that vorticity can neither he (‘I'cated 
nor destroyed in the interior of any finite portion of an inviscid 
fluid. In particular, any vortex-lines or vortex-slieets that may 
exist in an inviscid fluid move with the fluid and ])ersist indefi- 
nitely. The strength of a vortex-sheet at any point changes, however. 
A vortex-sheet is, in fact, unstable ; a plane vortex-sheet, if given 
a small sinusoidal displacement, rolls up in the manner shown in 
Fig. 7.J The vorticity becomes more and more concentrated in the 
rolled-up portions, and the appearance of the flow api)roximates 
more and more to that due to a set of concentrated vortices. 

In a viscous fluid, as we shall see in Chap. Ill, § 36, the rate of 
change of the circulation in a circuit moving with the fluid depends 
only on the kinematic viscosity and on the space rates of change of 
the vorticity components at the contour, so that it is zero if there 
is no vorticity near the contour, and is in any case small, for small 



t The conditions specified in the footnote on p. 26 are snppOHod Katinfied. 
t See Rosenhead, Proc. Roy. Soc. A, 134 (1931), 170-192. 
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viscosity, unless the space rates of change of the vorticity com- 
ponents are large.*}* Again, the theorem concerning the convection 
of the vorticity is modified. Any component of the vorticity of a 
fluid element has the variation it would have in the absence of vis- 
cosity, but has also an additional variation that follows the law of 
conduction of heat, the kinematic viscosity v taking the place of the 
thermometric conductivity. We may express this by saying that the 
vorticity is convected with the fluid, but at the same time diffuses 
like heat. It follows that even in a viscous fluid vorticity cannot 
originate in the interior of the fluid, but must arise from the 
boundaries. t * 

We may also note explicitly that vortex-sheets and lines could 
not exist in a real fluid, since the vorticity would diffuse. But a thin 
vortex-layer would still be unstable, and would roll up somewhat in 
the manner of Fig. 7. 

9. The motion of inviscid fluids with circulation. Lift. 

We have already remarked on the enormous simplification of the 
mathematical theory introduced by the absence of vorticity. This 
simplification extends also to motion past infinite cylinders when 
there is circulation but no vorticity. According to this theory there 
is a definite lift force on the cylinder per unit length, but still no 
drag force for steady motion. On the other hand, the motion of a 
solid body in an inviscid fluid endowed with vorticity is not, in 
general, easily amenable to mathematical treatment; but consider- 
able progress has been made for those cases in which the vorticity is 
supposed concentrated on sheets or along lines; and in such cases, 
for the first time in the theory of inviscid fluids, calculation did at 
any rate give a definite, non-zero, drag.J 

In order to consider the former case, with circulation but no 
vorticity, in more detail, let us return to the steady two-dimensional 
flow past an infinite circular cylinder. The flow without circulation 
has been considered in § 7. If there is circulation but no general 
streaming flow, then the stream-lines are circles, as in Fig. 8, and the 
velocity in any circle is constant, so that, if K is the circulation, the 

t The conditions in the footnote bn p. 26 are again supposed satisfied. 

{ Kirchhofi, Vorlesungen uber ^nathematische Physih, Mechanik (Leipzig, 1876), 
p. 307. See also Kirehhofi, Journal fur die reine und angew. Math, 70 (1869), 295, 
296; Rayleigh, Phil, Mag. (5), 2 (1876), 430-441; Scientific Papers, 1, 287-296. 
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velocity at a distance r is KI{27Tr). In particular, the velocity at the 
surface is Kl{ 27 ra), where a is the radius of the cylinder. If now there 
is both a circulation K and a general streaming with velocity V, the 
velocity at any point is simply the resultant of the velocities for the 
two motions separately. In particular, the velocity at the surface 
is 2U sm6+X^/(27ru), where d is measured from A as before. If then 

K is less than 4:rralT, there are two 
points on the circle where the velocity 
is zero. The stream-lines for this case 
are drawn in Fig. 9(<7), where the 
stagnation points arc at and (7^. 
If K becomes equal to 4TraU, these 
two stagnation points both (‘oincide 
at D, as in Fig. 9(6). The velocity at 
B is then 4U. If K ituireases still 
further, then the velocity at tlie 
cylinder is everywhere in the direc- 
tion corresponding to the circulation, 
and the stagnation point moves down 
in the fluid along the prolongation of the line BD, as in Fig. 9 (c). In 
all cases the effect of the circulation is to increase the velocity, and 
therefore diminish the pressure, above the cylinder, and to diminish 
the velocity, and therefore increase the pressure, below the cylinder. 
The result is that there is a lift force on the cylinder. It may be shown 
that the magnitude of this force per unit length is KpU, and that, 
moreover, this formula applies whatever be the section of t lie cylinder. 
On the other hand, there is no drag force. This also is a. general result 
for any section: for the circle it is clear from the diagrams, since 
they are symmetrical about BD. In Fig. 9 (a) the }>ressuro falls from 
Ai to B OT D and then rises again to in Figs. 9 (6) and 9 {c) the 
pressure falls from D to £ round the front or upstream side of tlie 
cylinder, and rises again round the back. 

The formula KpU for the lift per unit length has licen shown 
experimentally to apply remarkably well to the two-dimensional 
flow of real fluids, when the measured value of K is inserted. f In 

t See, for example, Bryant and Williams, r?iU, Tran/i. A, 225 {n,>2r)), 10i> 237. 
The theoretical derivation of the formula for a real iiiud, 'with vortit'ity }>r(^sent, 
when the contour around which the circulation is taken is Huiial:)iy (*ht>s(ui, was given 
by G. I. Taylor, FMl. Trans. A, 225 (1925), 238-245, and Filon, Prot, Hoy. Hoc. A, 
113 (1926), 7-27. 
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general, however, the theory of inviscid fluids can provide no means 
of calculating a circulation. This is possible only when the con- 
tour of the cylinder has a salient point, as for an aerofoilf with a 
sharp trailing edge. In such a case there is one and only one value of 

the circulation K which does not 
make the calculated velocity in- 
finite at that point; and this })ro- 
vides a criterion for choosing one 
particular value for K, 

The theoretical stream-lines for 
two-dimensional flow past such an 
aerofoil without circulation arc 
shown in Fig. 10 (a). The rear stag- 
nation point lies on the upper side 
of the aerofoil, and the Huid is forced 
to flow round the sharp trailing edge, 
where tlie velocity would become 
infinite. If too large a circulation 
were j)i’esent, the rear stagnation 
point would lie on the lower side of 
the aerofoil, as in Fig. 10 (6), and the 
fluid would again have to How round 
the sharp trailing edge. For one 
particular value of the circulation,- the stream -lines come smoothly off 
from the trailing edge, as in Fig. 10 (c). J 

When, in addition to having a salient point, the section of the 
cylinder has a good stream-line shape, as for an aerofoil at a small 
inclination to the stream, the circulation calculated in this w%ay 
shows fairly good agreement with the measured values in a real 
fluid of small viscosity. The calculated value is too large, for reasons 
that will be given later (Chap. II, §25). The calculated lift coeffi- 
cient is therefore also a little too large. This is illustrated in Fig. 11, 
w^here the calculated value of and the measured values of and 
are plotted against tlie inclination a to the stream for the aerofoil 

t All aeroplane wing, when considered apart from the rest of the aeroplane, is 
called an aerofoil. We are here considering two-dimensional mc>tion past an aerofoil 
— ^motion past an infinitely long aerofoil or past an aerofoil between paralltd walls. 
The motion past an aerofoil of finite length is considered in § 12. 

{ Figs. 10 {a)y {b), and (c) are reproduced from an article by A. Bet^s in the Hand- 
buck der Physiky 7 (Berlin, 1927), 221. 



(a) 



(b) 





Fig. 10. 
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section shown. (The lift and drag coefficients for two-dimeiisional 
flow past an aerofoil are, by definition, LKhpU^c) and Dj[\pU-c) re- 
spectively, where L and D are the lift and drag per unit length and c is 



the length of the chord of the aerofoil section, as shown in the 
diagram.) The calculated value of increases linearly with a; the 
calculated value of Cj) is, of course, zero. It will be seen that the 
measured value of does at first rise linearly (though with a 
smaller gradient than the calculated one), and that the measured 
value of Cd is fairly small until a is equal to about 6°. Thereafter the 
drag rises rapidly and the lift falls. The aerofoil is then said to be 
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stalled. This is a phenomenon to whicli we shall return later (Cha |). II, 
§25 and Chap. XJ209). 

If the measured value of the circulation is used to c‘al(‘ulate the 
pressure distribution round the body, then for i\ good stream-line 
shape there is fair agreement between the caleulated and (deserved 

j values, except near the T’car, with some 

^ ^ ;i discrepancies also in the region of 

-L-- — greatest suction near the m)sc. This is 

i illustrated in Fig. 1 2, where t he results 
for the aerofoil secdaon shown are 
reproduced: the ])ressui’e defe(‘t, or 
ii suction, relates to the iq^per side of 

the aerofoil, and the pressure excess 
to the lower side.f 
When the (ylinder set‘tion lias no 
salient |)oint, the value of the eireula- 

jy^Qorotic^ foretold onU' foi* bodies 

0 — -0-— — o Measured. 

symmetrical about a linc^ in the direc- 
tion of the stream, lor wiiicli the circu- 
lation must be zero. Thus, for the circular cylinder previously 
considered, a circulation arises, in the absence of other boundaries, 
only if the cylinder is rotating. (See Cliap. 11, § 27.) 


10. The motion of inviscid fluids with concenti'ated vorticity. 
Drag. 

The first theoretical deduction of a formula, for the drag was 
provided by the so-called theory of free stream-liues, developed, for 
flow past a fiat plate, by Kirchhoff and Rayleigh aca'ording to the 
methods used by Helmholtz for two-dimensional jets, and extended 
by Levi-Civita and others to the case of curved rigid boundaries.;}; 
According to this theory there is, in two-dimensional flow past a 
flat plate, for example, a mass of fluid at rest ]>ehind the })Iate, 
separated from the stream by two stream-lines spilngiug from the 
edges of the plate, as in Fig. 13, The velocity is disc‘ontinut)us across 
these stream-lines, which are therefore the tra(‘es of vortex-sheets. 
The velocity just outside the Tree’ stream-lincH is constant, and 

t A. Betz, Handbuch der Phi/sik, 7 (Berlin, 1027), 288; ZclUvhr. /. Fluijtevhn. u, 
Motorluftsch'iffahrt, 6 (1915), 17k 

t See Lamb’s Hydrodynamics (Cambridge, 1932), pp. 94 -lOr), nml Villat, ALica/uViue 
des Fluides (Paris, 1933), pp. 141-154, whore further refertuicoH will be found. 
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equal to the velocity U of the undisturbed stream. The pressure in 
the stagnant fluid is constant and equal to the pressure at infinity. 
This theory has considerable theoretical, but very little practical 
importance, its results being largely in disagreement with the results 
of observation in real fluids of 
small viscosity. Thus, for two- 
dimensional motion past a flat^ 
plate at right angles to the stream, 
the theoretical result for the drag 
coefficient, jD/(|p?7%), is 0-880, 
where b is the breadth of the 
plate: the measured value is 
nearly 2. The discrepancy arises 
largely from the fact that there 
is actually a defect of pressure, or 
suction, at the rear, the pressure 
being much less than for the 
plate at right angles to the stream 
it is nearly constant and equal to ^ o 

PQ--0-7pU'^ right across the rear,t 

and similar features are present in other typical cases. In other 
important respects the theory is widely at variance with reality, since 
behind a bluff obstacle in a stream the observed motion either is an 
irregular, eddying one, or for two-dimensional motion at certain 
Reynolds numbers has, for some distance behind the obstacle, the 
appearance of a double trail of vortices with opposite rotations, as in 
PL 1. J Even if a motion like that in Fig. 13, or any similar one ■with 
vortex-sheets, be supposed set up in an inviscid fluid, it would not 
persist, since it would be unstable. || The notion that the stream 
leaves the plate at the edges is, however, valuable and in accordance 
with reality; and a vortex-sheet (more accurately, for real fluids, a 
thin vortex -layer) does begin to be formed from the edges of the 
plate. But this vortex-sheet or layer is not fully developed either 

t Fage and Johansen, Proc. Po^. Soc. A, 96 (1927), 173. 

X From a paper by G. J. Richards, A.R.C. Reports and Memoranda, No. 1590 
(1934), plate 3 ; PfiiL Trans. A, 233 (1934), 279-301, plate 3, fig. 16. 

II On the other hand, the theory provides a better approximation to actual con- 
ditions when water is flowing against the plate, and the region behind the plate is 
filled with air or water vapour, as in the phenomenon of cayitation. In certain cases 
of this kind the vortex-sheets are actually much more fully formed than in motions 
without cavitation. 
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in a real or an inviscid fluid; it curls round on itseli; and something 
much more in the nature of concentrated vortices is loriued. (See 
PL 2 and p. 40 infra. This is not quite the j)henonieu()n sliowm in 
Pig. 7, since the vortex-sheet begins, as it Avere, to curl up into a 
concentrated vortex before it is properly formed.) 

The double row of vortices shown in PI. 1 can be idealized, for an 
inviscid fluid, so that each vortex is supposed (;oncentrated along a 
line at right angles to the plane of the motion. The resulting arrange- 
ment has been studied by Karman and others. It appears that such 
a double row of vortices could keep its configuration unchanged, and 
would not be unstable for any slight displacements of the vortices 
parallel to themselves, only if the vortices in one row arc ()])posite 
the points half-way between the vortices in the other row, as in the 
annexed figure, and if the distance, h, between the rows is 0*281 



times the distance a between two consecutive vortices in a row.*]* 
A double row of this type is called a Karman A'ortex-street. ''.fhc 
stream-lines for such a vortex-street, relative to the vortices, arc 
shown in Pig. 14. Such a vortex-street would move, relative to the 
fluid, parallel to itself with a velocity depending on tlie stnuigtli 
of each individual vortex. The vortex-street may be regarded as an 
idealization of the conditions behind a bluff obstacle in a stream; and 
on this basis a theory of the drag on the obstacle may be const ru(*te(l, 
which gives for the drag force per unit length;]: 

D = p?7%j2-83^-M2|gJ'|. 

The double row of vortices may be observed fur some distance 
behind any bluff obstacle, although there ivS a transition rc\gion just 
behind the obstacle before the double row may I)c regarded as 

t The mathematical. condition is sinh 7r/t/a - 1 . Lamb, // iidruth/na fn trs ((’am) )rid| 4 ( 
1932), § 156, pp. 228, 229. 

} The stability calculations are given by Lamb, (or. vit. a ch-rivatiun of 
drag formula, see Chap. XIII, §243. The fluid is suppost'd ualimiUHl iu the 
Calculations. The effect of boundaries, both on the stability and on th<' tlrag, lias 
been considered by Rosenhead, Phil Trans. A, 208 (1929), 275 329, who has also 
shown that, with vortices of finite cross-section, instability ariseH ft)r oor(ain longitu- 
dinal deformations (Proc. Roy. Soc. A, 127 (1930), 59() -6i2). See Chap, XIO, 
§§244, 245. 
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formed, and the motion becomes irregular farther downstream, so 
that the regularity does not persist. Exact observation is somewhat 
difficult on account of the diffuse nature of the vortices in the actual 
flow. The results obtained, and their comparison with theory, are 
referred to later, in Chap. XIII, §246. 



Fig. 15, 


When a motion is started from rest, then at a stage prior to that at 
which the double vortex row is formed there are two symmetrical 
vortices at the back of an obstacle, as in Chap. II, Pis. 7 and 8 (p. 63). f 
These may be idealized into two concentrated line vortices with 
opposite circulations, called shortly a vortex-pair. The motion with 
such a vortex -pair symmetrically placed behind a circular cylinder 
in a stream has been investigated mathematically by L. Eoppl,t 
who found that the vortices can maintain their position relative to the 
cylinder provided that they lie one on each of the two symmetrically 
placed curves shown in Eig. 15, and have an appropriate strength, 
which increases with the distance of the vortices from the cylinder. 
Thus, by an extension of the exact theory, if we suppose the strengths 
of the vortices gradually to increase, they might be supposed to move 
gradually farther and farther from the cylinder. But the symmetrical 
position is found to be unstable for antisymmetrical disturbances, so 

t Kubach, Qdttmgen Dissertation, 1914. 

J Sitzungsherichte d. k. hayer. Akad. d. Wissensch. zu Munchen (1913), 1-17. 
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that it could not be indefinitely maintained. We Rhall consider the 
observed motion later (Chap. II, § 20) , noting only for t he ])re8ent that 
if the vortex-pair is in motion relative to the cylinder, or if t he vortex 
strength is changing, or both, a drag force is exerted on the cylinder 
which it is possible to calculate. f But the (‘ahadation is deprived of 
any practical importance hy the unstable cliaracter of the niotion. 

11. The motion of inviscid fluids with concentrated vorticity. 

The cast-off vortex and the production of circulation. 

We have already remarked in connexion with ilow ])ast a. |>Iate 
that the stream leaves the plate at eacli edge, wiiei’c a. \x)rtex -slicet 
begins to be formed, and that each vortex-sheet curls round on 
itself, with an appearance approximatitig to that of a comentrated 
vortex. The same phenomenon takes place wherever lluid flows past 
a salient edge, where the calculated irrotational niotion, witliout 
circulation, makes the velocity infinite. Wc shall sec later that the 
same phenomenon also takes place even wlien iluu-e is no salient 
edge, if the fluid flowing near a solid surface is being retarded: hut 
then we can calculate the point where the stream l<‘aves the surface 
only hy taking account of the viscosity of the fluid; and this is 
true no matter how small the viscosity may be. In fact, if motion 
of a solid body relative to a fluid is started IVoin rest, then the 
initial motion is the calculated irrotational motion without ciinaila- 
tion: this changes rapidly — very rapidly if there is a salient edge — 
into a motion with separation of flow from the surfaccx as above. In 
order to understand the change, regard must Ih> had to viscosity, no 
matter how small it may be. But the rolling u]> of the vortex-sheet, 
and the concentration of the vorti(*ity into tin* rolhMi-np portion, is 
again a process which might perhaps be (*aleulatc<l tluMu-cdically for 
an inviscid fluid, and some steps in this direct ion ha\a* betm taken by 
Prandtl,*! to whom PL 2 a- is due. A photograph of t he phenomenon 
in a real fluid is shown in PL 26, which is also due to LramltLi; When 
the vortex-sheet is rolled up, and the vortuuty con(*tmtrate<I in the 
rolled-up portion, the fni’tlier course of events dc^pemls on the 
circumstances, and we shall return to the subje(*t latter. 

Por two-dimensional flow past an aerofoil, however, we can proceed 

t Foppl, loc, cit. See also Bickloy, Pwc. Hoy. Ho<\ A, 119 ( n)2H), rm 151. 

t Vortrdge aus dmn Oebietc d&r Hydros und Acradynatnik, 1922 

1924), 18-33. 

il Handbuch der Experimentalphysik^ 4, part I (Leipzig, 1 93 1 ), 20. 
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a little further immediately. The process may be described roughly 
as follows : — When the motion is started from rest, then in the initial 
stages of the motion a vortex-sheet begins to be formed from the 
trailing edge and rolls up with the formation of a concentrated 
vortex (Fig. 16), called the cast-off vortex; when the vortex has 



Fig. 16. 



reached a certain strength, it moves away downstream (Fig. 17). 
The circulation round the large circuit A BCD, fixed relative to the 
aerofoil, was initially zero ; it remains zero since no vorticity has come 
near to it. But the circulation round ABCD is the sum of the circula- 
tions round AEFD and EBGF, which are, therefore, equal and 
opposite to each other; the circulation round EBGF is in the 
direction shown by the arrows and is equal to the strength K of the 
vortex; there is, therefore, a circulation K in the opposite sense 
round EADF, or round any circuit in the fluid including the aerofoil 
but not the vortex. This process may be supposed repeated, if 
necessary, until there is such a circulation round the aerofoil that 
the velocity at the trailing edge is finite and the flow comes smoothly 
off there without any discontinuity. In this way the establishment 
of such a circulation may be held to be at least partly explained. 

3837.8 
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12. The motion of inviscid fluids with concentrated vorticity. 

Three-dimensional aerofoil theory. 

The preceding explanation refers to two-dimensional motion; that 
is, to motion past an aerofoil of infinite span — the span is the dis- 
tance between the wing-tips — or past an aerofoil between parallel 
walls. The cast-off vortex is either infinitely long or ends on the walls. 
For motion past an aerofoil of finite span without walls there will 
still be a cast-off vortex, but it will be of finite length, and it will end 
in the fluid. It is a general theorem, however, that voitcx-lines 
cannot begin or end in the fluid: there must, therefore, l)e vorticity 
elsewhere in the fluid. We may also argue thus; — In order t hat t here 
should be a lift on the aerofoil the pressure above it must be 
diminished and the pressure below it increased, and hence the 
velocity above must be increased and the velocity below diminished 
from what it would be in an irrotational motion without circulation. 
This is accomplished if we suppose that there is a circulation round 
any section of the aerofoil in the correct sense. Ihit the aerofoil 
being of finite span, it is now possible, without passing out of the 
fluid, so to move and deform any circuit that it shrinks up into a 
point. Hence, as explained on pp. 27, 28, if there were no vorticity in 
the fluid, the circulation round any circuit would l)e zero. It follows 
that there must be vorticity in the fluid, and the vortex-lines must 
be cut if any circuit surrounding the aerofoil is moved and deformed 
without passing out of the fluid so that it shrinks u]) into a point. 
The vortex-lines must, therefore, stretch from tlie aerofoil to the 
cast-off vortex. 

Again, it is theoretically possible to replace tlie aerofoil by fluid 
at rest at a certain pressure with a vortex-sheet or surfat‘e of sli]) 
coincident with its surface, the whole being acited u])(>n by ccuiaiu 
forces so that it maintains the position that w'ould have been occupied 
by the aerofoil. The vorticity so introduced is, therefore, rc'lcrred 
to as hound vorticity, since its position and motion are prescribed. 
The usual theory of the aerofoil of finite span now proceeds to approxi- 
mate to these conditions by supposing the bound vortiiflty concen- 
trated into a single line with length equal to tlio sj)an of the aerofoil. 
(In ordel: that this approximation should be valid it is tlieoretically 
necessary that the thickness of the aerofoil should be Binall compared 
with the chord, a condition usually realized in practice; and also, 
theoretically, that the chord should be small compared with the 
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span, — although, rather surprisingly perhaps, laboratory experiments 
have shown that the theory applies fairly well even when the cliord 
and span are nearly equal. In practice the chord of an aeroplane 
wing may vary along the span: the mean chord is defined as the ratio . 
of the area of the plan form of the aerofoil to its span; and the ratio 
of the span to the mean chord, called the aspect ratio, varies in 
practice from about 4 to 10.) The strength of the bound vortex -line 
at any point is equal to the circulation round the corresponding 
section of the aerofoil, and is a maximum in the middle, falling to 
zero at both ends. 

When, for theoretical purposes, we have replaced the aerofoil by 
the bound vortex-line, our previous reasoning shows that there must 
be vortex-lines in the fluid connecting the bound vortex with the 
cast-off vortex: these are referred to as trailing vortices. Theory 
shows that they must coincide with the stream-lines. Altogether 
the trailing vortex-lines form a vortex -sheet or surface of discon- 
tinuity in the velocity. This discontinuity will be in the transverse 
component of the velocity, the longitudinal component being con- 
tinuous and the transverse components equal and opposite on the 
two sides of the sheet, — a result which may be demonstrated theoreti- 
cally from the condition that the pressure must be continuous on 
both sides of the sheet. As time goes on the vortex-sheet increases 
in length and the kinetic energy of the fluid associated with the 
trailing vortex system increases, so that work is being done by 
external agencies. This manifests itself as a drag force on the 
aerofoil, called the induced drag. 

In the mathematical theory a second approximation is now made. 
It is assumed, that the velocities due to the whole vortex system — 
bound vortex, cast-off vortex, and trailing vortices — are small com- 
pared with the velocity of the fluid relative to the aerofoil; so that 
the trailing vortex-lines, which must in any case coincide with the 
stream-lines, are assumed to be in the direction of this undisturbed 
relative velocity, with the cast-off vortex at their end (Fig. 18). For 
this approximation to be valid the circulation K round the section 
of the aerofoil where it is greatest must be small compared with the 
product of C/, the undisturbed relative velocity of aerofoil and fluid, 
and the mean chord c. Since the lift on the aerofoil is of order 
KpUs, where s is the span, and the lift coefficient Cx is the lift 
divided by \pUhc, so that it is of order 2KIUc, the lift coefficient 
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must be small compared with 2. Again, the theory is experimentally 
verified for rather surprisingly high values of C/,. 

On this basis a highly successful mathematical theory has been 
bruit up, which has served, for example, to bring into agreement 
results of lift and drag measurements on aerofoils of different aspect 
ratios, and has also provided formulae for the effects of the boundaries 



Fig. 18 . 

of a wind tunnel on such measurements. Two further observations 
may be made. First, the existence of a discontinuity in the trans- 
verse component of velocity behind an aerofoil of finite span may be 
physically explained from the fact that below the wing there must 
be an excess of pressure and above it a defect of pressure or suction, 
the pressures above and below becoming equal at the tips. Hence 
there is a pressure gradient tending to make the fluid flow outwards 
towards the tips below, and inwards from the tips above, as it passes 
over the aerofoil. This is illustrated in Fig. 19, where the first diagram 
represents a section of the wing perpendicular to the direction of 
flight, the second a view of the suction side of the wing, and the 
third a section of the surface of discontinuity behind the wing. 
Second, the trailing vortex-sheet illustrated in Fig. IS is not a 
possible stable form. It would roll up at its edges, the vorticity 
being concentrated more and more in tlie rolled-up portions, until it 
presented the appearance of two concentrated vortices at a distance 
apart somewhat less than the span of the aerofoil. The process, 
which would take place somewhat after the manner illustrated in 





PLATE 4 
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Fig. 20, t has not yet been followed through mathematically. Approxi- 
mate calculations for the rolling-up of a vortex-sheet of finite breadth, 
but extending to infinity along its length in both directions, have 
been carried out by Westwater,^ some of whose results are shown in 
PL 3. (The full-line curves are drawn through the calculated posi- 
tions of individual vortices by which, as an approximation, the sheet 
was replaced. The dotted curves are spirals calculated by a slight 

Suction 

Pnassurti 



Fig. 19. Fig. 20. 


extension of a method due to Kaden, and the broken lines simply 
represent a plausible join between the other two sets of curves.) 
Photograplis of the process taking place in a real fluid are reproduced 
in PI. 4. II It will be seen that the calculated drawings and the photo- 
graphs here reproduced roughly correspond to each other, in order. 
In an inviscid fluid this transformation of a vortex -sheet does not 
affect the energy and momentum associated with it, and so the 
mathematical calculations mentioned above, based on its continued 
existence without deformation, are still valid. In any case, the 
deformation is due to the velocity induced by the vortex system 
itself, which lias already been assumed small; and so, logically, the 
process could in any case be neglected for a first approximation. 

The theory is known as the Laiichester-Prandtl theory .ff It should 

i* Fen* Figs. 19 aad 20 compare Betz, Ha?idbuch der Fhysih, 7 (Berlin, 1927), 
239,241. 

X AM.C. Eeporiti and Memoranda, No. 1692 (1936). See also Prandtl, Qottinger 
NachrU'hten (1919), reprinted in Vier Ahhandlungen zur Hydrodynamik und Aero- 
dynamik, L. Prandtl and A. Betz (Gottingen, 1927; see particularly pp. 60-67); 
Kaden, Ingenieur-Archiv, 2 (1931), 140-168; Betz, ZeitscJir.f, angew. Math, u. Mech. 
12 (1932), 164-174. 11 Kaden, op. cit,, p. 166. 

It Lanchester, Aerodynamics (London, 1907), chap, iv ; The Flying Machine (London, 
1915), being a reprint from the Proc. Institution oj Automobile ^Engineers, 9 (1915), 
171-259; Prandtl, Qdttinger Nachrichten (1918), 451-477; (1919), 107-137. 




46 INTRODUCTION. REAL AND IDEAL FLUIDS [1.12 

be noticed that a trailing vortex system and an induced drag, con- 
nected with an 'increase of energy of that system, are associated with 
flow past any finite body on which a lift is exerted; and that a circula- 
tion arises round each section of any body and a lift force results unless 
the body is symmetrical about a plane parallel to the velocity of the 
fluid. But it is only for a stream-line body with a salient edge, like 
an aerofoil with a sharp trailing edge, that anything a[)proaching a 
valid mathematical theory can be constructed by using the concoj)- 
tion of an inviscid fluid. 

This closes our account of the attempts of inviscid fluid theory to 
imitate, with the help of circulation and concentrated vorticit>', the 
actual flow of a fluid of small viscosity past solid bodies. We must 
now point out that, as a consequence of the theorems on p. 30 con- 
cerning the vorticity in an inviscid fluid, any finite portion of a fluid 
in motion, if once moving irrotationally, cpntinues to move irrota- 
tionally ever afterwards. In general, it follows that a motion which 
has originated from rest is irrotational, since the vorticity is origin- 
ally everywhere zero; exceptionally, the theorems do not forbid 
the appearance of vortex -sheets springing from the boundaries of 
immersed solid bodies, something after the manner of Figs. 13, Ifl 
and PL 2, since the continued absence of vorticity is asserted , not for 
regions of space, but for portions of matter. The same result may be 
otherwise expressed; — All valid proofs of the impossibility of tlie 
appearance of vorticity in an inviscid fluid, when the motion is 
started from rest, depend on the hypothesis that the velocity is con- 
tinuous ; so they do not exclude concentrated vorticity. That Kelvin’s 
theorem on the constancy of the circulation is not violated Iiy 
vortex-sheets springing from the boundaries of immersed bodies, has 
been clearly explained by Prandthf But it may be felt that, the 
existence of such vortex-sheets, which are surfaces of disconlimiity 
in the fluid, still, stands in considerable need of elucidatiem: so too, 
therefore, does the appearance of circulation; and all tlu; more so 
because of the theorem that if a motion is started im})ulsively from 
rest, the initial motion is irrotational without circulation. 

13. The motion of a solid body in a uniformly rotating fluid. 

Even if we are wilHng to assume the existence of diffused vorticity. 
and thereafter to neglect viscosity, the motion of a solid body in a 
t Journ. Boy, Aero, Soc. 31 (1927), 722, 72a. 



I. 13] SOLID BODY IN ROTATING FLUID 47 

fluid possessing vorticity is not in general amenable to calculation. 
There is one exception, which, though rather apart from our main 
line of investigation, is of considerable interest, since theoretical pre- 
dictions can be made which either do not depend on the conditions at 
the boundary of the solid body, or which give no relative velocity of 
solid and fluid at such a boundary. We refer to motion in a uniformly 
rotating fluid. f Thus certain predictions concerning the differences to 
be expected between the motion of a solid body in a fluid when the 
whole system is rotating from when it is not rotating do not depend 
on the boundary conditions. For example, it may be shown that if 
in the rotating system a cylinder between parallel walls at right 
angles to its axis and to the axis of rotation has the same density as 
the fluid and is acted on by an external force through the axis of 
rotation, then it moves in the direction of the force; but that if a 
symmetrical three-dimensional body, such as a vSphere, of the same 
density as the fluid, is so acted upon, it follows a curved path; and, 
if the fluid is rotating in the clockwise direction when seen from 
above, it leaves the axis of rotation on its right. This has been experi- 
mentally confirmed. Again, it may be shown that any small steady 
motion of a rotating fluid relative to the rotating system must be 
two-dimensional. This also is confirmed by experiment. If a three- 
dimensional body is moved slowly and uniformly through water 
rotating at a considerable speed, the motion produced is, in fact, 
steady and two-dimensional. When, for example, a cylinder with 
generators parallel to the axis of rotation is moved slowly in a closed 
rotating tank whose height is greater than that of the cylinder, the 
motion of the fluid relative to the rotating system is the same as if 
the cylinder had extended from the top to the bottom of the tank. 
Thus, if the generators of the cylinder be supposed produced to meet 
the top and bottom of the tank, the fluid inside the surface so formed 
moves like a solid body. There is a stagnation point at the front of 
every section of this partly fluid cylinder, and the motion of the 
fluid outside this cylinder is in all other respects the same as if the 
whole cylinder were truly solid, provided that the rotation is fast 
enough. Similar results are obtained' with a sphere. In a rather 
different category is the calculation of the steady motion of a non- 
rotating sphere along the axis of rotation in a rotating fluid. Here 

t G. I. Taylor, Proc, Roy. Soc. A, 93 (1907), Sl9-113; 100 (1921), 114-121; 102 
(1922), 180-189; 104 (1923), 213-218; Proc. Camh. Phil. Soc. 20 (1921), 326-329. 



48 


INTIlODUCTIO]Sr. BEAL AND IDEAL FLUIDS 


[I. 13 


it is possible to obtain a solution of the equations of motion of an 
inviscid fluid which does not involve slip at the surfoce of the sphere. 
(It should be again emphasized that such a solution is impossible 
in anon-rotating fluid.) Since the relative velocity of the fluid at the 
surface of the sphere is zero, the fluid streaming past the sphere as 
it moves along the axis does not tend to rotate it. This also has lieen 
experimentally verified. A ping-pong ball, initially rotating witli the 
water contained in a tall rotating jar, stops rotating as soon as it 
is moved along the axis of the jar and starts rotating again as soon 
as its motion along the axis ceases, provided that its motion along the 
axis is not too slow. A physical explanation of this phenomenon is 
obtained by considering that the fluid flowing past the surface of the 
sphere was all in the neighbourhood of the axis. As it flows over the 
sphere its distance from the axis is increased. Its angular momentum 
remains unchanged, and so its velocity of rotation about the axis is 
reduced practically to zero. On the other hand, if the motion of the 
sphere along the axis is too slow, the motion tends to become two- 
dimensional, with the formation of a cylindiacal dead-water region 
extending above the sphere and moving with it. 

14. Inviscid fluid theory and observation in real fluids. 

The interest and importance of the calculations and experiments 
described in the preceding section lie in the demonstration tliey 
afford of the manner in which the motion of a real fluid of small 
viscosity may be foretold by calculation for a fluid of zei'o viscosity, 
when the boundary conditions are either satisfied or not involved. 
Apart from them we may say, in general terms, that inviscid fluid 
theory can reproduce conditions near the forward stagnation ])oint 
of a bluff obstacle, or over most of the surface of a stream-lino bod}’', 
if the circulation is suitably chosen. Skin-friction is naturally beyond 
its scope, and the drag of a stream-line body is mainly, tliough not 
entirely, due to skin-friction. The drag of a bluff olistacle, on the 
other hand, is mainly the resultant of normal pressure, ciallcd form 
drag; and (apart from the theory of the induced drag associated with 
trailing vortices for a body such as an aerofoil of finite span) the 
theory of the vortex-street is the only theory we possess for form drag. 
When we consider fluids of small viscosity, we shall have to explain 
first why inviscid fluid theory ever gives approximately correct 
results, since it involves slip over the surface; how circulation and 
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vorticity make their appearance; how to calculate skin-friction; how 
to calculate the circulation and the lift for a stream-line body without 
a salient edge; and howto calculate the pressure distribution, the 
drag, and the lift for a bluff body. We may state at once that we can 
make very little progress indeed with this, last calculation beyond 
what has already been mentioned in connexion with the theory of the 
vortex-street, f 

t For certain mathematically elegant attempts of Oseen and others to find the 
limit of the steady motion of a viscous fluid when the viscosity tends to zero, reference 
may be made to Oseen, Hydrodijnamih (Leipzig, 1927), where further references will 
be found. It seems probable that the limit is given by the motion of the free stream- 
line theory which, as we have already pointed out, is unstable. Compare Friedrichs 
and Prandtl, Vortrdge aus deni Gebiete der Aerodynamih und verwandter Gehiete, 
Aachen, 1929 (Berlin, 1930), pp. 51-53. See also Squire, Phil. Maq. (7), 17 (1934)’ 
1150-1160. 
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INTEODUCTION. BOUNDARY LAYER THEORY 

15. Boundary layer theory .f Flow along a solid surface. 

When a fluid flows past a fixed solid boundary tlie fluid iininediately 
in contact with the wall is at rest. It is, however, a matter of common 
observation that, for a fluid of small viscosity like water or air, if 


-^U— — U— — U— — U-* — u— 



the distance the fluid has travelled along the wall is not too long, 
then the velocity rises rapidly from zero at tlie wall to its value in 
the main stream, the rise taking place within a tliin layer of fluid next 
to the wall. In this layer the velocity gradient is very large, so that, 
even if the viscosity is small, the tangential stresses may exert a 
considerable influence upon the motion. If, for example, fluid is 
flowing along a flat plate and the velocity in the stream has a 
constant value U, then the velocity rises from zero at the plate to 
the value U within a very small distance from the })latc. When the, 
stream arrives at the forward edge of the plate the fluid ])ractically 
has the velocity U at all distances from the plate: the fluid next to 
the plate is then forced to remain at rest while the main stream flows 
on with velocity U. In this way tangential stresses are brouglit into 
play, which retard the fluid next to that in contact with the plate. 
This retarding effect of the internal tangential stresses gradually 
spreads farther and farther, so that as the fluid flows along the j)late 
the width of the layer of retarded fluid at the plate continually 
increases. This is illustrated in Fig. 21, where graphs of the velocity 

t The theory is due to Prandtl, V erkandlungen des dritten iniermtionakn McUhe- 
niatiJcer-Kongr^ses, Eeidellerg, 1904 (Leipzig, 1905), 484-491 ; roprintod in VierAbhand- 
lungeti zur Uydrodgnamik und Aerodynamik, L. Prandtl aixd A. Betz (GOttingon, 1927). 
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against distance from the plate are shown for various sections, the 
distance from the wall being shown on a greatly enlarged scale. 

Since the velocity parallel to the wall, which we now denote by 
u, is changing, continuity requires that there should be a velocity 
perpendicular to the wall,f and this velocity we denote by v. The 
velocity v is small. Thus, ii A B and CD represent sections inside the 
retarded layer, with AG along the wall, the flow across the section 
J.J3 is greater than that across CD, so that there must be a flow out 
through BD\ but since the lengths oi AB and CD are small, of the 
same order of magnitude as the width 8 of the retarded layer, v is 
also small, of the same order of magnitude. The argument may be 
given in greater detail in a dimensionally correct form. The differ- 



A C 


ence in the forward velocities at corresponding points of and CD 
is of the same order as D, and hence the difference in the volumes of 
fluid flowing per unit time across two sections, each of breadth 6, 
represented by and CD respectively, is of the order of DfcS. If 
.4C or BD is of length Z, the volume flowing per unit time outwards 
across a surface of breadth &, represented by DD, is of order vbl\ 
and since no fluid flows across the surface of the wall, represented by 
AC, continuity requires that the flux across BD should balance the 
excess of the flux across AB over that across CD. Hence v must be 
of the same order as D8/Z. In this expression I may for the present 
be supposed to be any moderate fraction of the length of the plate 
measured from its leading edge. 

Again, the mass of the fluid flowing per unit time across a section 
of breadth 6, represented by AB, is of the order of pUb^, and its 
forward momentum of the order of pU^bB, where p is the density. The 
momentum flowing per unit time across a section of the same breadth 
represented by CD is of the same order. The mass flowing across the 
surface represented by BD is of order pvbl, and its forward momen- 
tum is of order pUvbl. By the result above concerning the order of 

t We are considering a two-diraensional motion, so that, if, for example, the flow 
is along a flat plate of finite breadth, we restrict our considerations to the portion of 
the plate far from the side edges. 
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magnitude of u, this is of the same order as pZ7^6S. Thus, if we consider 
the fluid inside a volume of breadth b and section ABDC, the rate at 
which forward momentum is being carried across its surface per unit 
time is of order pU%h, and this also represents the change in the forward 
momentum of the fluid in unit time. We have so far considered the 
lengths oiAB and CD as equal, as in the previous figure; but the argu- 
ment remains unaltered if they are somewhat different, so long as each 
is of the same order of magnitude as S. In particular, the result still 
applies if AB and CD have the thickness of the retarded layer at 
their respective sections, so that ABDC represents the whole of the 
retarded layer between the two sections, as in the figure below. In that 



A c 


case it is the frictional force on the portion of the wall represented by 
AC ’which produces the change in the momentum of the fluid, and this 
frictional force must therefore be of order p U^bS. The area on which it 
acts is bl, and so the shearing stress at the wall must be of order pU^Bjl. 
But the velocity rises from zero at the wall to V in the main stream 
over a length S, so that the velocity gradient at the wall is of order 
U/S, and the shearing stress of order /i?7/S or pvUjB, where p. is the 
viscosity and v the- kinematic viscosity. This must be of the same 
order, then, as pU^Bjl. Hence S® must be of the same order as vljU, 
and 8 of the same order as {vl/U)^. Now Uljv is a Reynolds number; 
if we denote it by B, then Bjl is of order R~K We may also notice 
that the skin-friction drag on an area bl is of order pU%B, or pv* 'U'W. 
In particular, then, the skin-friction drag varies as U^. To find the 
coefficient of skin-friction drag we must divide by \pU%l, so that this 
coefficient varies as {vjVl)^, or iJ-h-f 
The effect of the velocity v is to give any element of the fluid a 
small velocity towards or away from the wall; and since u varies 
very rapidly with distance from the wall, this may have an appreci- 
able effect in changing the forward velocity of the fluid element, — 
that is, it may have an appreciable effect on its forward acceleration. 
Apart from this the velocity at right angles to the wall may be 
neglected and the flow thought of as a simple shearing motion, having 

t The result does not apply if the motion is turbulent. See § 24 and Chap. VHI, § 163. 



II. 15] 


CURVED WALL 


53 


only the velocity ^ in a fixed direction parallel to the wall, with w 
depending only on the distance y from the wall. The internal friction 
then gives rise simply to shearing stresses ^ dujdy parallel to the flow, 
and the vorticity is dujdy in the sense shown by the arrow in the 
figure on p. 28. The influence of the shearing stresses at right angles 
to the wall is, then, small. The acceleration at right angles to the 
wall is also small. The only other cause giving rise to acceleration 
in addition to shearing stresses is a pressure gradient. Hence the 
pressure gradient at right angles to the wall must be small. It is of 
order 8, as we shall see more exactly in Chap. IV. Hence the pressure 
is very nearly constant throughout any section, and is equal to its 
value just outside the boundary layer. 

We have so far considered the velocity, and therefore also the 
pressure, just outside the boundary layer to be constant and the 
walls to be straight. Similar results hold if there is a pressure gradient 
parallel to the wall, or if the wall is curved. In the latter case, how- 
ever, there must be a pressure gradient perpendicular to the wall in 
the retarded layer in order to balance the centrifugal force. The 
approximation that the pressure is constant across any section is 
then not as accurate as for a straight wall; but although the pressure 
gradient perpendicular to the wall is now moderate and not small, 
the total change of pressure in that direction takes' place over a length 
of order 8 and is, therefore, still small. The pressure may still, then, 
be considered approximately constant over any section. Our other 
results also apply as before. Thus, if in a two-dimensional motion 
y is distance perpendicular to the wall and u the velocity parallel 
to it, the viscous stresses may still be taken as dujdy tangential to 
surfaces parallel to the wall, and the vorticity of magnitude dujdy. 
Also, if d is a representative length of the system, 8 is of order 
(vdjU)^, or Sjd of order i?“^, where B is the Reynolds number Udjv. 
The skin-friction drag on any surface varies (for non-turbulent 
motion) as which is expressed non-dimensionaUy by saying that 
the coefficient of skin-friction drag varies as J?-^. 

In flow along a flat plate parallel to the stream the velocity at 
any section does not depend sensibly on what happens behind it, 
and cannot, therefore, depend on the total length of the plate. The 
correct representative length is not the length of the plate, therefore, 
but simply the distance x of the section we are considering from the 
f This result was given by Lanchester, Aerodynamics (London, 1907 p. 51. 
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forward edge of the plate. In this case 8 varies accurately as (vx/U)^, 
so that the thickness of the boundary layer grows parabolically . The 
shearing stress at the wall is inversely proportional to 8, so that it 
varies as 

Although we began by suggesting that our approximations are 
valid only if 8 is small, the more accurate criterion expressed non- 
dimensionally must be, quite generally for any system, that Sjd is 
small or Udiv large. Thus, in particular, although the boundary layer 
along a flat plate continually increases in thickness with the distance 
from the forward edge, yet Sjx continually decreases, so that our 
approximation should get better and better. But, as we shall see 
later (§ 24) , the steady flow breaks down when U xjv is too large, and 
the motion then becomes turbulent. 

16. Boundary layers in the inlet lengths of pipes. 

Boundary layers are formed whenever a fluid of small viscosity 
flows past a solid obstacle. They are also formed in the 'inlet lengths’ 
of pipes (p. 21 and Chap. VII, § 139). With certain types of entry, for 
example, the flow when it enters the pipe is uniform over a cross- 
section. Later, the fluid near the walls is retarded, with consequent 
acceleration of the central portions in order to ensure that the flux 
is the same across all sections. The retarded layer grows in thickness 
until it fills the whole tube, and ultimately the final distribution of 
velocity (parabolic for non-turbulent flow) is attained. While the 
central portions are being accelerated in the inlet length, the }>rcssure 
gradient along the pipe is greater than when the final stage is estab- 
lished. Further, according to the foregoing results, for steady flow the 
width of the retarded layer increases at first in proportion to the square 
root of the distance from the entry; farther downstream the increase 
is slower (Chap. VII, § 139). The increase is much more rapid when 
the motion is turbulent (Chap. VIII, § 162). 

t That the stress would decrease as x increased, and the roaRon therefor, were 
clearly recognized by W. Froude in his Report on Experiments for the Determination of 
the Frictional Resistance of Water (London, 1874), p. 4: ‘The portion of Hxirfaco that 
goes first in the line of motion, in experiencing resistance from the water, must in turn 
communicate motion to the water in the dix'oetion in which it is itself travelling; 
and consequently the portion of surface which succeeds the first will bo rubbing, not 
against stationary water, but against water partially moving in its own direc^tion, 
and cannot therefore experience as much resistance from it.’ This explanation is so 
worded as to apply to a flat plate towed through stationary water, btxt the frictional 
stress will depend, of course, only on the relative motion, and the explanation is 
fundamentally the same for a plate fixed in a stream. 
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17. Theoretical arguments for the existence of boundary 

layers. Diffusion of vorticity. 

We have so far simply assumed the existence, adjacent to solid 
boundaries, of thin layers of retarded fluid in which the influence 
of the viscous stresses was appreciable without being predominant. 
The existence of such layers cannot, it is true, be demonstrated 
mathematically with full rigour; but theory does tell us that there 
must be regions somewhere in the fluid where the viscous stresses 
have an appreciable though not predominant influence, and it is 
natural to look for such regions, in the first place, near the boun- 
daries of solid bodies, where theoretical solutions in the absence of 
viscous stresses would imply a slip that cannot really take place. 
This does not, of course, preclude their existence elsewhere. Further, 
the few mathematical solutions of the equations of motion of a 
viscous fluid that we possess do give, for high Reynolds numbers, 
results entirely in agreement with the boundary layer theory in all 
cases where such agreement is to be expected. But perhaps the 
most satisfactory theoretical explanation of the existence of boundary 
layers comes from the theorems concerning the convection and diffu- 
sion of vorticity. We have seen that vorticity is convected with the 
stream and at the same time diffuses like heat, with the kinematic 
viscosity v taking the place of the thermometric conductivity k\ and 
we know that, if a concentrated source of heat is aj^plied anywhere to 
a bod}?', then, after t seconds, its effect is appreciable at distances of 
the order of (/cif)^ centimetres. Now, when the stream arrives at the 
forward edge of the flat plate we have previously considered, the 
fluid in contact with the plate is at rest and the fluid immediately 
above has the velocity U. This implies very intense vorticity, w^hich 
diffuses as the fluid flows over the plate. The time required for the 
fluid to traverse a distance x along the plate is of order xlU. In this 
time the vorticity has become appreciable in a layer of order {vx/U)-. 
This is the order of thickness of the boundary layer.f 

The argument from diffusion of vorticity is even more satisfactory 
in explaining the growth of the boundary layer when motion of a 
solid body is started from rest. The initial motion is found, both 
theoretically and experimentally, to be irrotational without circula- 
tion. This implies slip at the surface. But the fluid immediately in 

t Jeffreys, Phil. Mag. (6), 50 (1925), 815-819; Proc. Roy. Soc. A, 128 (1930), 
380, 381. 
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contact with the surface must be at rest. The fluid next to it is, there- 
fore, slipping over it with a finite velocity. We may express this by 
saying that the thickness of the boundary layer is initially zero; 
there is a vortex-sheet, or sheet of concentrated vorticity, siirround- 
ing the body. This vorticity immediately begins to diffuse, and after 
t seconds the thickness of the boundary layer is of the order of {vtf~ 
centimetres. 

The diffusion of vorticity that takes place when fluid flows past a 
solid obstacle may be contrasted with that which takes place when 
fluid is contained within a vessel — for example, a c^dinder -wliich is 
made to rotate. In both cases, vorticity cannot originate in tlie 
interior of the fluid, but must be diffused inwards from the boun- 
daries. In the latter case, initially the fluid is at rest and the surface 
is rotating; finally the system is rotating as a whole. Viscosity works 
in this case by accumulation of effect. Vorticity, created at the 
boundary, is continually being diffused into the fluid; it cannot 
escape, and the process goes on until the whole system is rotating 
as if solid, when no further vorticity is created at the boundary. 
In the former case, however — that of flow past an obstacle-- tlie 
vorticity created at the boundary is being couveeded dow nstream 
with the fluid; the result, as we shall see, is that vorticity is practically 
confined to the boundary layer and to a wake behind the body with a 
width increasing downstream. Quite generally, if the viscosit y is small, 
its effects can be important only if there is a region of intense rate 
of shear in the fluid, or if the effects can accumulate in a, limited 
space. It is with the former case that we are more ])iirtieular]y con- 
cerned, 

18. Separation of the forward flow. Flow through a diffuser. 

Flow along a curved surface. 

We may now consider in more detail the course ol' events when the 
fluid is moving against a pressure gradient parallel to the wall. Since 
the pressure is nearly constant across any section ol' t he boundary 
layer, this pressure gradient is operative right through thc^ layer. 
Now the motion of a thin stratum of fluid adjacent to the wall, and 
wholly inside the boundary layer, is determined by tliree causes. It 
is retarded by friction at the bounding wall; it is pulled forward by 
the stream above it through the action of viscosity; and it is retarded 
by the adverse pressure gradient. If the pressure gradient had been 
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favourable, it would have continued its forward motion; but, as we 
have seen, its forward velocity is small because of the effect of the 
wall, and its energy and momentum are therefore small, and may be 
insufficient for it to force its way for very long against an adverse 
pressure gradient. It is then brought to rest, and, farther on, next 
to the wall, a slow back-flow in the direction of the pressure gradient 
may set in. The forward stream then leaves the surface. The course 

/ 


y 

y 



of events is illustrated in Fig. 22, where, the wall being drawn straight 
for convenience, graphs of the velocity against distance from, the 
wall are shown for various sections. The upper chain-dotted line 
represents the limit of the boundary layer, the lower chain-dotted 
line the limit of the small back-flow. The stream-lines are shown as 
broken lines across the figure. A thin layer of vorticity thus leaves 
the wall and makes its appearance in the interior of the fluid, where 
it corresponds, for a real fluid, to the vortex-sheets previously con- 
sidered in an inviscid one. This explains the statement previously 
made (Chap. I, §11, p. 40) that such sheets (or for real fluids, thin 
layers) of vorticity can make their appearance whenever the fluid, in 
streaming past a solid surface, is being retarded. The separation of 
the flow from the surface may be said to begin at P, where du\dy 
at the wall vanishes. f The position of this point can be calculated if 
the pressure distribution outside the boundary layer is given. This 
last condition should be emphasized: the mathematical calculations 

t This explanation, was given by Prandtl in his original paper (Zoc. p. 50), 
from which Fig. 22 is taken with some changes. Lanchester gave a similar explanation 
in less detail {Aerodynamical p. 134). 
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based on the theory require the pressure distribution as a datum; 
they can do nothing to help ns find it. If tlie pressure gi'adieut is in 
the direction of the flow, or in any case where no separation occurs, 
the vorticity is confined to the boundary layer; also it is only in 
that layer that the viscous stresses have an appreciable effect: thus 
the pressure distribution can be found, at any rate approximately, 
from the theory of an inviscid fluid without vorticity. If, lu)wever, 
separation takes place, then there is vorticity elsewhere in the 
fluid: the whole picture is different from any that that theory could 
give us, and in general the pressure distribution can be ibund only 
by experiment. An important conclusion from theory is, however, 
that if the pressure distribution is unchanged, the position of P will 
be independent of the Eeynolds number. Thus in the limit, if the 
Reynolds number became infinite and the thickness of the boundary 
layer zero, we should still have separation of flow from the surface. 
On the other hand, the angle the stream-line PQ makes with the 
boundary would decrease as the Reynolds number increased, the 
whole diagram being reduced in scale perpendicular to the wall in 
inverse proportion to the square root of the Reynolds number. 

A well-known example in which the flow separates from the walls 
in this way is that of flow through a diffuser, or ])ipe of increusitig 
cross-section. In this case, since in a steady motion the same amount 
of fluid must pass through any cross-section if the flow ibllowed the 
walls, the velocity would decrease and the pressure would increase UvS 
the cross-section increased. The fluid in the bouiulary layers at the 
walls is, therefore, moving against a pressure gradient ; and after a 
certain distance, which may be expected to be sliorter the greater the 
pressure gradient (i.e. the more rapid the expansion) the stream leaves 
the walls and forms a jet. This is illustrated by the ])lu>togra])h in 
PL 5 a.-j* A picture of two single stream-lines is shown in PI, 5 6. J When 
the fluid leaves the walls the expected jmessure increase no longer takes 
place.ll That the effect is due to the pressure gradient leather than to 

t Prandtl, Joum. Roy, Aero, 8oc. 31 (1927), 735. 

j Due to W. S. Earren. 

|[ It is interesting to notice that this explanation of the phouonusuon, which was 
itself known long before Prandtl first put forward the boundary laytw th<H)ry, was 
to a considerable extent anticipated by W. Eroude (Report of the British Assocuition 
for 1875, p. 229). He was exhibiting an experiment in which fluid %vas flowing from 
a discharging cistern into a receiving cistern, with a free jet in between, the discharge 
and reception being through two projecting tubes with cross-sections diminishing 
from the cisterns. He says : ‘You observe as I diminish the supply’ of water and 
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any other property associated with the expansion is demonstrated 
by an experiment due to Farren, who constructed a pipe with rect- 
angular cross-section such that the length of one side increased and 
the length of the other side diminished, the area remaining constant, 
along the pipe. When fluid flows through such a pipe there is no 
separation of flow from the walls. A photograph of an expanding 
longitudinal section of such a pipe is shown in PL 5 c. 

The same phenomenon of separation of flow, with the appearance 
of appreciable vorticity in the fluid, takes place in flow past a curved 
surface. Thus in flow past a circular cylinder, if the motion were 
irrotational as shown in Fig. 3, p. 23, the fluid flowing over the 
surface down the pressure gradient from Aio B ov D would acquire 
just sufficient momentum and energy to carry it, in the absence of 
friction, up the pressure gradient again to G. In a real fluid this 
does not happen. The forward flowing fluid in the boundary layer 
leaves the surface; the expected rise of pressure towards the rear 
does not take place, and the pressure distribution over the surface 
becomes, in consequence, quite different from that corresponding to 
Fig. 3, except near the forward stagnation point. We proceed to 
consider in more detail the course of events when the motion past a 
bluff symmetrical obstacle is started from rest. 

19. Motion past a bluff symmetrical obstacle. 

When the motion past any body is started from rest, the initial 

motion is practically irrotational. The thickness of the boundary 

layer is initially practically zero, with what amounts to a vortex-sheet 

0 

allow the excess of head in the discharger to become reduced, a steadily increasing 
waste becomes established between the orifices ; and it is interesting to trace exactly 
the manner in which the friction operates to produce this result. 

Tf the conoids of discharge and reception are tolerably short as they are here, it 
is the outer annuli or envelopes of the stream which are in the first instance affected, 
that is to say, retarded, by friction; and the escape or waste between the orifices 
implies that this surface -retardation has reduced the velocity of those envelopes 
below that due to the head in the recipient ; thus an annular counter- current is able 
to establish itself, and in fact constitutes a counter discharge from the recipient. 

‘As the head in the discharger is more and more reduced, the diminishing velocity 
of the central inflow into the recipient offers less and less frictional resistance to 
the annular counter-current which envelops it, and the waste continually increases.’ 

In 1918 Lord Rayloigh {PM. Mag. (6), 36 (1918), 315, 316; Scientific Papers, 6 
552, 553) remarks that ‘if the expansion be made too violently, the fluid refuses to 
follow the walls, eddies result, and mechanical energy is lost by fluid friction. According 
to W. Froude’s generally accepted view, the explanation is to be sought in the loss 
of velocity near the walls in consequence of fluid friction, which is such that the fluid 
in question is unable to penetrate into what should be the region of higher pressure 
beyond.’ 
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round the body. The vorticity difluses and the boundary layer grows 
in thickness. After a certain short time separation of flow from the 
surface of the body begins. For the circular cylinder this time is 
roughly proportional to the radius and inversely proportional to the 



speed, and separation begins at the rear stagnation point. In general, 
separation begins somewhere near the point where the velocity just 
outside the boundary layer is decreasing most rapidly as we go round 
the surface in the direction of the flow; and the time required is 
shorter the smaller the radius of curvature. The point of separation 
then moves forward until it reaches an almost stationary jiosition. 
The calculated stream-lines in the boundary layer over the rear por- 
tion of a circular cylinder moving with constant acceleration, when 
the point of separation has advanced rather more than 60“ from the 
rear stagnation point, are shown in Fig. 23.t If the radius of the 
cylinder is taken as 10 cm., the kinematic viscosity as 0-01 em."/sec., 
and the acceleration as 0-1 cm./seo.^ this diagram corresponds to 

t '^asma,Zeitschr.f.Mcah.u.Physik.'S(i (1908), 37. The velocity graphs liavo boon 







11. 19] MOTION PAST BLUFF OBSTACLE 61 

15-8 seconds after the beginning of the motion. If the acceleration 
were 10 cm./sec.“, the diagram would correspond to 1-58 seconds after 
the beginning of the motion, and the thickness of the boundary layer 
would be reduced in the ratio of 1 : VlO. The dotted lines represent 
the graphs of the velocity against distance from the boundary. The 
closed stream-lines represent a vortex, but the velocity and vorticity 
therein are very small. The vorticity is greatest outside the stream- 
line PQ. (No claim to great accuracy can be made for the diagram, 
since the boundary layer thickens considerably beyond the point of 
separation, and this also has an effect on the pressure distribution.) 
A general photographic view of the development of the separation 
over the rear of a solid body is given in PI. 6.f 

The vorticity leaving the surface is meanwhile convected down- 
stream, diffusing at the same time. The vorticity in the fluid is 
practically confined to tlie boundary layer and to a region behind 
the body known in all cases as the wake. Ultimately the wake must 
continually increase in breadth owing to the diffusion of vorticity. 
The ultimate spread of the vorticity in the wake, however, actually 
takes place by turbulent mixing rather than by the molecular pro- 
cesses giving rise to viscosity. 

For the circular cylinder Hiemenz,‘j: who was the first to determine 
simultaneously the final stationary position of the point of separation 
by experiment and by calculation from an observed pressure distri- 
bution, found that it w'as about 82° from the forward stagnation point 
(the pressure minimum occurring at about 70° and the Reynolds 
number being about 1-2x10'^). Subsequent experimenters have all 
found values round about 80° at Reynolds numbers sufficiently low 
to ensure that the flow in the boundary layer up to the point of 
separation is steady and not turbulent. || 

We have seen that, when a motion is started from rest, the time 
before separation of flow l)egins from the surface is shorter the smaller 
the radius of curvature at the point where it begins. At a sharp pro- 
jecting edge, wdiere the radius of curvature is zero, the calculations 
on which the assertion is leased cease to be valid; but we might 
nevertheless expect that separation will begin from the sharp edges 

t Prandtl and Tiot jeiiH, Hydro- imd Acromechmiik, 2 (Berlin, 1931), plates 12-14, 
figs. 24-33. 

} Hiomenz, fkyttmqm 1911; Dingler\*i Folytech. Journ. 326 (1911), 

321-324. 

11 See, for example, Fage, Phil Mag, (7), 7 (1929), 253-273, especially p. 265. 



62 INTRODUCTION. BOUNDARY LAYER THEORY [II. 19 

almost instantaneously. This, in fact, does happen. Previously this 
separation was explained by cavitation: in the initial motion, which 
is practically irrotational, there would be extremely low pressures 
at the edges, so that, for water, separation of the dissolved air and 
evaporation would ensue, and, for air, rapid expansion would take 
place. But, as a rule, the motion has been modified by viscosity, so 
that the large suction is avoided, before any rupture or expansion 
takes place. 

The process of the separation of flow takes place in a somewhat 
similar manner when the flow is three-dimensional. Calculations, 
for example, for a sphere starting impulsively from rest have been 
carried out by Boltze, j who showed that separation begins at the rear 
stagnation point when the sphere has moved a distance equal to 
about two-fifths of its radius. The line of separation then moves 
forward, and when it has movedhlirough a fairly big angle, tlio stream- 
lines in a meridian plane have an appearance somewhat similar to 
that of Fig. 23. 

20. The wake behind a bluff symmetrical obstacle. 

We can now follow the processes in the w^ake behind a bluff 
symmetrical cylinder more closely for that range of Reynolds 
numbers in which the theory of the vortex-street has validity. We 
restrict ourselves to the case of twD-dimensional motion. :j: When the 
motion is started from rest, then in the initial stages two thin vortex- 
layers, symmetrically situated, leave the surface of the (^ylindi-ical 
body and curl round on themselves, the vorticity becoming more 
and more concentrated into the rolled-up portions (Fig. 24). The 
vortices thus formed gain in strength as more and more vorticity, 
shed from the surface, passes into them from the thin layers; and as 
their strength increases they move slowly away from tlie cylinder, a 
process of which the theory referred to on p. 39 provides a rough 
explanation. The resulting arrangement is unstable for anti- 
symmetrical disturbances, and assumes an asymmetrical configura- 
tion, as theory teaches us that it should; but before this happens 
other changes take place to which theory provides no guide. The 
shape of the vortices changes: they become longer and longer in 

t Gottingen Dissertation, 1908. 

J Discussion of the processes in the wake for three-dimensional flow past an 
obstacle is reserved until Chap. XIII, §250. 
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the direction of the flow (Fig. 25). Meanwhile each vortex has 
produced a strong back-flow over the rear portion of the cylinder. 
This back-flow itself separates from the surface, with the formation 
of a small secondary vortex having an opposite rotation to the main 
vortex, with which it proceeds to coalesce. This coalescence naturally 
contributes to a deformation in the shape of the main vortex. The 
main vortices continue to move and to spread downstream. Asym- 
metry now sets in. Vortices are shed alternately from the two sides 




of the cylinder and pass downstream, where they arrange themselves 
in a configuration corresponding to that of a Karman vortex-street 
for some distance, after which the regularity disappears and the 
motion in the wake becomes irregular. The initial stages of the 
motion are shown by the photographs in Pis. 7 and 8.f In PL 7 
the cylinder, starting from rest, has been given a constant velocity 
as rapidly as possible (impulsive start): in PI. 8 the cylinder is 
moving with uniform acceleration. The velocities are equal when 
the cylinders have moved through about 15 cm., corresponding to 
the third photograph in each series. The asymmetry begins to 
make its aj)pearance in about the sixth photograph of .each series, 
when the cylinder has moved through 30 cm. 

Before leaving the flow past a symmetrical obstacle we might 
perhaps mention that, for two-dimensional flow at Reynolds numbers 
below those at which a Karman street is formed, the motion is 
steady and two weak standing eddies exist behind the obstacle. 
The calculated stream-lines past a circular cylinder at a Reynolds 
number Udjv equal to 20, where d is the diameter of the cylinder, 
are shown in Fig. 26, J and correspond roughly to Fig. 27, |1 pre- 
pared from measurements of two actual photographs of the flow, 

t Rubach, Gottingen Dissertation (1914), plates a and b, figs. la-Yiia and 
1&-VI16. 

t Thom, Froc, Roy. Soc. A, 141 (1933), 658. 

II Fage, Proc. Institution of Mechanical Engineers, 130 (1935), 30. 
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at Reynolds numbers of 23 and 29 respectively. f Similar phenomena 
are observed for other bluff obstacles, although the Reynolds num- 
bers for transition to a Karman street will alter with the shape 
and with the degree of turbulence in the stream, etc. For very 
small Reynolds numbers, in the neighbourhood of unity, the two 
standing eddies are not formed, and the Stokes-Oseen approxima- 
tions J apply. II 

21. Form drag and skin -friction. 

When the final stage of a motion at the higher Reynolds numbers 
is reached, the separation of the flow prevents the expected rise of 
pressure towards the rear of the obstacle. This explains the origin 
of form drag, ft the magnitude of which is closely correlated with the 
position of separation: the farther the separation towards the rear, 
the smaller the form drag. For stream-line bodies separation, if it 
takes place aib all, does so very near the rear of the body, and the 
form drag (apart from any induced drag in the sense of Chap. I, § 12) 
is exceedingly small. This may, in fact, be taken as a rough definition 
of a stream-line body. For bluff obstacles, on the other hand, the 
skin-friction drag is small compared with the form drag. If the 
position of separation does not change very much, we might expect 
that the form drag will not change very much; and so, as regards the 
drag coefficient, scale effect will be small for bluff obstacles except 
when the position of separation is changing rapidly. For bodies with 
sharp edges, such as a flat plate or a circular disk, since the separa- 
tion must take place from the sharp edge, we might expect practically 
no scale effect. This is borne out by experiment: the drag coefficient 
of a circular plate normal to the stream, referred to the surface of one 
side of the disk, is constant at about 1*12. For stream-line bodies, 
on the other hand, the drag is mostly due to skin-friction. The skin- 
friction drag, as we have seen (p. 53), varies as C7^, and the coefficient 
of skin-friction drag as {vjUd)^, or for non-turbulent motion. But 
this does not apply when the flow in the boundary layer becomes 
turbulent (pp. 71, 72 and Chap. VIII, § 163). 

t Thom, op. cit. 6gs. 9 and 12 (cZ). 

{ Lamb, Hydrodynamics (Cambridge, 1932), §§ 335-343. 

11 For a rather fuller description of the sequence of changes in the final flow at 
different Reynolds numbers (as distinct from the development from rest of the flow 
at one Reynolds number) see Chap. IX, § 183. 

‘t't Apart from the induced drag (see Chap. I, § 12) in three-dimensional flow past an 
obstacle on which there is a lift force. 
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22. The production of circulation. 

When a cylindrical obstacle is symmetrical, the same amount of 
vorticity is shed in any time from the top and from the bottom: 
the vorticity shed from the top is of opposite sign to that shed 
from the bottom, and so the total amount of vorticity crossing 
any contour surrounding the body is zero. The circulation round 
such a contour, originally zero when the motion is started from 
rest, therefore remains zero. This is true on the average even if 
the motion itself is not steady. (The argument is similar to that 
given on p. 41 and illustrated in Fig. 17. For a real fluid of 
small viscosity the circulation round A BCD still remains practically 
zero, since no vorticity has come near to it. The total strength 
of the vortex-tubes enclosed by EBCF is, on the average, zero, so 
that the circulation round it is zero, and the circulation round 
AEFD remains zero on the average. AEFD may be taken as any 
circuit surrounding the cylinder and cutting the wake at right 
angles.) 

If the obstacle is not symmetrical, however, different amounts of 
vorticity are shed from the top and from the bottom, and as a result 
a circulation is produced round any contour surrounding the body. 
Now in the boundary layer the vorticity is du/dy. The rate at which 
vorticity flows across any section of the boundary layer, per unit 
breadth along the cylinder, is the integral of ii{duldy)dy taken right 
across the boundary layer. This is where is the velocity in 
the main stream just outside the boundary layer. The rate at which 
vorticity is leaving the surface is, therefore, the value of \u\ at the 
section where separation of the flow takes place. Hence more 
vorticity is shed from the top than from the bottom if at the point 
of separation is greater on the top than on the bottom, and con- 
versely. Outside the boundary layer, however, the total head may 
be taken as constant, and the bigger the velocity the smaller the 
pressure. Hence the smaller the pressure the greater the rate at 
which vorticity is shed. The exact conditions for the separation of 
the flow from the surface are complicated; but we may say in a 
general way that when the thickness of the boundary layer and the 
momentum of the flow in it are roughly about the same, the retarded 
fluid is able to follow the surface longer if it is moving up a gentle 
pressure gradient than up a sharp one, and makes its way, before 
leaving the surface, into regions of higher pressure in the former 
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case than in the latter. Hence more vorticity is shed on the side on 
which the pressure gradient is sharper. 

The growth of the circulation may now be illustrated by considera- 
tion of flow past an elliptic cylinder. The initial motion, when the 
system is started from rest, is irrotational without circulation. The 



calculated stream-lines, when the axes are in the ratio 1 : 6 and the 
major axis is inclined at 45° to the stream, are shown in Fig. 28, and 
the corresponding pressure distribution in Fig. 29. A and C are 
stagnation points. The fluid flows down a pressure gradient from 
^ to jB or D, and up a pressure gradient again from 5 or D to C. 
The pressure gradient from B to C is more gradual than that from 
D to C, and when separation takes place it may therefore be expected 
to do so at a lower pressure between D and C than between B and (7, 
so that more vorticity will be shed between D and C than between 
B and C. Between D and C the sense of the vorticity is clockwise 
when the figure is viewed from above; between B and C it is anti- 
clockwise. The net transport is, therefore, of vorticity with clock- 
wise rotation, and a circulation in an anti-clockwise sense, as in- 
dicated by the arrow, is produced round the body. This circulation 
has the effect of increasing the velocity and decreasing the pressure 
along ABC, and of decreasing th^ velocity and increasing the 
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pressure along ADC, The pressure gradient up to O along ABO is 
made steeper and that along ADO more gradual. The difference in 
the amounts of vorticity shed becomes less, and the rate of growth 


(The letters A, B, C, D, refer to the points similarly 
denoted in Fig. 28.) 
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of the circulation is diminished, until eventually a steady value of 
the circulation, or at any rate one steady on the average, is reached. 
Theoretically this steady state will be reached asymptotically: 
in practice the whole process is completed fairly rapidly. In the final 
stage the pressures are equal at the two points of separation, and as a 
rough generalization we may say that the pressure remains constant 
round the rear of the body. It may also be noticed that the average 
curvature is greater between D and 0 than between B and 0; and 
in general terms we may say that the net amount of vorticity shed 
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from a body is of the same sense as that in the boundary layer 
towards the rear on the side where the curvature is greater. f 

When the final stage is reached, the conditions in the wake for a 
bluff obstacle are somewhat similar to those in the symmetrical case, 
with the formation of a vortex-street for the right range of Reynolds 
numbers. The early stages of the motion past a stalled aerofoil are 
shown in PI. 9. The photographs^ were taken by fixing a hot wire 
along the suction side of the aerofoil, so that the wake and eddies 
were made visible by the change of the refractive index of the heated 
air from the wire, and using the 'Schlieren’ method (Chap. VI, § 134, 
p. 290). PI. 9a was taken about 2 seconds from the start, when the 
relative displacement of the aerofoil was about 1 chord length. The 
interval between the photographs here reproduced was about jg 
second. 

23. Turbulence in a pipe. 

When fluid is flowing along a circular pipe, then in the calculated 
motion every element of the fluid moves in a straight line parallel 
to the axis of the pipe. The pressure gradient is proportional to the 
first power of the velocity, and the distribution of velocity across a 
section is parabolic (Chap. I, § 6). When the Reynolds number is not 
too high, these conditions are found to be fulfilled. A filament of 
coloured liquid introduced into water flowing along a tube, with a 
smooth entry, extends down the tube in a straight line, increasing in 
width only very slowly through diffusion. After a sufficient distance 
from the entry for the permanent regime to have become established, 
the above laws concerning the pressure gradient and the velocity dis- 
tribution are satisfied. If the speed of the flow is increased, a stage 
is reached at which the straight line motion breaks down. The 
coloured filament mixes with the surrounding water and the tube 
appears to be filled with colour, while a close examination reveals 
that the stream is constantly varying, with irregular motions across 
the tube. The experiments with coloured filaments were first carried 
out by Osborne Reynolds, || whose own description of the phenomenon 
may be quoted: 

‘When the velocities were sufficiently low, the streak of colour extended in a 
beautiful straight line across the tube. Fig. 30 a. If the water in the tank had 

t Betz, Handbuch der Physik, 1 (Berlin, 1927), 223, 224. , 

J Due to H. C. H. Townend. 

II Phil. Trans. 174 (1883), 935-982; Scientific Papers, 2 , 51-105. 
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not quite settled to rest, at sufficiently low velocities, the streak would shift 
about the tube, but there was no appearance of sinuosity. As the velocity was 
increased by small stages, at some point in the tube, always at a considerable 
distance from the trumpet or intake, the colour band would all at once mix 
up with the surroimding water, and fill the rest of the tube with a mass of 
coloured water, as in Fig. 30 h. Any increase in tlie velocity caused the point 




■ 




F 



Fig. 30. 

of break-down to approach the trumpet, but with no velocities tliat were tried 
did it reach this. On viewing the tube by the liglit of an electric spark, the 
mass of colour resolved itself into a mass of more or less distinct curls showing 
eddies, as in Fig. 30 c.’ 

The value of U^^djv for which hreak-dow’'n occurred in Reynolds’s 
experiments, where is the mean velocity across a section and d 
the diameter of the tube, was about 1*3x10^. After break-down has 
occurred the motion is said to be turbulent. The motion at any 
point is then no longer steady, but we can consider the main charac- 
teristics of the flow by taking into consideration only the average 
velocity over a time sufficient for the fluctuations to be smoothed 
out. (This time is usually very short. The averaging process and the 
nature of the fluctuations will be considered in more detail in Chap. V) . 
In the turbulent flow through the tube the distribution of this 
mean velocity across a section of the tube is no longer ])arabolic. 
There is a very sharp rise of velocity near the walls, and over the 
rest of the tube the distribution is considerably flatter than in 
non-turbulent flow. The pressure gradient is no longer proportional 
to the velocity, but varies as the Tith power of the velocity, where n 
lies between 1 and 2 and depends on the Reynolds number. 
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The value 1*3 x 10^, found by Reynolds for U^dlv at break-down, 
referred to smooth conditions of entry. When disturbances are 
introduced at the entry, values round about 2,000 are found by 
measurements of the pressure gradient, for example. (The use of 
colour filaments is precluded by the disturbances introduced at the 
entry.) The critical Reynolds number thus depends considerably on 
the disturbances present, and, when care is taken to avoid distur- 
bances, subsequent experimenters have found values considerably 
higher than 1*3 X 10^; f it would appear that if disturbances could 

be avoided altogether, the critical Reynolds number might be pushed 
up indefinitely. On the other hand, for no initial disturbances does 
the critical Reynolds number fall below about 2,000.$ 

24. Turbulence in boundary layers. Sharp fall in the drag 

coefficient. Interference effects. Scale effect. 

Motion in a boundary layer also becomes turbulent if the Reynolds 
number is too high. For flow along a flat plate this appears to have 
been known to Lanchester.|l It was noticed by Blasius,*)*t and has 
been studied by Burgers and van der Hegge Zijnen,$$ by Hansen, |||| 
and by Dryden.ff f ^ moderately steady air stream, when the front 
of the plate is sharpened to a knife edge, the transition to turbulence 
takes place when US/v is about 3,000, where S is the thickness of 
the boundary layer. This corresponds to a value of about 3.10^ for 
Ux/v, where x is the distance from the leading edge. The critical 
Reynolds number depends here also on the disturbances present and 
on the conditions at the front of the plate. Values varying from 1,650 
to 5,750 for US/v, corresponding roughly to 9.10^ to IT. 10® for 
Uxjv, have been observed. In the transition from the steady to the 
turbulent motion the thickness of the boundary layer increases 

t Barnes and Coker, Proc. Roy. Soc. A, 74 (1904), 341-356; Ekman, Ark. f. ‘mat., 
astr. ochfys. 6 (1910), No. 12; Schiller, Forschungsarheiten des Ver. deutsch. Ing. 248 
(1922), 15, 16. 

t This was the value found by Reynolds himself for the disturbed entry in the 
paper previously referred to. For further details and references see Chap. VII, § 146. 

II Aerodynamics (London, 1907), § 37. 

tt Forschungsarheiten des Ver. deutsch. Ing,, No. 131 (1913), 27. 

ii Mededeeling No. 6 uit het Lahoratorium voor Aero- en Hydrodynamica der 
Technische Hoogeschool te Delft; van der Hegge Zijnen, Mededeeling No. 6; Burgers, 
Proceedings of the First International Congress for Applied Mechanics, Delft, 1924 
(Delft, 1925), p. 113. 

[Ill Zeitschr.f. angew. Math. u. Mech. 8 (1928), 185-199. 

‘ftt Proc. Fourth Intemat. Congress for Applied Mechanics, Cambridge, 1934 
(Cambridge, 1935), p. 175; N.A.C.A. Report No. 562 (1936). 
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rapidly. Whilst in the non-turbulent flow the tangential stress on 
the plate varies as in turbulent flow it varies as where n is a 
variable index between f and 2, The distribution of velocity across 
the boundary layer is also quite different in turbulent and non- 
turbulent flow. 

In a similar way, the boundary layer along any solid surface 
becomes turbulent if the velocity or the thickness of the boundary 
layer becomes large enough. For flow round the surfaces of solid 
obstacles for which separation is to be expected, this transition to 
turbulence may take place before the position of separation is 
reached. Now we have already seen that the motion of a stratum 
of fluid next to a solid surface is determined by the retarding action 
of the boundary, the pressure gradient, and the forward pull of the 
fluid farther from the wall. When the motion is steady, this forward 
pull arises from the viscosity, which is due to molecular causes. 
When the motion is turbulent, fluid is moving irregularly backwards 
and forwards through the boundary layer, continually crossing from 
the slower to the faster moving strata and vice versa. Thus fluid 
elements with a slower forward velocity are mixed with the fluid in 
the faster moving strata, and conversely. This produces an inter- 
change of momentum between the different strata. Since the process 
takes place on a molar scale, the interchange of momentum thus 
produced is much more vigorous than that produced by the molecular 
processes giving rise to the ordinary viscosity. Thus, in the first place, 
the retarding action of the surface spreads farther and the boundary 
layer thickens. In the second place, the forw'ard pull exerted on a 
stratum adjacent to the wall by the fluid farther away is considerably 
greater when the motion is turbulent than when it is steady, in 
consequence of the more vigorous interchange of momentum. In 
turbulent motion, therefore, we should expect the retarded fluid to 
be pulled farther along the surface and to make its way into regions 
of higher pressure. The position of separation should be farther 
towards the rear: the loss of pressure in the rear should be restricted 
to a smaller area, and the form drag diminished. In consequence, 
we should expect a fairly abrupt drop in the drag coefficient of an 
obstacle when the speed of the main stream becomes sufficiently high 
to ensure that the boundary layer becomes turbulent before separa- 
tion. This extremely important phenomenon is actually found experi- 
mentally, and is now well known. Thus, in Figs. 1 and 2, pp. 15 and 
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16, Cj) drops from 1*2 to 0-3 approximately as R increases from 
2 X 10® to 5-5 X 10® for a circular cylinder (Gottingen curve), and from 
0-4 to 0*09 for a sphere in about the same range of Reynolds numbers 
(2 X 10® to 4x 10®). The first demonstration of the phenomenon for 
a sphere was given by Eiffel, f who experimented with spheres of 
three different diameters and, as was pointed out afterwards by 
Rayleigh, J found critical speeds roughly in inverse proportion to the 
diameters. The above explanation of the phenomenon was given by 
Prandtl,|l who demonstrated its correctness by inducing artificial 
turbulence in the boundary layer. To do this a wire hoop was fixed 
on the sphere: small drag coefiBlcients were then obtained even 
with fairly low Reynolds numbers. Smoke photographs of the flow, 
reproduced in PL 10, show how separation is delayed and the breadth 
of the wake lessened with the hoop in place. Fagefl has made a 
detailed study of the boundary layer for a circular cylinder over the 
critical range of Reynolds numbers for which the drag coefficient 
falls sharply, and has verified that the decrease in drag coefficient is 
associated with a backward movement of the position of separation. 
Above the critical range of Reynolds numbers no trace of regularity 
is to be found in the flow in the wake, which becomes everywhere 
irregularly eddying or turbulent. 

The critical ranges of Reynolds numbers and values of the drag 
coefficients are found to depend, as would be expected, on the degree 
of turbulence in the main stream.JJ They are also affected by pro- 
tuberances, hooks, or other attachments on the surface, which, small 
though they may be in themselves, may have a marked effect on the 
flow in the boundary layer, especially when this is in any way sensitive 
to small changes in the external circumstances. These interference 
effects are particularly marked in the case of a sphere. Further 
details are given in Chap. XI, § 216. 

For bluff obstacles without sharp edges we have noted previously 
(§21) that scale effect may be expected to be appreciable at large 
Reynolds numbers when the position of separation is changing rapidly. 
This happens in the critical range, when the boundary layer becomes 

t Comptes Rendus, 155 (1912), 1597-1599. 

i Ibid, 156 (1913), 109; Scientific Papers, 6, 136. 

li Gottinger Nachrichten (1914), 177-190; Joum, Roy. Aero. Soc. 31 (1927), 730. 
See also Wieselsberger, Zeitschr. /. Flugtechn. u. Motorluftschiffahrt, .5 (1914), 
142-144. tt p. 61. 

tt This explains the differences in the curves in Fig. 1, p. 15. 
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turbulent before separation and the drag coefficient falls rapidly. 
Although we have illustrated this by reference to the circular cylinder 
and the sphere, it is a quite general phenomenon; and it shows 
that experiments on models at Reynolds numbers below the critical 
would not apply to full-scale bodies if the Reynolds numbers in 
the latter case were above the critical. The experiments would give 
too large values for the drag coefficient. 

For spheres or circular cylinders, and Reynolds numbers above the 
critical range, the drag coefficient appears to be increasing gradually 
with increase of Reynolds number. This increase can be accounted 
for by a gradual shift farther forward, with increase of Reynolds 
number, of the transition to turbulence. The consequent thickening 
of the boundary layer produces a shift forward of the position of 
separation, with consequent increase of drag.f 

25. Stream -line bodies. Aerofoils. The stall. 

Stream-line bodies have already been described (§ 21) as those for 
which separation of flow from the surface, if it takes place at all, 
does so very near the rear, so that the fluid closes in again behind 
the body, the wake is very narrow, and the drag (apart from any 
induced drag) is mainly due to skin-friction. J Experiment shows 
that such bodies must be well rounded and rather slender. The 
surface must come gradually almost to a point or an edge at the rear, 
with a very gentle curvature. Towards the front the body may be 
blunter, with rather sharper curvature at the shoulders. The effect 
of the gentle quryature towards the rear is to delay any steep pressure 
rise, and the farther back the steep pressure rise the better the claim 
of the body to be called stream-lined. This is illustrated in Pis, 
11a II and 116,tf which show photographs of motion past an elliptic 
cylinder and a symmetrical aerofoil respectively. It will be seen 
that the wake for the aerofoil is narrower than that for the elliptic 
cylinder. The pressure distributions for the irrotational motion of 
an inviscid fluid round the two bodies are shown in Fig. 31. 

The drag coefficients of good stream-line bodies are exceedingly 

t Prandtl, Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 160; 
Gruschwitz, Zeitschr. J. Flugtechn. u, Motorluftschiffahrt, 23 (1932), 311, 312, 
t Compare Lanchester {Aerodynamics ^ p. 27) : ‘A stream-lino body is one that in its 
motion through a fluid does not give rise to a surface of discontinuity.’ 

II Prandtl, Handbuch der Experimentalphysik, 4 , part 1 (Leipzig, 1931), 6. 
ft Due to H. C. H. Townend. 
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S is bhe distanoa njurtd the section measured 
Frorri the forward stagnation point. 




small. Thus, for the sohd of revolution (or airship model) whose 
section is shown in the figure below, the drag coefficient, referred 



to the area of the maximum cross-section, is 0-054 at a Reynolds 
number of 2-2 x 10®. (The length used in forming this Reynolds 
number is the diameter of the maximum section.) For a circular 
disk facing the stream the drag coefficient is 1-12, or nearly 21 
times as large; while if the body shown in the figure were separated 
into two at its maximum cross-section, the drag coefficient of the 
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forward part alone would be roughly about 0*3, or about 5 or 6 
times that for the whole body. This result, at first sight probably 
rather surprising, arises, of course, from the fact that in motion 
past the front portion alone the flow breaks away at the edge with 
the formation of an eddying region behind and suction in the rear. 

As an example of a stream-line body round which circulation 
arises, we may consider an aerofoil at a small inclination to the 
stream. When the motion is started from rest, thin vortex -layers of 
unequal strength leave the top and the bottom, and the circulation 
grows as described in § 22. In the case of the aerofoil the two vortex- 
layers unite and curl up, with the formation of a single vortex — the 
cast-off vortex — ^which grows stronger and stronger until the two 
vortex-layers, which are supplying it with vorticity of opposite 
senses, have become of equal strength. The cast-off vortex then 
moves away from the aerofoil with the stream, leaving a circulation 
round the aerofoil equal and opposite to the circulation round itself. 

If the system is now suddenly brought to rest, a second cast-off 
vortex, with equal and opposite circulation to the first, is formed. 
The two vortices constitute a vortex-pair, and move, relative to the 
fluid, perpendicular to the line joining them. A photograph of the 
vortex-pair formed in this way is shown in PI. 12a.t 

The pressure distribution round an aerofoil, when the fluid is 
flowing past it uniformly and the final stage is reached, is shown in 
Fig. 12 (p. 36). If we start from the front stagnation point and 
go round the bottom or pressure side of the aerofoil, there is a 
gradual fall of pressure towards the rear; whilst if we go round the 
top or suction side there is first a very rapid fall of pressure, followed 
by a rise towards the rear, at first rather steep and then more gradual. 
These features are common to all thin aerofoils at small inclinations 
to the stream. There is, therefore, no tendency to separation on the 
pressure side. On the suction side, if the retarded fluid gets past the 
rather steep pressure increase on the shoulders, it will be able to flow 
along the surface almost, if not quite, to the trailing edge. 

At small angles of incidence we may say that the stream re- 
mains in contact with the surface practically up to the trailing 
edge. There will be a very narrow wake, shown diagrammatically in 
Fig. 32. Apart from the flow in the wake and in the boundary layer, 

t Prandtl and Tietjens, Hydro- und Aeromechaniky 2 (Berlin, 1931), plate 22, 
fig. 55. 
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the motion round the aerofoil is practically irrotational. The stream- 
lines are displaced upwards somewhat from their position in the 
calculated motion without a wake, in which they come smoothly 
off from the trailing edge, as in Tig. 10(c) (p. 34),— rather as if 
there were a stream-line along the middle of the wake, with a 
stagnation point on the top of the aerofoil just before the trailing 
edge, as indicated in Fig. 32. This corresponds to a potential flow 



Fig. 32. 

with less circulation than that required to bring the flow smoothly 
off at the trailing edge.f The effect of the wake is, then, to make 
the lift less than its theoretical value (p. 34). 

If, however, the inclination of the aerofoil to the stream is in- 
creased, a stage is reached at which the retarded layer is unable to 
negotiate the steep part of the pressure rise near the shoulders on 
the top of the aerofoil. The flow then separates from the surface 
very near the nose, with the formation of a large eddying wake and 
a consequent sharp drop in the lift and rise in the drag. Alternatively, 
the position of the separation of the flow on the upper surface may 
have moved forward continuously to such an extent that a large 
eddying wake is formed. The lift begins to fall, and the drag to 
increase. When the lift begins to fall, the aerofoil is said to be 
stalled. Photographs of the flow in the unstalled and stalled condi- 
tions are shown in Pis. 126 and 12c. J The drop in the lift and the rise 
in the drag can be seen in Fig. 11 (p. 35), where they take place at 
inclinations between 6 ^ and 8^. 

We have already remarked on the effect of turbulence in the 
boundary layer in delaying separation. A body which is a good 
stream-line body at large Reynolds numbers, when the boundary 
layer flow is turbulent, may have a much higher drag coefficient 
at smaller Reynolds numbers, when the boundary layer flow is non- 
turbulent or laminar. It is, in fact, because of turbulence in boundary 

t Betz, Handhuch der PhysiJCf 7 (Berlin, 1927), 222. 
t Prandtl, The Physics of Solids and Fluids (London, 1930), 321, 322. 
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layers, with the consequent delay in separation, that the engineering 
problem of designing bodies of small resistance can be solved. 

The effect of turbulence in the boundary layer on the stalling of 
aerofoils is also extremely marked.* At lower Reynolds numbers, 
when the boundary layer is laminan, the stalling inclination of the 
aerofoil in Fig. 11, p. 35 would be less than that shown in the 
figure, and the maximum lift would also be less. The maximum 
lift and the stalling incidence are also affected to some extent by 
all those factors which influence the transition to turbulence in the 
boundary layer, — e.g. turbulence in the main stream, roughness 
of the surface, etc. (see Chap. X). In practice, for thin aerofoils, 
it has usually been supposed that the boundary layer becomes 
turbulent near the front stagnation point. It appears that the 
maximum lift coefficient increases with increase of Reynolds number, 
and is determined by the relative positions of separation of a laminar 
boundary layer and of transition to turbulence (see Chap. X, § 213). 
For thick aerofoils with well-rounded leading edges, on the other hand, 
it appears that the maximum lift coefficient may fall with increase 
of Reynolds number until quite a high Reynolds number is reached, 
after which it increases (see Chap. X, § 197). This may perhaps be 
explained by a moving forward of the transition to turbulence as 
the Reynolds number increases, with consequent thickening of the 
boundary layer and forward shift of separation (as for spheres and 
circular cylinders: see § 24, p. 74). In cases where this takes place the 
maximum lift coefficient may fall as the Reynolds number increases 
until the transition to turbulence is well forward. f Then the influence 
of the thinning of the boundary layer, or of separation of the laminar 
portion, may become prominent. But the exact details of the change 
of behaviour with change of shape are difficult of explanation. 

26. Artificial prevention or delay of separation. J 

The methods that may be used for preventing or delaying separa- 
tion may be roughly classified as (1) motion of the solid boundary 
in the direction of the stream; (2) increase of the momentum of the 
retarded fluid by the use of jets; (3) prevention of accumulation of 
retarded fluid by suction. 

When the surface of an obstacle is made to move sufficiently 

t Prandtl, Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 160. 
Gruschwitz, Zeitsck'^. f. Flugtechn. u. Motorluftschiffahrt, 23 (1932), 311, 312. 

t See also Chap. XII. 
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rapidly in the direction of the current, it has no retarding action on 
the fluid; consequently there is no separation. Thus an aerofoil 
would not stall if the top surface were part of a rotating band (Fig. 
33). This method of preventing separation is well illustrated in 
PL 13, t which shows a photograph of a stream-line in flo’w past half 
a circular cylinder and then along a wall. In the first photograph 
the cylinder is at rest and separation takes place. In the second the 



Fig. 33. 


(TC. 

Fig. 34. 

cylinder is rotating in a clockwise direction and the flow moves right 
round its surface and then along the wall. 

The separation will also be delayed if momentum is supplied to the 
retarded fluid by jets. This may be done by forcing fluid into the 
retarded layer from the inside of the obstacle; but a more common 
method is to use the accelerating effect of the main stream by 
allowing the more rapidly moving fluid to pass through a slot and 
push the retarded fluid at the wall, as in the Handley Page slotted 
wing. In this device there is a small secondary aerofoil at the nose 
of the main wing, which may either lie against the main wing 
(slot closed) or maintain a position at a short distance from it, as in 
Fig. 34 (slot open). By the use of the slot the stall can be delayed. 
Sketches of the flow with the slot closed and the slot open are shown 
in Fig. 35.$ The maximum lift is considerably increased by using 
the slot. When the slot is open there will, however, be an increase 
in drag. (The effect of the jet through the slot is only part of the 
total effect in a Handley Page slot. There is also the action of the 
down-wash from the small secondary aerofoil. For further informa- 
tion and exact data see Chap. XII, § 237.) 

Near a position of separation there is a slow flow towards it on 
both sides, with a consequent tendency towards accumulation of 
I Due to W. S. Farren. 

t Fage, Proc. Institution of Mechanical Engineers , 130 (1935), 23. 
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Slot closed. 



Direction of flow 
Slot open. 



Fig. 35. 


retarded fluid. If suction is applied through slits or holes in the 
surface at poiats where the back-flow would be set up, the accumula- 
tion of retarded fluid is prevented and the separation delayed. This 
is illustrated in PI. 14a, which is a photograph of flow through an 
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expanding canal when suction is applied through the slots shown if 
this photograph should be compared with PL 5 a (p. 58). When the 
slots on one side only are in use, the flow follows that side (PL 145). f 
PL 14cJ shows a single stream-hne with suction at the slot, and 
should be compared with PL 5b (p. 58.) 

Although these general explanations give the main features of the 
manner in which the second and third methods operate, the exact 
manner of operation is by no means so simple as the explanations 
might lead one to believe. In the Handley Page slot, for example, 
account must be taken of the retarded layer formed at the small 
secondary wing. Again, in the case of suction, the pressure is 
diminished upstream of the place where suction is applied. This 
also tends to prevent separation, but at the same time increases the 
drag from the value it would have if the flow followed the surface 
without suction. 

27. Flow past a rotating cylinder. 

An excellent example of the way in which motion of the surface 
can be used to prevent separation is afforded by the flow past a 
rotating cylinder in a stream. Whether the cylinder is rotating or 
not, the initial motion of the fluid, when the stream is started from 
rest, is irrotational without circulation, as in Fig. 3 (p. 23). On one 
side the surface of the rotating cylinder is moving with the current, 
and there is no separation and no detachment of vortices. On the 
other side, however, where the surface is moving against the current, 
separation takes place; and since there is now a greater production of 
vorticity on that side than if the surface were at rest, there is a 
correspondingly greater transport of vorticity into the fluid. This 
vorticity is practically concentrated into a single vortex, which 
moves away downstream, leaving a circulation round the cylinder 
in the same sense as the rotation. We see from Fig. 9, (6) and (c) , 
(p. 33), that if the circulation is large enough, and the motion 
outside the boundary layer near the cylinder irrotational, the 
velocity of the fluid outside the boundary layer is everywhere in 
the same direction as that of the surface. If a is the radius of 
the cylinder and U the velocity of the main stream, this stage is 
reached when the circulation, round the cylinder is 4:naU 
(Fig. 9(6)). Again, ifthe cylinder is moving fast enough, it will nowhere 

t Prandtl, Journ, Roy. Aero. Soc. 31 (1927), 735, 736. { to W. S. Farren. 

3837.8 M 
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exert a retarding action on the fluid. With the above value of K 
the maximum velocity of the fluid at the surface is 4?7, and if the 
velocity F of the surface of the cylinder is equal to 4cU, there will 
be no further tendency for vorticity' to be shed into the fluid or for 
the circulation to change. If, with F = the circulation were less 
than 4c7TaU, the cylinder and the fluid would be moving in opposite 
directions over part of the surface, and there would be a tendency 
for further vorticity to be shed and for K to increase. When 
K = 4tTraU, how^ever, there is no further tendency for it to increase, 
even if F is greater than ^U. K might still be expected to reach this 
value even if F is a little less than 4(7, since a retarding action over 
a small distance near the place where the fluid velocity is biggest 
will not cause separation, especially when the fluid over the rest of 
the surface is being urged forward. But if F is much less than 4(7, 
the maximum circulation will not be reached, and there will be 
separation of flow from both sides of the cylinder, though naturally 
asymmetrically, with some circulation in the direction of the 
rotation. These considerations would lead us to expect a maximum 
circulation 4:7raU^ and therefore a maximum lift L per unit length 
equal to KpU, or 4:TTpaU^, and a maximum lift coefficient Lj{lpUH)^ 
where d is the diameter, equal to 477 or 12-6, reached with F nearly 
equal to 4(7. 

These considerations can give only a rough indication of what 
the course of events is likely to be. For one thing fluid elements 
possessing vorticity may move outwards from the surface on account 
of centrifugal force wdien their velocity round the cylinder is greater 
than that of the fluid outside the boundary layer, if the pressure 
gradient is insufficient to hold them in position. This causes an 
increase in the circulation. The circulation on this account increases 
somewhat with every increase in F, although this effect is secondary 
to those previously considered. There are other secondary effects 
which exert considerable influence; and the theory can lay no claim 
to being more than a rough guide to the circumstances. That it is 
a rough guide, photographs in Pis. 15, IGf and 17, 18J will show. 
Pis. 15, 16 show the development of the flow from rest When F is 
equal to 4(7, and Pis. 17, 18 show the final stages for various values 


t Prandtl, Journ. Roy. Aero. Soc. 31 (1927), 736, 737. 

J Prandtl and Tietjens, Hydro- und Aeromechanik^ 2 (Berlin, 1931), plates 7-9, 
figs. 10-16. 
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of VIU. These photographs should be compared with Fig. 9 (p. 33). 
It will be seen that the circulation when V is 6U is somewhat greater 
than when V is 4?7. (Exact information on the lift and drag of 
rotating cylinders will be given in Chap. XII, § 239.) 

The above explanation is due in detail to Prandtl,t and we may 
perhaps mention here that he reports that with V equal to 4U, and 
with the cylinder between parallel walls, a lift coefficient of about 
4 (instead of 12-6) was found at first in his laboratory. The cause was 
traced to a separation of the flow from the side walls, where tlie fluid 
in the boundary layer would have the same pressure gradient to 
contend against as along the cylinder. The result was that only the 
middle portion of the cylinder was functioning properly. To avoid 
this effect a pair of end-plates was fixed to the cylinder so that they 
rotated with it. The lift coefficient then rose to 10 for V equal to iU. 

The considerations, above refer to two-dimensional flow. There 
is also a circulation round any section of a finite rotating cylinder or 
a rotating sphere, and in consequence there is a lift. Associated 
therewith, however, is trailing vortieity and induced drag. More- 
over, the disturbances caused in a horizontal stream by the presence 
of the rotating solid have a downward component because of 
the reaction of the solid on the fluid. In consequence, the trailing 
vortex-system has a downward inclination to the main stream, and 
produces not only induced drag but also diminution of lift. In the 
mathernatical theory of the aerofoil of finite span this is a small third- 
order effect; but for the relatively large lift coefficients of rotating 
cyhnders and spheres it can become so large that the hft actually 
decreases when the circulation increases. As a result the lift on 
rotating bodies is fully developed only for tw^o-dimensional flow. 
But there is nevertheless a lift on rotating spheres,^ explained in 
general terms in the same way as above, which accounts for the 
irregular flight of tennis balls and golf balls when ‘cut’ or ‘sliced’, etc.|| 

t Die Naturwissenschaften, 13 (1925), 93-108. The notion that separation on one 
side of the cylinder will be delayed and on the other side hastened is to be foiind in 
Lanchester’s Aerodi/naniics, pp. 42, 43. 

t For a report of lift and drag measurements on a rotating sphere, see Chap. XI, 
§ 221 . 

II The irregular flight of a tennis hall was explained by the lift due to circulation 
by Lord Rayleigh, Messenger of Mathematics, 7 (1887), 14-16; Scientific Paper's, 1, 
343-346 ; but he gave no explanation of the origin of tJie circulation. The first labora- 
tory experiments were made by Magnus, Poggendorfs Annalen der Physik u. Clmnie, 
88 (1853), 1-14. That a rotating sphere experiences a sideways force was known to 
Newton: see Phil. Trans, 6 (1672), 3078. 
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Circulation round a cylinder can also be caused artificially by 
suction through a suitably placed slit on one side or the other, 
causing a delay of separation on that side. This phenomenon is 
illustrated in the photograph in PI. 19a. f A small quantity of water is 
being sucked away through the tube. The flow follows the cylinder 
at the top until it reaches the slit. Between the top of the cylinder 
and the wail, after passing the narrowest section, the fluid is flowing 
against a pressure rise; and it will be seen from the picture that the 
flow separates from the wall. 


28. Curved streams. Secondary flow. 

If fluid is flowing along a curved pipe of square cross-section, for 
example, there must be a pressure gradient across the pipe to 


Innct” 



Eig. 36, 


balance the centrifugal force. The pressure must be greatest at the 
outer wall, or wall farther from the centre of curvature, and least 
at the inner wall, or wall nearer the centre of curvature. The fluid 
near the top and bottom walls is moving more slowly, however, than 
the fluid in the central portions, and requires a smaller pressure 
gradient to balance its centrifugal force. In consequence, a secondary 
flow is set up in which the fluid near the top and. the bottom moves 
inwards and the fluid in the middle moves outwards (Fig. 36). The 
pressure at the outer wall is greater at the middle of the pipe than at 
the top or the bottom, whilst at the inner wall it is less. The secondary 
flow is superposed on the main stream, so that the resultant flow is 
helical in the top and the bottom of the pipe. This type of secondary 
flow is set up whatever be the section of the pipe — if it is circular, 
for example. It is also set up in open channels, and in rivers at bends. 
As a result, the region of maximum velocity is displaced from the 
centre of the pipe or of the free surface of the channel or river towards 
the outer wall. 

A similar phenomenon occurs if fluid is made to rotate in a- fixed 
circular vessel closed at the bottom and open at the top . The layer next 
to the bottom rotates more slowly than the rest of the fluid, and its 
t Prandtl, Journ. Bo^. Aero, iSoc. 31 (1927), 735. 
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centrifugal force is therefore less than for the layers higher up, which 
determine the pressure gradient. The fluid therefore moves inwards 
near the bottom, up near the middle, outwards at the top, and down 
again near the wall. Small bodies at the bottom of the vessel are 
carried to the centre and deposited there (e.g. undissolved sugar or 
tea leaves in a tea-cup). f 

In rivers sand or gravel is continually being picked up from the 
bottom, carried along by the current near the bottom for some dis- 
tance, and then redeposited. The effect of the secondary flow at 
bends is to remove material from the outer side and pile it up on the 
inner. This explains the generally observed fact that beds of rivers 
are scoured near the outer bank and silted near the inner bank, 
whilst the bend becomes more and more pronounced. This explana- 
tion, together with an experimental confirmation, was given by 
James Thomson.} 

The secondary flow also explains why there is a much thicker layer 
of slowly moving fluid at the inside wall of a curved pipe than at the 
outside. The faster-moving fluid at the middle is moving outwards, 
pushing the fluid in the boundary layer at the outer wall to the top 
and bottom, and along the top and bottom walls towards the inner 
wall. Thus fresh fluid is being continually brought into the neigh- 
bourhood of the outer wall and then forced round towards the 
inner wall, being continually retarded. There is thus an accumula- 
tion of retarded fluid at the inner wall (Fig. 37). 

In a deep and narrow curved chaimel, on the other hand, exactly 

t James Thomson, British Association Report, Dublin, 1857, Transactions of the 
Sections, p. 39; Papers in Physics and Engineering, p. 147. 

J Proc. Roy, Soc. A, 25 (1876—7), 5-8 and 356, 357 ; Proc, Institution of Mechanical 
Engineers (1879), 456—460; Papers in Physics and Engineering, pp. 96-106. In the 
experimental confirmation the inner hank sloped inwards, and in flowing up it the 
stream separated from the wall, and an eddy was formed near the free surface at 
the top of the inner bank, whose existence was shown by the use of coloured filaments 
suggested by Archibald Barr. 

A diflerent explanation of the meandering of streams is given by Exner {Ergehnisse 
der kosmischen Physik, 1 (Leipzig, 1931; Supplement to Qerlands B^itrdge zur 
Geophysik), 373-445), According to Exner, when a stream silts up at one side lee 
eddies with vertical axes are formed behind the sandbank (similar to the eddies behind 
a cylinder described in § 10, p. 38), The stream is thereby deflected towards the 
opposite bank with extra velocity, and rapid erosion results. The bank farther down 
is left projecting ; lee eddies are formed behind the new projection, with further silting ; 
and so on. Tfie lee eddies probably play some part, but the theory put forward by 
James Thomson seems to be substantially correct. 

For an example of the complicated state of affairs in an actual river, reference may 
be made to Eakin, Nat. Res. Counc. part 2 (1935), 467-472, where a description is 
given of observations in the Mississippi. 
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the opposite result is found. There is an accumulation of retarded 
fluid at the outer wall. To explain this we may first consider two- 
dimensional flow along a curved channel. In such a curved flow the 
centrifugal force on a fluid element must be balanced by a pressure 
gradient inwards. If a particle is going too slowly its centrifugal 
force is too small, and it moves inwards. Conversely, an element 
going too fast moves outwards. Near the walls the fluid is retarded. 
The tendency is, therefore, for particles near the wall to move 


Inside 


Fig. 37. 

inwards, and for particles outside the boundary layer to move out- 
wards. At the outer wall this increases the interchange between the 
faster and the more slowly moving fluid and thickens the retarded 
layer. On the other hand, at the inside wall the interchange between 
the faster and the more slowly moving fluid is hindered. The result 
is to make the retarded layer thicker at the outer than at the inner 
wall. 

Again, let us suppose that the flow is taking place betw^een two 
coaxial cylinders, and let us consider its stability. If the angular 
momentum of the fluid about the axis in the undisturbed flow in- 
creases inwards, then if a fluid element moves inwards, keeping its 
original angular momentum, it has a velocity less than that proper 
to its new surroundings. According to the argument given above it 
therefore tends to move farther inwards. Hence such a flow is un- 
stable. On the other hand, a flow in which the angular momentum 
increases outwards is stable. The argument may be applied to any 
curved flow so long as the Reynolds number is large and the in- 
fluence of the viscosity not too large. The flow in the boundary layer 
is, therefore, unstable at the outer wall and stable at the inner wall. 
This enlarges the argument previously given, and we see again that 
the layer of retarded fluid will be wider at the outer wall. 

In straight flow there is no pressure gradient across a channel. 
Hence in a transition from straight to curved flow there is an increase 




11. 28] 


CURVED CHANNEL 


of pressure at the outer wall and a decrease at the inner wall. The 
increase of pressure at the outer wall assists the thickening of the 
boundary layer there. But even when the curvature is slight and 
this effect relatively unimportant, the total thickening is large. The 
influence of the pressure 'rise cannot be great. 

If now we have a curved channel with a finite rectangular cross- 
section, but with one side very long compared with the other, the 
secondary flow is confined to the ends. The path along the outer 


Inside 


Fig. 38. 

wall and the top or the bottom that fluid from the middle of the 
channel would have to follow in the secondary flow in order to reach 
the inside wall would be very long — too long to be traversed: that 
is why the secondary flow is, in fact, confined to the ends. Near the 
middle there is no noteworthy pressure gradient towards or away 
from the top or bottom as there is in a square pipe, for example. 
Hence over the middle of such a channel, with its, sides in the ratio 
of, say, 8:1, the retarded fluid would actually accumulate at the 
outer wall, and not at the inner wall as for a square section (Fig. 38). f 

To prevent misunderstanding it may be remarked here, however, that 
secondary flow of a different tj^e is found in turbulent flow through straight 
pipes of other than circular section, and also in the ordinary straight flow of 
a stream. In the latter case, for example, there is a slow transverse flow out- 
wards from the middle near the bottom, upwards near the sides, inwards, near 
the tox3, and downwards near the middle, so that, for example, theyegion of 
maximum velocity occurs some distance below the middle of the free surface. 
These are different phenomena from those which we have been considering. J 

f Betz, Vortrdge aus dem Gehiete der Aerodynamih und verwandter Gebiete^ Aachen, 
1929 (Berlin, 1930), pp. 10-18, from which Figs. 37 and 38 are taken with some 
slight changes. 

^ This explanation of the position of the region of maximum velocity is also due 
to James Thomson {Proc. Boy. Soc, A, 25 (1878), 114-127; Papers in Physics and 
Engineering, pp. 106-122, where references to reports of the observational material 
are given). He explained (1) that the phenomenon of secondary flow is due to 
turbulence in the stream ; (2) that the retarding action of the walls is exercised 
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29. Some further miscellaneous examples of flow. 

( 1 ) If there is a narrow, sharp-edged trough in a surface along which 

fluid is flowing, as in the ad- 
joining sketch, then initially, 
if the motion is started from 
rest, the flow must be nearly 
irrotational : it turns round 

the corners and fills the trough. But surfaces of discontinuity and 
eddies are formed at the corners, and in the final motion the flow goes 
straight across past the trough, leaving the fluid inside it almost at 
rest. The pressure in the trough is constant and equal to the pressure 
in the moving fluid, — a result which is used to measure the pressure 
at a surface.f 

(2) If fluid is flowing along a flat plate, parallel to the stream, to 
the rear end of which is affixed another plate perpendicular to the 
stream, then in an irrotational flow the velocity would gradually 
decrease and the pressure increase along the first plate. In the final 
motion of a real fluid, therefore, the forward flow separates from 
the first plate before it reaches its rear end. It passes round the 
edges of the second plate with the formation of surfaces of discon- 
tinuity, and standing eddies are formed in the corners (PL 196).J 
This phenomenon occurs also at a sudden constriction in a channel 
(PL 19c).l| 

(3) PL 20, a-e, shows photographs of the development from rest of 
flow past a model of a house with a high roof-slope. It will be seen that 
the flow breaks away from the ground in front of the house with the 
formation of a weak eddy in the corner. The flow then breaks away 
from the roof with the formation of a violent eddying wake behind 

almost entirely through the mixture with the main stream of retarded fluid that has 
been near the walls, except in a thin layer next to them where processes of fluid 
distortion are taking place with great intensity; elsewhere than in these layers the 
mere viscosity of the water has an insignificantly small effect ; and (3) that the trans- 
verse ciirrents are caused by the action of the irregularly moving fluid in the main 
stream on this retarded layer. He says ‘The thin lamina of deadened water will 
tend by the scour of the quicker going water always moving subject to variations 
both of velocity and of direction of motion to be driven into irregularly distributed 
masses ; and these, acted on by the quicker moving fluid scouring past them, will force 
that water sidewise, and will be entangled with it and will pass away with some 
transverse motion to commingle with other parts of the current’. But this can 
hardly be described as a complete explanation. 

t Cf. Prandtl, The Physics of Solids and Fluids (London, 1930), p. 228. 

j Due to W. S. Farren. 

II Betz, Engineering^ 127 (1929), 434. 
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the building, and by the time of the fourth picture {d) the eddy caused 
by the roof ridge is so big that it reaches the ground. The counter 
eddy that it produces in the corner behind the building can also be 
clearly seen. In the final stage (fifth photograph, e), the large vortex 
at the rear of the building has disappeared, leaving an irregularly 
eddying region in its place. 

PL 21a shows the flow at the moment when the main stream is 
stopped. It will be seen that a large eddy, with rotation opposite 
to that of the eddy in PI. 20d, is shed at the rear of the build- 
ing. Consequently, in a strong, gusty wind, strong eddies will 
be formed in the rear of the building, having opposite rotations 
when the velocity is rapidly increasing and when it is rapidly decreas- 
ing. The region immediately in front of the building will be com- 
paratively calm, the most disturbed part being in the rear. This 
anticipation is confirmed in nature: cases are reported where trees 
on the windward side of a building were undamaged by storm, whilst 
others on the leeward side had their tops broken off.f 

(4) We have already remarked on several examples in which the 
flow separated from the wall in flowing past an obstacle. Another 
example is shown in PI. 216,1 where a circular cylinder is brought 
near to a waU. Here another phenomenon is also made evident. If 
the cylinder were touching the wall, the point of contact would be 
a stagnation point, and the pressure along the wall would be a 
maximum there. If the cylinder is withdrawn a short distance from 
the wall, the pressure along the wall is still a maximum at the point 
of nearest approach to the cylinder. As we go along the wall from 
a considerable distance upstream, the pressure at first diminishes, 
and then increases again till we are opposite the cylinder, then as 
we go along the wall farther downstream behind the cylinder, the 
pressure at first decreases and then increases again. The result of 
this last increase is separation from the wall some distance behind 
the cylinder; and because of the pressure rise just in front of the 
cylinder, there is a considerable thickening of the boundary layer 
there, which is clearly shown in the picture. { 

t ]Sf 0 kkentved, Ingenioren 41 (1932), 330-339, from -whieli the photographs in 
PI. 20a~e and PL 21a are taken. t Parren. 
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30. Introduction. 

The present chapter begins with a brief resume of the mathematical 
equations governing the motion of a viscous incompressible fluid, 
and with proofs of general theorems, some of which have been 
mentioned by anticipation in previous chapters. Certain particular 
solutions of the equations are then discussed, and the forms assumed 
by these solutions for large Reynolds numbers are studied. In the 
next chapter we shall pass on to an exposition of the simplifications 
introduced in the approximate ‘boundary layer theory’, and the 
results that follow therefrom; and to some of the solutions of the 
approximate equations. 

In the derivation of the general theorems and equations it is con- 
venient to use rectangular Cartesian coordinates x, y, z, and to 
denote the vector velocity of the fluid at the point {x, y, z) by v, its 
components parallel to the coordinate axes being denoted by 
(w, V, w). Then u, v, w are, in general, functions of x, y, z and of the 
time t-. if the motion is steady, they are functions of x, y, z alone. 


31. The equation of continuity. 

The fluid being assumed incompressible, the equation of con- 
tinuity isf 8u ev,8w 

~.'+— = 0 , ( 1 ) 

or, in vector notation, J divv = 0. (2) 


32. The rate-of-strain components and the vorticity. 

The component velocities at a point P {x, y, z) being {u, v, w), the 
components of the relative velocity at an infinitesimally near point 
(aj-f-Sa;, jZ+Sy, Z-H82) are (8m, 8u, hw), where 


8m = \{e,y.^^x-\-e^hy-\-e^hz)-\-\{ri Sz—l Sy), 
Sv = hx—^ 82), 

8m) = \{e^^x-^e^hy-\-e^^hz)-\-\{^ Sy— p Zx), 


( 3 ) 


t Lamb, Hydrodynamics (Cambridge^ 1932), p. 6. 

I For the definitions of scalar product, vector product, gradient, divergence, and 
. curl used in tMs chaptir, a reader unacquainted with vector notation may refer, for 
example, to Weatherburn, Elementary Vector Analysis (London, 1928), chap, iii, and 
Advanced Vector Analysis, chap. i. 
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and we have written 

dv 

dw dv 

V = %V = ^ + ^ZX 

dv du 

^'Tll r\ r>, J 

together with 

. dw c du dw ^ dv du 

f q 77 j j 

Then i, rj, ^ are the components of curl v, which is a vector that we 
shall denote by co. This vector is, as we shall see presently, the 
vorticity as defined in Chap. I (p. 27). 

As regards the quantities etc., which are called the rate-of- 
strain components, it is not difficult to see that represents the 
rate of extension of a line element in the direction of the axis of x, 
and the rate of change of the angle between the two lines of 
particles which, at the instant under consideration, lie along the 
axes of y and z. The other quantities have corresponding inter- 
pretations. If we transform from axes {x, y, z) to axes {ocl, y\ s'), where 
the direction cosines of the axes of x\ y', and s', referred to the axes 
(x,y,z), are (Zi,mi,%), and respectively, as in 

the scheme below, 



X 

y 

s 

cc' 

h 


«i 

y' 

h 


Wg 

z’ 

h 

wig 

Wg 


then u' — l-^u-\-m^v-\-n^w (6) 

with two similar equations, where {u\ v\ w') are the velocity com- 
ponents along the new axes ; and 

z == lix' -^l^y' (7) 
with two similar equations. Hence 
du/ 

^x’x' == 2 ^ = llea,A+n^evy+r^e^+2myn-^ey^+2ri^l^e^+2l^mj_e^, 

(8) 


e„. = 2 


. dw 


du dw 
dz dx ’ 
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and 

V®' = ^2^3ea;x+®2W'3ej,!/+’^2”3ess+(”*'2«3+™3«2)ej,s 

+ {n^lz-\rnzh)%x■^-{h'l^^+h'f»-2)^xv■ (9) 

The other quantities are transformed similarly. 

Now, if we write 

^ + ( 10 ) 

and regard hx, Sy, 82; as current coordinates, then 

€> = constant (11) 

is the equation of a quadric, with its centre at P, called the rate-of- 
strain quadric. If the quadric be referred to a set of axes through 
P parallel to the axes of {x',y\z'), then the coefficients in the 
transformed equation of the quadric will be When 

the axes of x\ y', z' are taken along the principal axes of the quadric, 

therefore vanish. It follows that the rates of change 
of the angles between lines of particles along these axes are zero. 
Hence at any point of a fluid in motion there is a set of three straight 
lines at right angles to each other such that, if these lines move with 
the fluid, then after a short time the angles between them remain 
right angles to the first order in 8^. These lines are called the principal 
axes of rate-of-strain. We may also notice that according to equation 
(8) the rate of extension of a line element drawn in any direction 
through P is inversely proportional to the square of the radius vector 
of the rate-of-strain quadric drawn in that direction, and so is 
stationary, for changes in direction, along the principal axes. 

Ht may be shown from equations (3) (preferably with the axes of 
coordinates parallel to the principal axes at P, for ease of calculation) 
that if we imagine an infinitesimally small sphere with its centre at 
P to be suddenly solidified in such a way that its angular momentum 
about P is unchanged, then the solid sphere will be rotating with an 
angular velocity (|^, ^rj, |^), or -|a>, so that to is the vorticity as pre- 
viously defined (p. 27). Equations (3) also show that we could define 
CO as twice the angular velocity of the triad of lines forming the 
principal axes, as this triad moves with the fluid. Quite generally, 
the first brackets on the right in (3) are | of the derivatives of with 
respect to 8x, 8y, and Sz, respectively; and we may say that the 
motion of any small portion of the fluid in the neighbourhood of P 
may be analysed into a motion of translation with velocity v, a 
motion of rotation with angular velocity |co, and a potential, or 
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irrotational, motion of distortion. But it is to be remarked that if 
any small portion of the fluid with its mass centre at P be imagined 
suddenly solidified without change of angular momentum about P, 
it would, in general, be rotating with angular velocity |to only if the 
principal axes of rate-of-strain are principal axes of inertia for the 
resulting solid. 

33. The stress components. 

The stress at any point P exerted across any surface through P 
was defined on p. 1. When the normal to the surface at P is in a 
given direction, the stress itself may be in any direction, and is, in 
fact, a vector. In the complete specification of stress two directions 
enter, — that of the normal to the surface, and that of the stress itself. 
When the normal is in the direction of the axis of x, the components 
of the stress parallel to the three coordinate axes are denoted by 
Pxx^ Pxy> respectively; when the normal is in the direction of 

the axis of y, by Pyy, and Py^\ when it is in Jbhe direction of the 
axis of z, by p^y, and p^^\ and a tension is reckoned as positive, 
a pressure as negative. 

If we include the kinetic reactions, or reversed mass-accelerations 
of the particles, we may write down equations of equilibrium for 
an infinitesimal element of the fluid in the neighbourhood of P. 
(Actually, in the two cases considered below, the kinetic reactions 
and body forces may be omitted, since their resultant moments and 
forces are infinitesimals of higher order than the moments and 
forces, respectively, due to the surface tractions.) If the element 
is taken as a cube with its centre at P and edges parallel to the co- 
ordinate axes, the equations of moments about axes through P give 

Pyz ~ Pzy^ Pzx Pxz^ Pxy Pyx' 

If the element is taken as a tetrahedron with three faces meeting in 
P and parallel to the coordinate planes, the normal to the fourth 
face having direction cosines (^1,^15%), then by resolving the re- 
sultant forces along the coordinate axes we find 

Pnx == hPxx+'^xPyx+'^lPzx^ ( 1 ^) 

’and two similar equations with y and z, respectively, as the second 
suffix throughout, p^^, p^y, Pnz being the components of the stress 
exerted across a plane through P whose normal has direction 
cosines 
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If now we transform to axes {x\y\z') as on p. 91, then in the 
first place {Pa:'x'^PxV>Px'z') and are components, parallel 

to the new and old axes respectively, of the same vector, and hence 

Px'x' = hPx'x+^lPx'y+'^lPx'z^ (14) 

But andp^.^ are given by three equations of the type (13), 

so that 

Px’x' = (15) 

In the same way we find that 

Py’^ = lzhPxx+‘>n2'>^3Pyy-^'>^2'>^3Pz0+i^2n3+'msn2)Py, 

+ (®2?3+%4)i>a*+(^2«^3+^3’»i2)Pxi/. (16) 

and the other stress components are transformed similarly, so that 
the transformation formulae are exactly the same as for the rate-of- 
strain components.! We may therefore define a stress quadric, and 
principal axes of stress, in exactly tfie same way as W’e defined the 
rate-of-strain quadric and the principal axes of rate-of-strain; and 
these axes will have analogous properties. The planes perpendicular 
to the principal axes of stress are called principal planes of stress; 
the stress across each of them is purely normal, and these three 
normal stresses are called the principal stresses. 

34. Relations between the stress and rate-of-strain com- 
ponents. 

In a fluid at rest, or in a fluid in motion if it be supposed devoid 
of internal friction, the pressure is wholly normal and is the same 
in all directions, so that 

Pxx ~ Pyy Pzs ~ P^ Pyz ^ Pzx ^ Pxy ^ 

Again, if a viscous fluid is in motion in such a way that = 0, 

we have seen (p. 3) that 

Pzx — l^-^’ 

where ^ is a constant for any particular fluid. We now seek to 
generalize these results by assuming that, in general, the stress 
components are linear functions of the rate-of-strain comjionents, 
so that the most general expression for each stress component 
may be equal to the sum of multiples of the six rate-of-strain com- 
ponents plus a quantity independent of them. But in an isotropic 

t Both the stress and the rate-of-strain are, in fact, symmetrical tensors of the 
second order. See Jeffreys, Cartesian Tensors (Cambridge, 1931). 
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STKESS AND RATE-OF-STRAIN RELATED 

fluid ther© are no privileged directions , so the relations between 
the stress components and the rate-of-strain components must be 
independent of the choice of axes. If we express mathematically the 
conditions that this should be so, we find that for an incompressible 
fluid, in which divv = 0, we must havef 


Pxx 

—p+ii^xx ~ - 

-p+2n 

du 

dx' 

<< 

II 

— p-\-ll£yy = - 


dv 

Pzz = 


1 = - 

-p+2iJL 

dw 
dz ' 


j 

(dw 

8v\ 


II 

p\ 


8zj’ 



i 

(du 

dw\ 


II 

II 

[dz ^ 





(8v 

du\ 


II 



»yr 



where p and /x are scalars. Since 

^xx'^^yy'^^zz = 2 di VV = 0 , 

p is the mean of the normal pressures over three planes mutually at 
right angles; it will be called simply the pressure, /x is the viscosity, 
which, at a given temperature, will be taken to be a constant for any 
particular fluid. It will be seen that equations (17) include the simple 
results above for the special cases when the fluid is at rest or in 
motion in one direction. 

35. The equations of motion. 

If we include the kinetic reactions and the extraneous forces, and 
consider the equilibrium of an infinitesimal rectangular parallele- 

t See, for example, Jeffreys, Cartesian Tensors (Cambridge, 1931), chaps, vii and ix, 
(The rate-of-strain components as dej&ned in the present chapter are double those used 
by Jeffreys.) For the related investigation in the mathematical theory of elasticity, in 
which the calculation differs from that necessary here only in the absence of the terms 
independent of etc., reference may be made to Love, Treatise on the Mathematical 
Theory of Elasticity (Cambridge, 1927), p. 102. (In Love’s notation e^^,, Cyy^ e^^ have 
half the values corresponding to those by which they are defined in the present 
chapter ; Cy^, e^y have corresponding values.) 

It will be seen that, according to equations (17), the principal axes of stress and of 
rate-of-strain coincide : this may, indeed, be assumed from considerations of symmetry 
in an isotropic fluid, and the investigation may then be somewhat shortened. See Lamb, 
Hydrodynamics (Cambridge, 1932), p. 574. (Lamb uses a, 6, c,/, g, and h for quantities 
denoted here by \e^^, e^^., and respectively.) 
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piped with its centroid at P and its edges parallel to the coordinate 
axes, then by resolving the resultant forces along the axes, we obtain 


pfio = 


dx 


^Pvx 

dy 


^Pzx 
8z ’ 


(19) 


and two similar equations, where X, Y, Z are the components 
of the extraneous force F acting on the fluid per unit mass, and 
fx> fz components of the acceleration of a particle of the 

fluid, so that 


„ Du cm , du , du . cm 

Dt 8t^ 8x^ 8y^ 8z 




( 20 ) 


with similar equations for/^ and/^. 

It may be verified that when equations (12) and three equations 
such as (19) are satisfied, then the equations of equilibrium (with 
reversed mass-accelerations included) are satisfied for any finite 
portion of the fluid. 

If we substitute in equation (19) and the two similar equations 
from (17), then making use of the equation of continuity (1) we find, 
with V = jjbjp, where p is the density,t 


du du 
dv 

dw , dw 
dt ^ dx 


where 


A+«>|5=-i|£+Z+vV%, 

dy dz p dx 
dv 
^ 8y 
dw 


+ -if-Y 


dz p dy 
p dz 


S!, + '°dz - 

dx^^ dy^^ dz^ 


( 21 ) 


( 22 ) 


Now, in vector notation, V%, are the components of 

grad divv— curl curl v,J and divv vanishes, whilst curlv is the vorti- 
city to. Hence, if we use the last of the expressions for in equa- 
tion (20), with the corresponding expressions for and /g, and if we 


t The equations were obtained by Navier, Mmoires de VAcademie Royale des 
jSciences, 6 (1823), 389-416; Poisson, Journ, de VJ^cole Poly technique^ 13 (1831), 
139-166; Saint-Venant, Cmnptes Rendus, 17 (1843), 1240-1242; Stokes, Trans. 
Camh. Phil. Soc. 8 (1845), 287-305, or Math, and Phya. Papers, 1, 75-105. Fora 
short account of the various naethods and hypotheses adopted by these authors 
reference may be made to Stokes’s Beport to the British Association, in 1846, 
reprinted in Math, and Phya. Papers, 1, 182 aeq. 

J Weatherburn, Advanced Vector Analysis, p. 11. 
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further, suppose that p is constant and that F is minus the gradient 
of a potential £2, we can write the equations (21) in vector form as 

vxto = — grad^^+O+Jv^j— vcurlto, (23) 

where v Xo> denotes the vector product of v and to. 


36. Equations for the rates of change of circulation and 
vorticity. 

By definition the circulation round any closed circuit drawn in 
the fluid is given as 

K = Iv. dr, (24) 


where the integral is taken once completely round the circuit, and 
V .dr is the scalar product of v and dr, where dr has components 
dx, dy, and dz, and magnitude ds. Hence, if the circuit moves with 
the fluid, the rate of change of the circulation is 


r Dv , , r B . 


But — {dr) is the difference of the velocities at the ends of dr, and 

JL/u 

is ^ds, so that 

ds n p 

''•s*** = li 

jDv 

Also — is the acceleration f, and is equal to 


so that 


Hence 


“grad^--|-jQj — v curlco, 

= — — I^J^^ds—v{ouTlo>).dr. 


-Iv^l ds —V d) (curlco) .dr, 


and on the assumption that Q is single-valued this reduces tof 

= —V (£ (curio) .dr. 


This is the first result required, and proves an assertion made 
previously (pp. 30, 31), — ^namely, that in a viscous fluid the rate of 

t Tor the general circulation theorem in any fluid, see JefiEreys, Proc. Camh, Phil. 
Soc. 24 (1928), 477-479. 

3837.8 O % 
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change of circulation in a circuit moving with the fluid depends only 
on the kinematic viscosity and on the space rates of change of the 
vorticity components at the contour, so that it is small when the 
viscosity is small, unless the space rates of change of the vorticity 
components are large. 

To obtain equations for the rates of change, D^/Dt, DrijDt and 
DtJDt, of the vorticity components at any fluid element, it is simplest 
to take the curl of both sides of equation (23). Since o> is curl v, it 
follows that divco is zero; and since also div v is zero, the components 
of curl (V X CO) aret ^ ^ . g^ad ^ 


and two similar expressions, with v and rj, w and respectively, in 
place of u and Also the components of curl curl co arej — 
and — so that we arrive at the equations 


Dt 


oy . grad 


Drj 

Di 


= o> . grad v+v7^7], ^ 


Dt 


io .gradtt?+vV2^. 


(26) 


The first terms on the right express the rates at which rj, ^ vary 
for a fluid element when v is zero, in which case the vortex-lines move 
with the fluid and the strength of a narrow vortex-tube remains con- 
stant; that is, the vorticity is convected with the fluid. The addi- 
tional variation of rj, and due to viscosity, is expressed by the 
last terms, and follows the same law as the variation of temperature 
in the conduction of heat.]] This proves the second theorem stated 
in anticipation on p. 31. 

It may be remarked that equation (25) and equations (26) are 
equivalent to each other, and that either may be derived directly 
from the other. 


37. The rate of dissipation of energy. 

The rate at which work is being done by surface tractions, per unit 
time, on the fluid inside any surface is 

j {Pnx'«‘+Pni,^+Pnz'^) dS 

t We^-therbum, Advanced Vector AnalysiSf p. 9. J Weatherbum, op. 11. 

J| JuMnbj^Hydrodynarriics (Cambridge, 1932), p. 678. 
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over the surface, where p^y, p^^ are the components of the stress 
exerted across the element d8 of the surface. If {l^, n^) are the 

direction cosines of the outward normal to the surface, we may sub- 
stitute for from equation (13), with similar substitutions for 
p^y and Pnz- The surface integral may then be transformed into a 
volume integral by Green’s theorem; and the integrand may be 
transformed by the use of equations (19) and (4) so as to give, for 
the rate at which work is being done by the surface tractions, the 
expression 

- J p{Xu+Yv+Zw) dr + J + + dr + J O dr, 

(27) 

where dr is an element of volume and 

® “ '^Vxx ^xx~\~Pyy ^yy~^‘Pzz ^Pyz ^yz~^ ^JPzx ^zx"^ ^Vxy 

If we add to (27) the rate at which work is being done by the ex- 
traneous forces, the first term is cancelled. The second term of (27) 
expresses the rate at which the kinetic energy of the fluid is in- 
creasing, and^ consequently the last term represents the rate at which 
mechanical energy is disappearing and heat energy is being developed. 
From (17) and (18) we see that 






L W 




\8y, 


dzj \dij dx 


Jcu du\ 

^\8z^dxj ^\8x^8i/l 


\8x 8yj J’. 


(28) 


and this is the rate of dissipation of energy per unit time per unit 
volume, t 


38. Dynamical similarity. 

If Pq is the pressure when the fluid is permanently at rest, then 
from (23) Palp+0. = constant; 

and if in place of p we write !P ^ difference of 

the actual pressure from the hydrostatic pressure, the equations 

t Stokes, Trans, Camh, PhiU Soc, 9 (1851), 57-59; Math, and Phys, Papers, 3, 
67-70. 
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(21) become 


du , du , 3u , du 
dv ^ dv , dv , dv 


dw 

It 


, dw , dw , 
dx dy 


dw 


p dx 

--^£+vVH, 

p sy 

p cz 


while (23) becomes 
dv 


dt 


■— vxco 



—V curl to. 


(29) 


(30) 


The equations of motion will henceforward be taken in this form, 
so that p will mean the difference of the actual pressure from the 
hydrostatic. 

Although the following arguments are quite general, it is best, 
for definiteness, to consider a particular system; we shall consider 
the flow of an otherwise unbounded fluid past a fixed obstacle, of a 
given shape at a given orientation to the stream, which is assumed 
uniform apart from the disturbance due to the obstacle. We may 
take the axis of x in the direction of the undisturbed velocity of the 
stream, the magnitude of this velocity being U. Let dhe a, typical 
length of the obstacle, and write 


u' = ujU, v' = v/U, w' == wjU, v' = v/i7, 

x' = xjd, y' == yjd, z' = z\d^ V = Utjd, 

and p' ~ pjpU^: 

then the equations (29) become, after division by U^ld, 


du' , ,dw' . ,du^ , fd'u/ 
dr^ dx'^ dy'^ dz' 


dp' 1 /d^u' d^u' d^U^\ 
dx' R \dx'^ dy'^ dz'^ j 


and two similar equations, where 


R = Udjv. 

Further, the equation of continuity becomes simply 

divv' = 0, 


(31) 

(32) 

(33) 


and the boundary conditions, 2 ^ == fj, == 0, ^ = 0 at infinity, and 
u ^ V ^ w 0 at the boundary of the solid obstacle, become 
u' == 1, «;' = 0, 2 ^;' = 0 at infinity, and u' = v' = w' = 0 at a fixed 
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surface, independent of d, in the (x',y\z') space. These boundary 
conditions, together with (33) and the equations of type (31), 
determine u\ v\ w\ and and we see that, for fluids of different 
densities and kinematic viscosities, for streams of different speeds 
and obstacles of different sizes, so long as R is the same, ujU, v/'U, 
wJU, and p/pU^ will be functions of xjd, yjd, and zjd only. Since 



the same is true for any stress component divided by pU^. In other 
words, any velocity component divided by U, and any stress com- 
ponent divided by pU^, is a function of xjd, yjd, zjd, and R only. 
Again, the component along the axis of x, for example, of the force 
on the obstacle (apart from the force of buoyancy) is J dS, and 
since, for a given value of i?, varies as pTJ^, this force com- 

ponent will vary as pU^S, where S is some representative area 
associated with the obstacle. The same is true for any other force 
component; so that any force component divided by pU^S depends 
on R only, i.e. it is a function of R alone. 

Similar results hold in the case of any set of geometrically similar 
systems; and so we recover, by a somewhat clearer and more logical 
method, the results obtained by considerations of dimensions in 
Chap. I, § 5 (pp. 12 et seq.). The application of the results, and the 
precautions to be observed in applying them, were there considered, 
and need not be repeated here.f 

39. General orthogonal coordinates. 

It will be convenient at this stage to write out, for purposes of 
reference, the formulae giving the divergence, curl, etc. of a vector 
in general orthogonal coordinates a, j8, y . Let the elements of length 
at (a,j8, y) in the directions of a increasing, j8 increasing, and y 
increasing, respectively, be h^^doc, h^d^, and h^dy, so that 

(ds)^ = hf{doc)^+74{d^)'^^hl{drf. 

\ The theory of dynamical similarity was first applied to hydrod 5 mamical systems 
by Stokes, Tram. Camb. Phil. Soc. 9 (1851), 19; Math, and Phys. Papers, 3, 16, 17; 
and more fully by Helmholtz, Monatsherichte der Jconigl. Akademie der Wissenschafien 
zu Berlin (1873), 501-514; Wissemchaftliche Ahhandlungen, 1 , 158—171, 
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Let {u, V, w) be used generally for the components of y in the direc- 
tions of QL increasing, j8 increasing, and y increasing, respectively, and 
let (£, rj, 2) be so used for the components of co or curl v. Thenf 



Since curlcn is related to to in the same way as to is related to v, 
while the components of a gradient are 


11 . 11 

h^da 

and the components of v X to are still 

V^—Wrj, Urj—V^, 


the three components of equation (30) may be written down in any 
set of coordinates. For an incompressible fluid divv = 0, and this 
introduces an indeterminateness into the equations, since expres- 
sions involving divv may be added. It is, in fact, usual to retain 

the form i^(grad divv— curl to) 


in working out the last term in (30), since this has components 
vVH, pV^w in Cartesian coordinates without further transformation. 

As regards the rate-of-strain components, is still the rate of 
extension of a line element in the direction of a increasing at the 
point (a, jS, y), and is still the rate of change of the angle between 
two lines, moving with the fluid, drawn through (a, j8, y) in the direc- 
tions of j8 increasing and y increasing, respectively; but the directions 
of, a increasing, ^ increasing, and y increasing are different at 
(a,^, y) and at any neighbouring point, and this introduces extra 
terms into the expressions for the rate-of-strain components. These 


t See Love, Treatise on the Mathematical Theory of Elasticity (Cambridge, 1927), 
pp. 54, 55, where other references are given. The h^^ h^, h^ used by Love are the 
reciprocals of those employed here. 
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expressions aref 
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(36) 


The stress components are still given by 

Polo. P~^ H'^oiOLi Ppy “ Pyp 1 

PBB ” Pvcx ^ Pocv ^ H'^yoii | 

Pyy P'~\~l^^yyi Poip ^ P^OL 

where p^y, for example, is the component in the direction of y 
increasing of the stress exerted at (a,jS, y) across the surface jS = 
constant. 

In the special cases when the motion is two-dimensional, or is 
symmetrical about an axis, the velocities maybe expressed in terms of 
a stream-function. The equations for the stream-functions in general 
orthogonal coordinates in the two cases are not required in their 
generality for the further purposes of this chapter, and are given in 
an appendix at the end. 


40. Cylindrical polar coordinates. 

With cylindrical polar coordinates r, 0, z, such that 
ct; = rcos^, y = Tsm(j>, 

if r, (p, z are taken as cx^ y, respectively, then A^ = 1, Ag = r, and 
Ag = 1, Hence 

1 ^ 1 Pio) PiOi) 

(38) 


1 ^ , .. 1 dv , dw 

divv == [ru )-\ — 

r dr r d<f> dz 


I dw dv - du dw ^ ^ ^ ^ 


r dtp dz^ dz dr 

t Cp. Love, op. cit., pp. 53, 54, 628-632. 


rSr<-"^-Tsi’ 
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and the equations of motion are 
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p dr 
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01? 


J2 sin 9 dip ’ 




( 40 ) 


( 41 ) 


41 . Spherical polar coordinates. 

With spherical polar coordinates B, 6, <p, such that 

X ~ Bsm6oos(f>, y = Bsiadsmcp, z==Boos6, 
if B, 6, ^ are taken as a, y respectively, then 

\ = 1, \-= B, = BsinO. 


( 42 ) 


( 43 ) 


( 44 ) 
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du . du V 8u w du 

JR^sind 


w~ 


dv . 8v V 8v w 8v ^ uv 
pBdB^ \ ^ R^8d 


2v cot 9 
1^ 
cot 8 


2 dw 
E^^inO d(f> 


dw . dw V dw 


w I , 

R sin 9 d<p^ R^ 


V 2 cos 9 dw 
R^ sin^^ R'^ sin20 d(f>^ 

- vwcot9 

w~ 


1 1 dp 

p R sin 9 d<p 


+vhhv — 1 - 

^ \ R^sia?e^ 


where 


R^ sin 9 d(p 

2 cos 9 dv' 
R^ sin^d d(p^ 


V2 = A A/ijaA 
i?2 dR\ dR 


, 1 ^ I ■ Q^' 


R^ sin^6^ dcf>^ * 


42. Examples of exact solutions of the equations of motion. 
Two-dimensional steady flow between non -parallel plane 
walls. 

To discuss mathematically the steady flow of viscous fluid between 
two non-parallel plane walls, take a system of cyhndrical polar 
coordinates r, <p, z in which the axis of z is the line of intersection of 
the planes of the walls, r is distance from this line, and the walls 
lie in the planes cp = ia. Then, in the notation of § 40, if the 
motion is purely radial v = w = 0, and the equation of continuity 
is satisfied if - n/,x 

u=M. (46) 


The equations of motion then reduce to 

_P_ _idp, r 


0 = 

p r d(l> 
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From the first of these two equations it follows that r^dpldr is a func- 
tion of <p only, and the second equation then gives 

p = +constant, (48) 

where k is a constant. Hence, and from the first of equations (47), we 
find that == 0, 

whence, after multiplication by 2/' and integration, 

/'^ = |;{A- Svkf- (49) 

h being a second constant of integration. The problem is to integrate 
this equation and so to choose the constants that, with / zero at 
the walls, the total flux (per unit breadth) across a section has a 
given value. If the flow is purely divergent, / is positive; if it is 
purely convergent, / is negative. In either case / is symmetrical 
about <p = 0; and in such cases the value off when 0 = 0 may be 
given instead of the total flux. The equation may be integrated in 
terms of elliptic functions, and has been considered by several 
authors,t though it appears that the discussion is hardly yet 
complete. 

As Eeynolds number we may take the product of r and the average 
value of the velocity, divided by v; or, for purely divergent or purely 
convergent flow, we may use the maximum instead of the average 
value of the velocity. 

It appears that there is a very great difference between the cases 
of convergent and divergent flow. With increasing speed the 
velocity distribution, which at small Reynolds numbers and for 
small values of a is approximately parabolic, becomes, for convergent 
flow, flatter and flatter in the middle of the channel, the drop of the 
velocity to zero taking place in layers near the walls which become 
narrower and narrower as the Reynolds number is increased. For 
divergent flow, on the other hand, the velocity distribution alters 

f Jeffery, PML Mag. (6), 29 (1915), 456-465; Hamel, Jahresbericht der Deutschen 
MathematiJcer-Vereinigung, 25 (1916), 34-60; Harrison, Froc. Camh. Phil. Soc. 
19 (1919), 307-312; Karraan, Vortrdge aus de77i Gebiete der Hydro^ und Aerodynamiky 
Innsbruck, 1922 (Berlin, 1924), pp. 150, 151; Tollmien, Handbuch der Pxperi- 
mentalphysik, 4, part 1 (Leipzig, 1931), 257-260; Noether, Handbuch der physi-^ 
kalischen und technischen Mechanik, 5 (Leipzig, 1931), 733-736; Dean, Phil. 
Mag. (7), 18 (1934), 759-777. See also the references in the footnote on 

p. 110. 
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with increasing Reynolds number in the opposite manner, the flux 
becoming more and more concentrated in the middle of the channel, 
until a Reynolds number is reached at which /'(^), and therefore 
vanish at the walls. “j* If the Reynolds number is further increased, 
purely divergent flow becomes impossible. When a larger outward 
flux than the critical one is forced through the channel, there are 
regions of backward flow; and for the same flux it would appear that 
three solutions are possible, with the backward flow near one wall 
or the other, or near both walls. This critical flux, that may just 
be forced through a divergent channel without the occurrence of 
backward flow, increases as the angle between the walls decreases. 
It seems probable, but does not appear to have been demonstrated, 
that if the flux and the Reynolds number are still further increased, 
the number of possible regions of backward flow, and the number 
of possible solutions, also increase. 

The analysis for the two cases may be illustrated in the following manner. 
Consider first the case of purely divergent flow, for which / is positive. Then 
(49) may be written in the form 

r = |;{(/i-/)(/2-/)(/3-/)}. (50) 

where fuf^t /s are the zeros of the right-hand side, /i, /g and /g may all be 
real, in which case we assume /i > /2 > /s ; or one of them (/i) may be real, 
and the other two (f^ifz) conjugate complex quantities. In either case 

/i+Za+A = -Ov, /1/2+/2/3+/3/1 = /1/2/3 = A. (51) 

The sum of /i, /g, /s is negative. The range of possible variation of / is restricted 
by the fact that f'^ must be positive; and, since / must vanish at the walls, 
/ = 0 must occur in the range of values so determined. Also the value of / 
in the middle of the channel, where /' =0, must be /i, /g, or /g; for purely 
divergent flow it must be positive. These conditions are sufficient to prove that 
/i is positive and 0 < / < A, and that /, and /g are negative or zero, or con- 
jugate complex quantities, so that their product is positive or zero. Hence 
h is positive or zero. Then, since/ = 0 when ^ — a and/ = A "^hen <^ = 0, 

“ = 7(2)/ {[/i-/I/^+/(6i+A)+/i/A]}‘- 
0 

Sinbe h is not negative, a has its greatest permissible value for a given value 

t Eor an attempt to consider, by a method of successive approximation (starting 
from the parabolic velocity distribution), the flow of viscous fluid along any channel of 
slowly increasing breadth, see Blasius, Zeitschr.f. Math, u. Phys, 58 (1910), 225-233. 
For an experimental investigation of the flow at small Eeynolds numbers in a 
channel of small exponential divergence, see G. N. Patterson, Canadian Joum. of 
Research, 11 (1934), 770-779; 12 (1935), 676-685. 
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of wlxen h ~ 0, — i.e. when /a = 0. Then /' = 0 when / = 0, at the walls. 


When this holds, 

if we write 



f=Aw, = 

(53) 

then 

. // 3 \ r dw 

“ V\2j!?/ J {[l-w][w2+««{l + 6/i?)]}*' 

0 

(54) 

If we put 

W ='COs2^, 

(55) 

this reduces to 

(i?+3) a _ V3 J 

(56) 

u 

or, if jK is large, to 

B^oc = V3 f -r — -T-,-.-,. == 3-211.t 

J (1-ismV)* ' 

(57) 


This gives an upper limit to R^a. if is large and a is small. A graph of 
R^a against i?, calculated from equation (56), is shown in Fig. 39 below. 



For convergent flow, on the other hand, / must be negative, and in order 
that the conditions may be satisfied /j, and /g must all be real, with 
positive and and /g negative, and/g < / < 0. If we write 

/s _ 


E = 


w, 


^ ^ A A 

then Wf and are all positive, and, from (51), 

1— = 6/jK. 


Wo 


A 

'h 


— T = Wi 


(59) 


t The value of the integral is 1-85407. See, for example, Dale’s Mathematical 
Tables, p. 76. The critical value for i^^a given by Tollmien, loc. cit., was 3-067. 
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=711 


dw 


{( 1 — t«)(W3 — W)(W'1 + W)}i ’ 


dw 


{(l~~w){w^—w)(wj^+w)y 
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(60) 


(61) 


There is now no restriction on the possible values of JS-a. But if JR^a is 
large, then, in order that the integral on the right may be large, must be 



nearly equal to 1, so that, if 6/i? is neglected, Wi is nearly equal to 2. A more 
detailed examination shows, in fact, that ^^ 3—1 must be of order and 

that w is nearly equal to 1 and the velocity is nearly uniform, unless, with 
<l> positive, (X— is small, of order (2B)“-. With ^t ?3 = 1, ~ 2, we find 

from (60), for ^ positive, that 

w 

0 

and this leads to 

«, = Z = -ii- = Sta,nh!‘y{iR){oc-<f>)+p]~2, (63) 

- '^max 

where jS is a constant (equal to 1*146), such that tanh^jS = f. 

Since the hyperbolic tangent is very nearly equal to 1 for large values of 
the argument, u is equal to except in a narrow layer near each wall, of 
thickness proportional to B"-. A graph of ujv^x against VJ?(q:— <^) is shown 
in Fig. 40. 

Further, when Wq = 1 and = 2, (51) shows that kv = —/I; and then 
we see from (48) that 


( 64 ) 
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In this example we see, then, that the assumptions and deductions 
of the boundary layer theory concerning motions at large Reynolds 
numbers, as set out in Chap. II, § 15 (and more precisely in Chap. IV), 
are all satisfied. 

It may not be out of place to state explicitly that these results 
apply only to steady, not to turbulent, flow. Convergence of a 
channel tends to stabilize the flow, divergence to make it unstable. 
To a large extent the results are theoretical only, especially for 
diverging channels; but they are nevertheless interesting. The 
experimental results for turbulent flow, which bear a strong quali- 
tative resemblance to those given by theory for laminar flow, are 
considered in Chap. VIII, § 166. 

Hamel, in the work referred to on p. 106, discussed the flow between 
non-parallel straight walls as a special case of flow in which the 
stream-lines are equiangular spirals, which he showed to be the only 
possible form if, for a two-dimensional motion, they are to coincide 
with the stream-lines of ' a potential flow without the actual motion 
itself being irrotational. When the more general spiral motion takes 
place between solid walls, the results are analogous to those obtained 
above. Hamel’s results have formed the starting point for a number 
of researches by other authors. f 

43. Examples of exact solutions of the equations of motion. 

The flow due to a rotating disk. 

An infinite plane lamina, coinciding with the plane = 0, rotates 
with constant angular velocity about the axis r = 0 in viscous 
fluid. We consider the motion of the fluid on the side of the plane 
for which z is positive, the fluid being supposed infinite in extent 
and bounded only by the plane ^ = 0. In the notation of § 40, the 
boundary conditions are 

u 0, V = Qr, w = 0 at z = 0, 

21 = 0, V = 0 at a: = CO. 

The axial velocity w will not vanish at 2 ; = oo, but must tend to a 
finite negative limit, which can be determined from the equations. 
There is, in fact, a steady axial flow towards the rotating lamina: 

t Oisson and Faxen, Zeitschr.f. angew. Math. u. Mech. 7 (1927), 496-498; Oseen, 
Ark.f. mat. astr. ochfys. 20 A (1927), Nos. 14 and 22 ; Kosenblatt, Bulletin des Sciences 
'Math. (2), 55 (1931), 1—18; Bulletin de V Academic Polonaise des Sciences et des Lettres 
(1931), 438-459 ; Sur Certains MouvementsdesLiquides Visqueux Incompressibles (Paris, 
1933). 
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this is necessary to preserve continuity, since the rotating lamina 
acts as a kind of centrifugal fan, the fluid moving radially outwards, 
especially near the lamina. 

With these boundary conditions, the equations of motion and con- 
tinuity may be satisfied by takingf 


U = rf{z), V 

= rg{z), w = 

Hz), p = p{z). 

(66) 

If we further write 

2 = {via)hj_. 

f = ClF{z^), 

g=^aG{z,), j 

(67) 

h — {yQ)^H{z-^, P = “ 

-pvQ,P(zA, } 

so that 

u = rQ.F{z^, 

V = rO(?(zj), 

w = {vQ.)iH{zj), 

(68) 


we obtain the equations of motion in the following non-dimensional 
form (dashes denoting differentiations with respect to z^): 

F^-G^+F'H =: \ 

2FG+G'H=G\ ! (69) 

HH' = P'+H\ I 


The equation of continuity becomes 

2F+H' = 0, (70) 

and the boundary conditions are 

F = 0, G= 1, J? = 0 at ail = 0, \ 

F->0^ when %->oo. 1 

The first two of equations (69), together with (70), give F, G and H, 
whilst the third of equations (69) gives P. 

li H —c when 2 :^ -> oo, there are formal expansions of F, (?, H 
in powers of satisfying the differential equations and the condi- 
tions at infinity, of which the first few terms are 


2c^ 4c^ 


G = 




-c+M 6-021- 
c 


® d HTs ^ 



jB, and c are constants to be determined. 


t These substitutions, and the resulting equations, are due to Karman, Zeitschr, 
/. angew. Math. u. Mech. 1 (1921), 244-247. 
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There are also formal expansions of F, G and H in powers of 
which satisfy the differential equations and the conditions at the 
origin, — namely, 

F == \ 

0 = — l)2f— I (73) 

H = -aozl+izl+ib,zt+..., I 



0 0-5 1-0 I'S 2-0 2-5 3-0 3’5 4-D 4'S Z,=[^]‘'^Z 

Fig. 41. 

where and 6o are constants to be determined. The constants 
Up, 6o, c, A and B have to be chosen so that F, G, H, F' and G' are 
continuous; and it will then follow from the differential equations 
that all the other derivatives are continuous. The computation has 
been carried out by Cochran, f who integrated the differential equa- 
tions numerically, found that 

= 0‘510, = -0*616, c = 0*886, ) 

A = 0*934, B = 1*208, / 

and gave tables and graphs of F, G, H, F' and G\ The graphs of 
jp, G and H are reproduced in Tig. 41. 

F and G tend to zero exponentially, and become indistinguishable 
from zero for some finite value of z-y- Hence, if vJQ is small, ul{Qr) and 

t Proc, Camb, Phil, Soc. 30 (1934), 365-375. 
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vl{Qr) are appreciable only in a thin layer near the disk whose thick- 
ness is of order Also, if Pq is the value of P at the plate, 

P-Po = = iH^+2F, (75) 

and the differences of the pressure p throughout the layer in which 
ujiQr) and t?/(Qr) are sensible are of order pvO. In this example, then, 
the assumptions and results of the boundary layer theory are again 
confirmed, as they were in the last example. There is, however, this 
difference between the two examples, that in this case the terms in 
the equations that would be neglected according to the mathematical 
theory of the boundary layer (see Chap. IV) are identically zero. 
The equations solved are, in fact, boundary layer equations, even 
though the solution in this particular case applies for all Reynolds 
numbers. In the example of the preceding section the equations 
solved were not the same as those of the boundary layer theory, 
but contained terms neglected in that theory, as w^’e shall see more 
clearly later (Chap. IV, § 56). 

The solution we have just obtained applies strictly only to an 
infinite disk ; but if we neglect edge effect we can find the frictional 
moment on a rotating disk of radius a. The shearing stress is 
given by ^ 

p,^^pvg = p{vQ^)hG'{0) (76) 

at the disk, so that the moment is 

a 

- J dr = -hra*pmiG'{0). (77) 

0 

This is the moment for one side only: for both sides the result must 
be doubled. Hence, in terms of the Reynolds number 

P = a20/v, (78) 

the moment is given by 

M = ^7rG\Q)pa^Q?IRK (79) 

and, with S = a non-dimensional moment coefficient is given by 
■_ M ^ 2(?'(0)^ 1-232^ 

■“ R^ R^ 

The neglect of edge effect is probably justified if the radius is large 
compared with the thickness of the boundary layer. If R is too 
large (greater than about 5.10®), the motion is turbulent. (For a 
discussion of the turbulent motion, and for experimental results, see 
Chap. VIII, § 164.) 

3837.8 O 
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APPENDIX 

THE EQUATIONS FOE THE STREAM-FUNCTION IN 
GENERAL ORTHOGONAL COORDINATES 


Two-dimensional motion. — For two-dimensional motion, if oc and ^ are 
general orthogonal coordinates in the plane of the motion, then, in the nota- 
tion of §39, the equation of continuity is 


and there is a stream-function if/ such that 


0 , 






^ = 7 ^ = 0, and 




1 diL 

^ 

d(X 






The equation satisfied by ij/ is the equation for the vorticity, which may be 
written 

-:r curl{vxo>) = — j/ curl curl cs>. 

ot 


The third component of this equation gives us the equation required. It is 


|(vw- 


1 

7^2 


e(<A.vV) 

S(o£,^) 




In Cartesian coordinates 




V2 = — 4- 




7^1 — 7^2 — 1 • 


In polar coordinates, with a as r and ^ as <f>, and w and v as the velocity com- 
ponents in the directions of r and ^ increasing, respectively, 


u — 


1 dijs 
T 


dr" '' dr^ 


\ = 1, 7^2 = n 


Motion symmetrical about an axis. — For motion symmetrical about 
an axis let a and ^ be general orthogonal coordinates in a meridian plane and 
let y be the azimuthal angle ^ : then will be the distance from the axis of 
revolution. All quantities are supposed independent of <f>. In the notation 
of § 39 the equation of continuity is 

d f 3 


and so there is a stream-function ^ such that 



1 ^ 


h^v == — 


JL ^ 

da 


This is true whether the velocity w round the axis is zero or not, so long as it 
is independent of If it is not zero, put 


h^w = n. 
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Then 

and 

where 


— — _ 1 an 

h^h^dp’ h^h^Sa’ 



n2 ^ AUA /A_ i-'il 

\/i 3 dal ‘ l/ig /ig dp) J * 


The third (y or component of the equation for the vorticity is 


iw)+ 


20, 8{Q, h^) 

hih^hl a(a,/8) 


I g(^,DV) 2 DV a( 0 , 7 ^ 3 ) 


IftiJ = OjthenO = 0, and this is the equation for i/r. Otherwise we require another 
equation, which is provided by the third (y or ({>) component of the vector 
equation of motion. This gives 


dt 


1 3(^,0) 


hi ^2 


d(a,^) 


vD^a, 


The direction of y, or increasing must correspond with a right-handed screw 
from the direction of a increasing to that of jS increasing. Hence, for cylindrical 
polar coordinates r,(^, 2 j, we must take a as 2 : and ^ as r. Then hi^ 1, 
^3 = r, and the equations reduce to 

^ \ d^ ^ I di[j ^ 



1 £ 

r dr dz^ * 






a(r,2) 


^ 1 3(0, Q) 
3^- r 3(r, 2 ) 


= vD^Q., 


u, V duXid/w being the velocity components along s, r and 0 increasing, re- 
spectively. 

For spherical polar coordinates It, 6, 0, we take a as JR and jS as then 
hi = I, h^ = R, = Rsind. If u, v, and w are the velocity components in 
the directions of R, 6, and 0 increasing, 

1 30 1 ^0 ^ 

^ ~ H^sin^ ^ It sin 9 dR^ ^ Rsind* 


na _ il 1] 

E® 8d\smeder 




8t 


{80 . 1 ea . a 

E 2 sin’^e IsE ^ E 30 




1 8{>I>,D^>P) 

R^sm.9 8{R,6) 


+ 


2DV 
R'^BinW \M 


(e£cos0- lysine 


Rd9 


1 ] = vD*ij>, 


8« R^sm9e(R,e)~' 
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THE MATHEMATICAL THEORY OF MOTION 
IN A BOUNDARY LAYER 

44. Boundary layer theory. Two-dimensional motion. Flow 

along a plane wall. 

Thebe is no reason to doubt that the general dynamical equations 
discussed in the preceding chapter give a correct representation of the 
flow; but except for a few special problems they are exceedingly diffi- 
cult to solve, and the solutions are often subject to serious limitations. 

Perhaps the greatest limitation arises from the fact that solutions 
representing steady motion, even when obtained, would give an 
accurate representation of the observed phenomena only at Reynolds 
numbers below certain values, since at higher Reynolds numbers 
the aetual motion would become quasi-periodic or turbulent, the 
unsteadiness arising presumably from instability of the theoretical 
steady flow. This unsteadiness, already mentioned in Chap. II, 
will form the maiq subject of Chap. V and will be a prominent 
feature of the discussion in most of the subsequent chapters; for the 
present we are concerned with less fundamental difficulties. 

One of the main mathematical difficulties lies in the fact that the 
equations are not linear. In many of the exact solutions the quadratic 
terms are identically zero, — e.g. for the flow under pressure through a 
pipe, or for the flow between rotating cylinders. There are other 
problems in which the quadratic terms may be neglected, — e.g. in the 
theory of lubrication. For the flow past an obstacle also, solutions 
may be obtained if the inertia terms are omitted, after the manner of 
Stokes, or taken only partly into account, after the manner of Oseen. 
But such approximate solutions have validity only at quite small 
Reynolds numbers.! 

On the other hand, if the viscous terms are neglected, the equations 
relate to the theory of inviscid fluids, the results of which were 
compared with observation in a fluid of small viscosity in a general 
way in Chap. I. 

It appears then that even in a fluid of small viscosity there must 
be regions where the inertia terms and the viscous terms are of the 

t These various problems are discussed in Lamb’s Hydrodynamics (Cambridge, 
1932), pp. 581 et seq. 
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same order of magnitude. The number of exact solutions that have 
so far been found in which both sets of terms have been taken into 
account is very small; in fact, the solutions m§§ 42 and 43 of Chap. Ill 
seem to be the only ones with much physical significance. In those 
solutions (except for flow in a diverging channel, when the fluid is 
moving against a pressure gradient and backward flow sets in) the 
velocity changes rapidly at high Rejmolds numbers from its value at 
a solid wall to its value in the body of the fluid, the transition taking 
place in a very narrow layer near the wall. This is in agreement with 
common observation, which suggests that whenever a fluid of small 
viscosity flows past a solid surface the transition from the velocity 
of the surface to that of the stream is accomplished in a narrow layer 
near the surface. In such a layer the space rate of change of the 
shearing stress may be very large, and consequently the viscous 
terms in the equations of motion may be comparable with the inertia 
terms even when the viscosity is very low. It is therefore appropriate 
to look first to such layers for the regions where the inertia terms 
and the viscous terms are of the same order of magnitude. For this 
reason the method of approximation, first suggested by Prandtlj in 
1904 and developed below, is called boundary layer theory, and the 
simplified equations so obtained are called boundary layer equations. 
The method applies equally well, however, to certain other regions 
and phenomena where solid boundaries, are absent, — notably to the 
surface layer of a jet of fluid or to the wake behind an obstacle. 

We begin by establishing the equations for the two-dimensional 
flow of a fluid of small viscosity along a plane wall. The equations of 
motion and continuity are 


du , du , du 

\-V : 

dt ‘ dx dy 


dv 


, dv , dv 


p dyY 

p dy \dx^~^ dy^j 


( 1 ) 


du dv __ ^ 


where the plane of {x, y) is the plane of the motion. We take the axis 
of X along and the axis of y perpendicular to the wall. Then u 
and V vanish at y = 0. If 8ds the thickness of the boundary layer, 

t Verhandlungen des dritten internationalen MatheTnatiker-Kongresses, Heidelberg^ 
1904 (Leipzig, 1905), pp. 484-491 ; reprinted in Vier Ahharvdlurigen zur Bydrodynamik 
und Aerodynamik by Prandtl and Betz (Gottingen, 1927). 
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u changes from zero to its value in the main stream in a length S, 
and, being taken as a magnitude of standard order and 8 as small, 
dujdy will be 0(8"^) and d^ujdy^ will be 0(8"^) in the boundary layer. 
Also u, duldt, dujdx, d^ujdx^ will all be 0(1). The equation of con- 
tinuity then shows that dv/dy is 0(1), and since v is zero when y is 
zero, V will be 0(8). Also dvjdt, dvjdx, and d^vjdx^ will be 0(8), and 
d^vjdy^ will be 0(8-"^). 

In the first equation d^ujdx^ may be neglected in comparison with 
d^ujdy^, and then the equation becomes 


du . 8u ^ du ^ 


( 2 ) 


The viscous term is now supposed to be of the same order as the 
inertia terms. Hence is 0(1), and 8 is O(v^). The second equation 


then gives 



(3) 


The total change of pressure throughout the boundary layer along 
a normal to the wall is therefore of order 8^, and may be neglected. 
Hence the pressure may be taken as constant along any such normal, 
and equal to its value just outside the boundary layer in the main 
stream. The influence of viscosity being very slight in the main 
stream, we may therefore write 


(A) 

p8x- 

where % is the velocity in the main stream just outside the boundary 
layer. 

The equation of continuity must be satisfied, so there is a stream- 
function i/f such that 

u = ^ v= 

8p’ 8x‘ 

and the substitution of these values in (2) gives an equation for ijj 
in which the highest derivative occurring is d^^/jdy^, whereas in the 
full equation of motion derivatives of the fourth order occur. (See 
the Appendix to Chap. Ill, p. 114.) On the.other hand, dpjdx must 
be supposed known. j* 


t This method of establishing the equations, due to Pz’andtl, is given more fully 
by Blasius, Zeitschr. f. Math. u. Phys. 56 (1908), 1-4. For the derivation of the equa- 
tions reference may also be made to K4rman, Zeitschr. f. angew. Math. u. Mech. 1 
(1921), 233-235; Pohlhausen, ibid. 252-255; Bairstow, Journ. Roy. Aero. 8oc. 29 
(1925), 3-8; Mises, Zeitschr, f. angew. Math. u. Mech. 7 (1927), 425-427. 
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45. Flow along a curved wall. 

To establish, the equations for two-dimensional flow along a 
curved surface, as in flow past a cylindrical obstacle, for example, 
we return to Chap. Ill, §39, and use general orthogonal coordinates. 
The motion being two-dimensional, we may take y as the coordinate 
z at right angles to the plane of the motion: then w is zero and 
all quantities are independent of y. For the curves a = constant 
we take the normals to the wall, and for the curves jS == constant we 
take the curves parallel to the wall, each of which intersects the 
normals at a constant distance from the wall. Then ct: is the distance 


measured along the wall from a fixed point, which, for flow past a 
cylinder, is taken as the forward stagnation point; while ^ is the 
normal distance from the wall. It will cause no confusion, and will 
allow us to treat plane and curved walls together, if we use x and y 
for oL and so that, quite generally, x and y are distances along and 
perpendicular to the wall. If k is the curvature of the w^all (so that 
/c is a function of x), the elements of length along the parallel curves 
and along the normals are {l+Ky)dx and dy respectively. Hence 
= l+/cy and == 1. Then | == = 0 and 

o I dv du K 

T = u. (6) 

l-\-Ky dx dy l-\-Ky 

where u and v are the velocity components parallel and perpen- 
dicular to the wall. If we now work out the components of the vector 
equation of motion (equation (30), Chap. Ill, p. 100), and write down 
the, equation of continuity (equation (2), Chap. Ill, p. 90), we find 
du . 1 Bu . Bu K 1 

U L^; UV 

l-^-Ky Bx By 1-^Ky 


p \-\-Ky Bx 
K Bu 
l+Ky By 


(l-\-KyYdx^ By^ 


y Bk du 
(l-f-zcy)^ Bx dx 
< . 2k dv 


, 1 Bk . 2k Bv 

qt I -y ■ J 

(l+/c2/)^ {\-\'KyY Bx {l-\-Ky)^ dx_ 


1 Bv , Bv - K c 

qi 

\-\~Ky Bx By \-{-Ky 


I Bp , 

7“ + ^ 

p 


1 8^v 

8y^' 


y Ok dv 
(l-j-zcj/)® dx dx 
1 dK 2/C 


l-\-Ky dy 


{l+Kyf 

du . 


(l+zc?/)® dx 2a;_ 
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These equations are exact. If we carry out a process of approxima- 
tion (similar to that in § 44) for flow in a boundary layer of thickness 
S, they reduce approximately to 


du 


du . 

-U—4-V 

dx 


du 

dy 


p dx d^y ’ 


KU^ z=z 


ld_p 

P 


du dv 
dx dy 


0 , 


( 8 ) 


terms of order 8 being neglected. It is assumed that /cS arid 
are small, so at any point at which k becomes infinite (as at a salient 
point), or at which k changes abruptly, the equations break down. 
In order that the inertia and the viscous terms may be of the same 
order of magnitude, 8 must again be 0{v^). 

It appears from (8) that the only difference between the equations 
for plane and curved walls lies in the second equation, dpjdy being 
0(1) for a curved wall instead of 0(8) as for a plane wall, since *a pres- 
sure gradient is necessary to balance the centrifugal force. But the 
total change of pressure throughout the boundary layer along a 
normal to the wall will still be small, of order 8, and may be neglected; 
so that, the normal component of the fluid velocity being negligibly 
small just outside the boundary layer, we shall still have 


1 dp du^ , du^ 


where % is the velocity in the main stream parallel to the wall just 
outside the boundary layer. The equations to be solved are then 
exactly the same, namely (2) and (5), whether the boundary is plane 
or curved. 


46. Non-dimensional form of the theory. 

The theory may now be expressed in non-dimensional form. If 
Uq is a typical velocity and d a typical length, and if B is UQd/v, then 
expressed non-dimensionally the relation 8 = (9(v^) becomes 

I = (9) 

Thus as jR increases the thickness of the boundary layer diminishes 
as B~^, and to get a true representation of what happens in the limit, 
when the scale of distances normal to the wall must be 
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multiplied by as also must the velocity normal to the wall Hence 
we are led to write 


X = 


d’ 


ft ^^0 


u = 


u 


Ri- 


Un 


pul 


( 10 ) 


If we make these substitutions in equations (1), the equations become 


at' dx' dy' ~ 8x''^ R 


1 

B 


'dv' 

at' 




,dv' , ,dv'~ 






= 0 . 


On the assumption that the derivatives occurring explicitly remain 
finite when R-^oo, the limiting form of these equations is 


at’^ 8x’^ 8y' 8x''^8y'^’ 


dp 

w 


du’ dv' _ 
8x''^8y'~ ’ 


( 11 ) 


which are the non-dimensional forms of (2), (3) and the equation of 
continuity. The error in each of the first two equations is 0{R-^): 
the third is exact. 

If we make the substitutions (10), together with k' = Kd, in {7}, 
and take the limit as oo, we arrive at the same equations (11): 
the errors are now of orders kR-^, R-^ and R-^dKjdx' in each of the 
first two, and of order kR~^ in the third. 

This method of obtaining the equations is fundamentally the 
same as that given previously. It is mathematically more elegant, 
but less clear physically. 

We now summarize the conditions for the vahdity of the approxi- 
mations. Tor definiteness we have considered the flow along a solid 
wall this is not necessary ; the trace of the wall in the plane of the 
motion may be replaced by any stream-line, so long as the assumed 
conditions hold. Expressed non-dimensionally, they require uJuq to 
change rapidly from one finite value to another over a length. 
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normal to the basic stream-line, of order JR-H, while changes in the 
direction of the stream-line are not rapid — i.e. (dluQ)duldx, and so on, 
are of the same order as uju^. (u^ is a typical velocity, d a typical 
length, and R is u^dlv.) The equations cease to be valid at any point 
where the curvature of the basic stream-line, or the rate of change 
of that curvature along the stream-line, becomes infinite. 


47. Vorticity. Stress components. Dissipation of energy. 

Equations (7) have been written out in full, only in order to make 
clear the error involved in passing to (8). Once it is assumed that 
S, /cS, and h^dK/dx are small, we may write 


^ du 


(12) 


approximately, ^ being large of order and it suffices to sub- 
stitute —dljdy and d^jdx for the terms in square brackets in the 
first two of equations (7), respectively. Equations (8) then follow as 
before. 

According to equations (36) and (37) of Chap. Ill (p. 103), the 
normal tractions over surfaces parallel and perpendicular to the 
wall differ from — p by quantities of order which may generally 
be neglected; whilst the shearing stress over surfaces parallel to the 
wall is of order R"^, and may be taken as 


du 

Pru - 


(13) 


simply. 

Further, the rate of dissipation of energy per unit time per unit 
volume in the boundary layer (see equation (28), Chap. Ill, p. 99) 
is approximately given by 



(14) 


and has a finite limit when oo. In fact the order of magnitude 
of the thickness of the boundary layer could have been determined 
by imposing this requirement. 


48. Boundary conditions. Boundary layer thickness. Dis- 
placement thickness. 

We must now consider the boundary conditions under which the 
first and third of equations (8) are to be integrated, more particu- 
larly for steady motion. First, u and v must vanish at 2 / == 0. Then, 
in general, u is given for a; = 0 or for some other value of x. Finally, 
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the fluid velocity must pass over smoothly into the velocity in the 
main stream, so that u must become equal to and dujdy equal to 
zero, as we pass into the main stream. (It appears indeed from (2) 
and (4) that if dufdy and d^u/dy^ become zero and u becomes equal 
to % for some value of x, then u will be equal to just outside 
the boundary layer in the main stream for all subsequent values of x.) 
Solutions may be obtained only if v is neglected in the boundary 
conditions Sbt x = 0 (or at the section where u is given if this is 
not at = 0) and also where the velocity passes over into that of the 
main stream. In general an error of order is thus introduced. 

If the motion is not steady, u must be given at ^ — 0. 

The equations are such that the conditions u = dujdy = 0, 
where the velocity passes over into that of the main stream, can- 
not be satisfied for a finite value of y, but must be taken to be 
asymptotic conditions for y = oo. It follows that there is some 
difficulty in defining the thickness S of the boundary layer. Experi- 
mentally the boundary layer may be defined as the region in which 
a loss of total head may be observed: analytically the limit of the 
layer may be defined by requiring u to be equal to u^ to a prescribed 
degree of accuracy (e.g; 1 or J per cent.), and this is attained for a 
finite value of B^y. Actually the solutions have the property that 
the difference of u from is quite small for moderate values of 
B^y, and, in spite of the uncertainty of its definition, it is convenient 
to regard the boundary layer as having a thickness S. In cases where 
it is desired to specify a length characteristic of the boundary layer 
and capable of precise definition, this may be done by specifying 
what is known as the displacement thickness 8;^, defined by 

the integral being taken along a normal right across the boundary 
layer. gives the diminution of flux due to frictional retardation; 

the stream-lines of the external flow are therefore displaced outwards 
by an amount 83^. • 

49. Some general deductions and remarks for flow against 

a pressure gradient and flow past obstacles. 

When fluid is flowing along a wall, u vanishes at the wall and 
increases j:o as we go through the boundary layer. If u increases 
steadily, du/dy is eWy where positive, and in particular is positive 
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at the wall. If, as we go along the wall, a position is reached at which 
dujdy vanishes and changes sign, then, as explained in Chap. II, § 18 
(p. 57), this means that the forward flow separates from the wall and 
that a backward flow (usually slow) takes place. The point of separa- 
tion is given by {duldy)y^Q = 0, or, with the non-dimensional symbols 
of equation (10), by {du' ldy')y^^Q — 0. If now, in a steady motion, the 
reduced velocity uJuq just outside the boundary layer is the same 
function oix/d for all Eeynolds numbers, then dp'jdx' is independent 
of R and the equations (11) are completely independent of R. If, 
furthermore, the given value of uju^ at a: = 0 is independent of R, 
so are all the boundary conditions for and (For flow past a 
cylinder a' = 0 is the front stagnation point, and 26 = 0 there.) 
Hence the value of x' for which {dii' ldy’)y^^Q vanishes will be inde- 
pendent of the Reynolds number. Thus in geometrically similar 
systems the points of separation will be corresponding points if 
UiIuq orp/ipul) remains the same at corresponding points. Theoretic- 
ally it is important to notice that even in the limit, for a fluid of 
vanishingly small viscosity (J?-^oo), separation still takes place. 
Practically, we may notice that the point of separation should be 
changed by change of velocity or scale only in so far as the pressure 
distribution along the wall or round the cylinder is changed. On 
the other hand, as R increases, the scale of the boundary layer 
normal to the wall and the normal velocity comjjonent v decrease 
as and therefore the angle made with the wall by the stream- 
line through the point of separation becomes smaller and smaller. 

We have seen in Chap. II, § 18 that separation is to be expected 
if the pressure increases in the direction of the flow, i.e. if dpjdx is 
positive. Calculations by which the position of the point of separation 
is determined in such circumstances will be mentioned later; but one 
consequence of the equations, which has a bearing on this matter 
and also on the stability of flow in the boundary layer (see footnote f ? 
p. 200), may be mentioned at once. Since u and v vanish at the 
wall, it follows from (8) that 



Hence if dpjdx is positive, d^ujdy^ is positive at y ~ 0. Now upstream 
of the point of separation dujdy is positive at the wall, and if dpjdx is 
positive, dujdy.hegTnB to increase. But at the outside of the boundary 
layer dujdy vanishes; it must therefore eventually decrease and 
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dHjdy^ must become negative. Hence d^ujdy- must change sign, and 
the graph of u against y must have a point of inflexion. (Cf. 
Fig. 22, p. 57.) 

Once separation of the flow has taken place, the boundary layer 
thickens rapidly and the equations cease to provide a good approxi- 
mation to the actual circumstances; or perhaps it may be preferable 
to say that the layer in which the rate of shearing is large is no 
longer at the surface. Immediately downstream of the point of 
separation the circumstances in the actual flow, which have been to 
some extent described in Chap. II, §§ 19 and 20 and are further dis- 
cussed in Chap. XIII, § 241, are too complicated to admit of accurate 
mathematical treatment in the present state of the theory. 

In a general way we may say that in flow past an obstacle vorticity 
is practically confined to the boundary layer and the w^ake, and 
that outside these regions the motion is practically irrotationai. 
The motion in the boundary layer up to the point of separation, 
together with the position of the point of separation itself, may be 
calculated from the boundary layer equations of previous sections 
if, and only if, the pressure distribution just outside the boundary 
layer is known. The equations may also be used to calculate the 
motion in the wake at some distance downstream of a body if the 
drag of the body is known (see Chap. XIII, § 248) ; but no satis- 
factory calculations have been pubhshed of either the drag or the 
pressure distribution when separation takes place. j 

The limitations of steady motion solutions should be emphasized 
again, in that actually the motions at high Reynolds numbers 
are turbulent. Thus if, in a given fluid, the velocity and dimensions 
of the system are sufficiently large, the flow in the boundary layer 
along a wall is in practice turbulent at a sufficient distance down- 
stream. The Reynolds numbers at which the transitions to turbulent 
motion take place are, however, large enough to allow of the stead}^ 
motion being calculated from the approximate equations (2)-(5) for 
a considerable range of values of the Reynolds number. On the 
other hand, calculations of steady motion in a wake at large Re;v"nolds 
numbers are of very limited apphcation in fluids of small viscosity, 
and for bluff obstacles are not applicable at all. 

The details of the irrotationai motion outside the boundary layer 

t For the attempts that have been made reference may be made to the works 
cited in the footnotes on pp. 36 and 49. 
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and the wake are also beyond the reach of mathematical calculation 
at present, — at any rate for flow past bluff obstacles. (Otherwise 
we could, of course, calculate the pressure distribution round an 
obstacle, at any rate up to the point of separation.) At large dis- 
tances the flow approximates to the general streaming plus the flow 
due to a source in the neighbourhood of the obstacle, of strength 
DKpUq), where D is the drag on the obstacle and Uq the undisturbed 
velocity of the stream. f 

If no separation occurs, the vorticity is confined entirely to the 
boundary layer and we may, at any rate for a first approximation, 
neglect the slight displacement of the stream-lines outward due to 
frictional retardation in the layer, and calculate the irrotational 
motion according to the usual theory, neglecting the boundary layer 
entirely, and applying only the condition of zero normal velocity at 
the boundary. The pressure distribution so calculated may then be 
taken as a datum for boundary layer calculations. Even for the flow 
past a stream-line body this procedure may be used as an approxi- 
mation when the wake is narrow. But we require to know the 
circulation independently, or to calculate it by the method of Chap. I, 
§ 9 (p. 34), or that of Chap. II, § 22. (See also Chap. X, § 212.) 


50. Transformation of the equations for steady motion. 

For steady motion the equations of § 44 or § 45 may be written 


du , du 
u -f-t? — = u- 

dx dy 


du. . d^u 


dijj 


(17) 


U 


diL 

V = L, 

By dx 

If we take x and i// as independent variables instead of x and y, and 
denote the derivative of u with respect to x when i/j is constant by 
(dujdx)^, with a similar notation for other derivatives, we have the 
transformation formulae 
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Hence with the new variables the equation of motion is 



where the subscripts have been dropped. If we now take 


(18) 

as dependent variable, this equation becomesf 


bH I d^z 


(19) 


The boundary conditions are z = uf when ij; = 0, z = 0 when 
«/f = 00 , and (if the velocity is given x = 0) z is given at a; == 0. 
To return to the {x, y) system of coordinates after the equation has 
been solved, use must be made of the relation 


Moreover, 



( 21 ) 


so that the shear stress is —\yL dzldijj, and the condition for separation 
of the forward flow" from a wall is {dzldilj)^^Q = 0. 

The equation (19) presents a certain formal analogy with the 
equation of heat conduction, but the equation is not linear, the 
quantity vu = v{ul~z)^, which depends both on z and x, taking 
the place of the thermometric conductivity. This quantity vanishes 
at the walls, and the equation has a singularity there. Beyond the 
point where the forward flow separates from the wall this also 
happens in the interior of the fluid. 

The applications so far made of this form of the equations will be 
referred to in §59, (pp. 154, 155), §62, (p. 165 et seq) and Chap. XIII, 
§248 (pp. 573, 574). But we may notice here that if 2 ; is known as a 
function of xjj for any value of x, then according to (19) dzjdx is known, 
and, apart from the difficulty due to the singularity, z could be found 
numerically by a step-by-step process, were it not for the difficulty 
involved in the numerical double differentiation necessary on the 


t Mises, Zeitsclir. /. angew. Math, u, Mech, 7 (1927), 425-431 ; in particular 427, 
428. 
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right. This objection applies to all such transformations. Tor 
example, in place of (19) we can provef that 

du du r vdHjdy^+UiduJdx . vd^uldif+Uiduildx ^ . 

dx dy \ v? u 


This equation, which gives du\dx in terms of u, du/dy, and d^ujdy^, 
also solves our problem theoretically. It may be proved by writing 
(17) in the form 

d [v\ vd^uldy^+u-^dujdx 

and noticing that, since u and dujdx both vanish at the wall and v 
has a double zero there {dvjdy = —dujdx), each side of (23) stays 
finite at the wall. On integrating, multiplying by u, and then again 
differentiating with respect to y, we obtain (22). 


51. Motion symmetrical about an axis. 

Let us consider first the boundary layer at the surface of a blunt- 
nosed body of revolution fixed in a stream with its axis in the direction 
of the undisturbed velocity. The motion is symmetrical about this 
axis, and there is no component of velocity about the axis. In the 
notation of Chap. Ill, § 39, we may take y to be the azimuthal angle 0 
about the axis, so that w~0 and all quantities are independent of y . 
The surfaces a = constant and ^ = constant are taken as surfaces of 
revolution about the axis, and are such that, if P is the curve of inter- 
section of the surface of the body by a meridian plane, then the 
sections of the surfaces a = constant and j8 = constant are normals 
to r and parallel curves to P, respectively. Hence a may be taken as 
the distance x from the forward stagnation point measured along 
P, and J3 as the normal distance y from the surface. We denote by 
S the thickness of the boundary layer and by k the curvature of P. 
If /cS and 8^dK/dx are small, h-^ and may be put equal to 1, exactly 
as for two-dimensional motion. But is equal to the distance from 
the axis of revolution. This distance we denote, in general, by r; for 
points on the surface of the body we denote it by Tq, Then if -& is 
the angle made by a tangent to a curve y = constant with the axis 
of revolution, dr dr I 

Yx "" ^ 

f Goldstein, Proc. <7am6. Phil, Soc. 26 (1930), 18, footnote. 
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is the same at points on the same normal for all such curves, and 
may be taken as the value for P (Fig. 42). 

I == 7^ = 0, and with the same approximations as in § 45 



The components of curl o) are then 


r dy 


K), 




0 . 


(25) 


(26) 



The first component is 


cosd du 


dy^ r dy' 

Now (GOSS') jr is less than I/Tq] and this is finite except at the front 
stagnation point. At the front stagnation point, where cosi9* and Tq 
both vanish, their quotient remains finite, and is, in fact, the curva- 
ture at the nose. Since 8u/dy is small compared with d^ujdy^, the 
second term in (27) may therefore be neglected compared with the 
first. 

The second component of curlco is 

d^u sin^ du 
dxdy r dy * 

Near the front stagnation point r may be 0(8), otherwise it is 0(1); 
whilst dujdy and d^ujdxdy are 0(8“^) (in the notation of § 44). Hence 
this component may be 0(8“^) near the front stagnation point; 
otherwise it is 0(8”^). 

Then, exactly as in § 44, 8 must be 0(vl), and we arrive finally at the 
equations ^ ^ ^ 


(28) 




1 

pdx ^ dy^ ^ 




(29) 


3837.8 
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and these equations are exactly the same as for two dimensions. But 
the equation of continuity is 

= (30) 

du ^ dv ^ u dr . V dr 

OT “4“ — “T 0 . p 

dx'dy^rdx r dy 


V is small compared with u, and the last term, which is equal to 
(t;cos^)/r, may be neglected. But the term {ujr){drjdx) cannot be 
neglected, so that the equation of continuity must be taken either 
in the form (30) or in the form 


du.dv u dr 
dx^ dy r dx 



(31) 


For a blunt-nosed body ujr remains finite at the front stagnation 
point and may be replaced hj u/rQ, whilst dr/dx may be replaced by 
drjdx. Hence also r may be replaced by in (30). f 
In one case, and in one case only, the equation of continuity is 
approximately the same as for two dimensions, namely, if r^ is constant 
so that dr^jdx is zero. Hence for flow along the surface of a circular 
cylinder with its generators parallel to the flow the equations may 
be put in the same form as for flow along a flat wall. This is easily 
verified directly from equations (38) and (41) of Chap. Ill (pp. 
103, 104). 

If instead of considering flow along a wall we consider flow in a 
jet or in the wake behind a body of revolution, the axis of revolution 
is in the fluid. The second term in (27) cannot then be neglected. In 
such cases, however, it is sufficient to use cylindrical polar coordi- 
nates, so that & = 0 and r = y; and we have the equations 


du du du 1 dp V d [ du 


Y^{ru)+-{rv) = 0, 


(32) 


as may easfly be verified directly fi:om equations (38) and (41) of 


f Cf. Boltze, Gottingen Dissertation, 1908; Millikan, Titans. Amer, Soc. Mechanical 
Engineers, Applied Mechanics Section, 54 (1932), 29, 30. 
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Chap. Ill, with the necessary changes in notation {u and x for w 
and z, and v for w). 


52. The momentum equation of the boundary layer. 

We assume that the boundary layer has a definite thickness S. 
Then, considering first two-dimen- 
sional flow, let BD be a section of 
its outer limit, AC being a section 
of the wall, and AB^ CD normals to 
the. wall. Let AC he of length do;, 
and consider a stratum of fluid of 
unit breadth perpendicular to the 
plane of the motion. Then the flux of fluid across CD per unit time 
exceeds that across AB by 



S 



and this must be the inward flux across BD, The fluid crossing BD 
has velocity in the a;-direction, and so the inward flux of momen- 
tum across BD is . 



But the flux of momentum across CD exceeds that across AB by 

•8 



0 


so that the net outward flux of momentum is 



The rate of change of momentum inside ACDB, considered as a 
fixed surface, is . 



0 


whilst the forces acting on the fluid in the a;-direction are the skin- 
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friction, —fj. dx{8uldy)y^o, and the difference of the pressures on AB 
and CD, — 8(Sp/Sa:) dx. Hencef 
s 8 8 

,dp 


0 0 0 


pu dy = — S 


dx 


'du 

Py. 




(33) 


This equation may also be obtained by integrating the equation of 
motion with respect to y between the limits 0 and S. Thus 


But 


dv 

dy 


du 
‘dx’ 
s 


and hence also (^) 2 /=S ~ J ^ 


It follows that 

/ (“£+''S) ‘‘0 - J l<“’> '**' / S 

0 0 

which is equivalent to 

S 8 

^ju‘dy-u,ljudy, 

0 0 

since the extra terms arising jfrom the variability of the upper limit 
with X cancel out. Equation (33) then follows. J 

Equation (33) may be put in a different form, which is more con- 
venient for some purposes. In place of yp{dujdy)y^^, which is the 
shearing stress at the wall, we write tq, so that 

» (34) 


Vn = U. 


^dx 


For steady flow along a flat plate in unlimited, fluid, or for any case 
of steady flow in which u-^ is independent of x, this equation reduces to 


d r 

■To = ^ J piUi—u)^ dy, (35) 

0 

and the difference in the values of the integral at any two sections 

t Karman, Zeitschr,f. angew, Math, u. Mech. 1 (1921), 235, 236. 
t Cf. Pohlhausen, ibid. 1 (1921), 256, 257. 
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represents the rate at which unit breadth of the fluid betw'een the 
two sections is losing momentum. We can now express the general 
equation (34) in terms of this integral and of the displacement 
thickness defined by 


u- 


8i = J {u^—u) dy, 


(36) 


as in equation (15). We first define a new length t? by the equation 


Then since 

as in equation (4), and 

.dp 


f {u^—u)udy = uld'. 

3 

(dui^ , duA 


dp 

dx 


s 

raw. 




J et 


dUi 

dx 


0 

J 'u -1 dy, 


we find that 
d 


(37) 


dx 


j„dy-pj ^ dp +pj?hdy+p?^ju,da 




so that 


pul 


d& 1 du-Xf^^ I s 1 ^ N 


dx 


dx 


(38) 


For laminar motion tq is pL{duldy)y^Q. With a general symbol for 
the shearing stress at the wall, the equation has also been used for 
turbulent motion. (See, for example, Chap. VIII, § 163.) 

Methods similar to those used in finding equation (33) may be 
used to find the momentum equation for the boundary layer at the 
surface of a solid of revolution. In the notation of § 51 this equation 
may be written 


8 8 8 
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which for a blunt-nosed body may be simplified tof 
S ■ 8 8 

0 0 0 

*-0 0 '^ 

This equation differs from (33) only by the term containing Tq/tq. 
It may also be found by integrating the equation of motion (29) with 
respect to y between the limits 0 and S, and using the equation of 
continuity in the form (31) with Tq in place of r. 

The equations (33) and (40), as they stand, can tell us nothing 
about the values of 8 or {dujdy)y^Q, or their variation with x. To 
obtain these values it is necessary to make some more or less plausible 
assumptions concerning the distribution of the velocity u, satisfying 
as many of the boundary conditions as is convenient. These boundary 
conditions are 


u = 

and u = 0, 


du 

8% 

d^u 

dy ~ 

dy^ ~ 

8y^ 

dhi 

1 dp 

If 


p dx' 

K 


dH __ d^u 
dy^ dtdy^ ’ 


at 1 / = 8, 
at y = 0, 


( 41 ) 


the last two conditions being obtained by putting ^ 0 in the equa- 

tion of motion (see (8) and (29)) and in the equation derived from 
it by differentiation with respect to y. Further conditions at ?/ = 0 
may be obtained by repeated differentiation with respect to y before 
making y vanish. Substitution in (33) or (40) then gives an equation 
which for steady motion is an ordinary differential equation, and 
for variable motion a partial differential equation, for 8 in terms 
of X and t. The boundary layer thickness 8 is itself a somewhat 
indefinite parameter, and the values so obtained vary rather wildly 
with varying assumptions about the form of u\ hence it is better 
to regard the method as a method of determining 8^ oid', or (duldy)y:^^. 
Details of the practical application of the method will be considered 
in §60. 

With the substitution of a general symbol for the shearing stress 
at the wall in place of ii{duldy)y^Q, the equation (40) also has been 
used for turbulent motion (see Chap. XI, § 226). 


t MiUikan, Trans. Amer. Soc. MechahiccH Engineers, Applied Mechanics Section, 
54 ( 1932 ), 31 , 32 . 
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53. The flow along a flat plate. 

The problem of determining, according to the boundary layer 
equations, the steady two-dimensional motion along a plate placed 
edgeways to the stream, was considered roughly by Prandtl in his 
original paper referred to on p. 1 17, and was investigated in detail by 
Blasius.f The fluid being supposed unlimited in extent, the velocity 
outside the boundary layer is taken as constant, and with the 
origin in the forward edge, the equations reduce to 


du , du d^u \ 

dx^ dy ay 2 ’ 

dih dtls 

u = V — 

dy dx 


(42) 


with the boundary conditions u = v = 0 at y = 0 , u at 

y = CO and at rr = 0 . If we put 

7j = i{ujvx)iy, ^ = (vu^x)if, (43) 

a solution may be found in which / is a function of rj only. We have 
u = i%/', V = \ 

dy 4 \vx) ’ dx 4^ x^^ ^ dy^ 8 \vxf ’ J 
and (42) reduces to (■^^) 


(Dashes denote differentiations with respect to 77 .) The boundary con- 
ditions are / = /'== 0 at 77 = 0 , and/' = 2 at 77 = 00 . If/"( 0 ) = a, 
the solution sof (45) may be expanded in a series 


9 7 a® 77 ^^ 


(46) 


in which the conditions at the origin are satisfied. If F[7]) is the 
solution when a = 1, then (46) may be written in the form 

f = a^FioL^T]). (47) 

Hence lim/' = hm F'{ol^7]) = lim .^'( 77 ), . (48) 

r}—>co 7}—i ^ 

and this must be 2 , so that 

_ ' 2 
ilim F'i-n) 

^TJ—^OC 

The equation may be integrated numerically to give Fy F\ and F'\ 
the integration being started from the origin and continued until 

t Zeitschr.f. Math, u. Physik, 56 (1908), 4-13. For experimental results see § 145. 
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F' is constant to a sufficient approximation. In this way it is 
found thatf ^ ^ 1.32824. (50) 

If (45) is now integrated numerically with, this value of a, f should 
tend to 2, and this provides a check on the accuracy of the work. 
A table of ujui, which is equal to , is given below. 

Table 3 


V 

ujui 

V 

ujUi 

V 

w/Wl 

V 

uJUi 

o 

0 

0*8 

0*5168 

1*6 

0*8761 

2*4 

0*9878 

0*1 

0*0664 

0*9 

0-5748 

1*7 

0*9018 

2*5 

0-9915 

0*2 

0*1328 

1*0 

0*6298 

1*8 

0*9233 

2*6 

0*9942 

0*3 

0*1989 

i*i 

0*6813 

1*9 

0-9411 

2*7 

0*9962 

0*4 

0*2647 

1*2 

0*7290 

2*0 

0*9555 

2*8 

0*9975 

0*5 

0*3298 

1*3 

0*7725 

2*1 

0*9670 

2*9 

0*9984 

0*6 

0*3938 

1*4 

0*8115 

2*2 

0*9759 

3*0 

0*9990 

0*7 

0*4563 

1*5 

0*8460 

2*3 

0*9827 




When 2/ == 0, dujdy is laui{ujvx)^, and the shearing stress at the wall 
is l<xpui{vujx)^. Hence, for both sides of a plate of length Z, the drag 
per unit breadth is 

i 

D = ^otpui J (vUilx)^ dx = oLpUiliuilIv)-"^, (51) 

0 

so that the drag coefficient is given by 

Cj) = Djilpvll) = = 2-656.ffi-^, (52) 

where B 

For the displacement thickness (equation (15)) we have the result 
00 00 
§1 = / dy = {vxluj)i j ( 2 -/') drj 

0 0 

= (2ij— /) = l-7208(i'a;/«i)*, (53) 

the numerical value being obtained from the numerical solution 

of (45). 

That a solution could be found in which ^ is a function oi yf^x 
only was noticed by Prandti. The argument given by Blasius to 
prove this may be summarized as follows: — ^We inquire what must 
be the relation between m and n if, when u == f{x, y) is a solution of 
(42), u = f[mx, ny) is also to be a solution. The equation of con- 

t This method of integration was jhrst given by Topfer, Zeitschr. f. Math. u. Physik, 
60 (1912), 397, 398. The numerical value is from Goldstein, Proc. Camh. Phil. Soc. 
26 '(1930), 19. See also Howarth, Proc. Poy. Soc. A, 164 (1938), 551. Another 
method of integration was given by Bairstow, Joum. Roy. Aero. Soc. 29 (1925), 
7-11. 
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tinuity shows that if v^{x,y) is the value of v in the first case, then 
its value in the second is {mln)v^{mx,ny). The first of equations 
(42) then shows that the required condition is ni = and the 
boundary conditions are also satisfied. It follows that there is a 
solution in which u is & function of yj^Jx only. This argument may 
be generalized to test whether, in more general circumstances, there 
is a solution of the form u = and to find the values of 

p and g. 

The substitutions (43) are also in accordance with the general 
theory of the boundary layer given in §46. For the motion at a 
distance x from the leading edge is unaffected by the state of affairs 
farther downstream, and in particular, therefore, cannot depend on 
the length of the plate. Hence as the 'representative length’ of the 
system we must take, not I, but x\ as the Eeynolds number of §46, 
not Uiljv, but u-^xjv. The substitutions (43) are then seen to be in 
accordance with the substitutions in (10). From this point of view 
it immediately appears that the solution cannot be expected to be a 
good approximation very near the leading edge, when x is very small; 
an examination of the solution verifies this, since there is a singu- 
larity at the leading edge, vlu and {duldx)l{duldy) being infinite there. 
Thus even for an unlimited fluid and an infinitely thin plate, some 
discrepancy from the actual state of affairs is to be expected very 
near the forward edge. (Actually in experiment a plate of finite 
thickness, usually sharpened at the forward edge, has to be used.) 
On the other hand, as x increases u^x/v increases, so we should ex- 
pect the solution to become a better and better approximation to the 
accurate solution of the full equations of motion as w^e go farther 
and farther downstream from the forward edge. (Actually if is 
too large the motion becomes turbulent. There is alw^ays a portion 
of the plate near the front where the motion in the boundary layer 
vis laminar; the position of transition to turbulence depends con- 
siderably on external circumstances, such as the degree of turbulence 
in the external flow.) 

Although a formula df the type (51), with a rough value (IT) of a, 
was given by Prandtl in 1904, and a corrected value by Blasius in 
1908, an independent investigation by Rayleigh in 191 l.f though 
much less exact, has considerable interest in that the analysis is 
simple and a similar method may perhaps be used with advantage 
t (6), 21 (1911), Scientific Papers, 6, 39, 40. 

T 


3837.8 
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in more complicated cases. If an infinite plane (infinite in both direc- 
tions) is initially at rest in a fluid and is then (at time t = 0) moved 
with a constant velocity % in its own plane, the velocity of the 
fluid is given, for positive values of y, by ‘ 



1— erf 


y 

2V(vi)J’ 


(54) 


X 

where erfrr = -j- 

Vtt 

0 

Hence the stress at the wall is 



(55) 



The supposition made by Rayleigh is that, for a fluid of small 
viscosity, this formula may be applied to the case previously under 
consideration on taking t equal to This leads to a formula of 
the type (51), but with a equal to 477“^, or 2-26. Lowf has given an 
argument to show that the true value must lie between 1/V2 and |- 
of this. 

It has previously been noted (p. 130) that the equations of flow in 
the boundary layer along a circular cylinder with its generators 
parallel to the stream are the same as for two-dimensional flow, so 
long as the thickness of the boundary layer is small compared with 
the radius of the cylinder. It follows that if a hollow cylinder 
(a tube), open at its ends, is placed in a stream with its axis parallel 
to the flow, then the velocity in the boundary layer should also be 
given by the table on p. 136; and the drag on a cylinder of length Z 
and radius Tq is 

D = h32Sp'iil{27TrQl)(uJlv)-K (57) 


so that the drag coefficient is given by 



D 

lpul{27Tr^l) 




(58) 


where B is exactly as in (52). There is, however, an important 
difference between the flows along a cylindrical and along a plane 
surface. In the latter case the approximation becomes better as x 
increases; in the former, since S/r^ is assumed small, this is not true. 
The approximation then holds, in fact, only if x is very small com- 
pared with a fraction (about l/20th or l/30th) of u^rllv, since 8^ will 
t Journ, Roy. Aero. Soc. 29 (1925), 16, 
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be about 20vxlu^, For the flow inside the tube the mathematical 
problem is, for longer tubes, the same as that of determining the 
flow in the inlet length of a circular pipe, which is considered in more 
detail in Chap. VII, § 139. 

Finally, it may be remarked that to solve the problem of flow 
along a flat plate from the transformed equation (19) we should take 
as independent variable, and zjul as dependent variable; 
and that this is practically equivalent to the usual text-book method 
of reducing by one the order of an equation such as (45) in which 
the independent variable does not occur explicitly, which is to take 
/ as the independent and f as the dependent variable. This relation 
is the usual one in cases in which the problem may be reduced to the 
solution of an ordinary differential equation. No advantage is gained 
for the numerical solution. 


54. Steady flow in the boundary layer along a cylinder near 
the forward stagnation point. Solution when = cx^\ 

Very near the forward stagnation point in two-dimensional flow 
past an obstacle the velocity, just outside the boundary layer is 
proportional to the distance x from that point, so that we may put 
where is a constant. The equations for steady motion 
in the boundary layer are 


du . du no , 


“=?> 

By 


V ^ — 



(59) 


with the boundary conditions u == -y — 0 at y = 0 , = 0 at a; = 0 , 

== at 2 / = 00 . These equations may be satisfied by taking 

ift = {V^i)*xf{7]), I 

where 77 = (j3i/v)^2/* ^ 

Then V = (^1) 

and the equation for / is 

/'2^j5r" = i-ff'. (62) 

The boundary conditions are /(O) = 0 , /'(O) = 0 , f'{co) ~ 1. The 
equation was given by Blasius,f and integrated numerically by 
Hiemenz.J The numerical integration has been repeated and 


t Zeitachr. f. Math u, Physih, 56 (1908), 13-17. 

i Gottingen Diaaeriation, 1911; DingleP a Polytech, Journal^ 326 (1911), 321-324. 
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improved by Howarthf and BickleyrJ the results will be given in 
Table 4 on p. 151 (where/ is denoted by/i). 

For the general calculation of steady flow in the boundary layer 
along the surface of a cylindrical obstacle in a stream, if can be 
expanded in a series of powers of x, a solution may be sought in which 
i/f is a series of powers of x whose coefficients are functions of y. Then 
the solution above will represent the first term of this series. The 
development of this method of calculation will be considered in 
§58. 

Meanwhile we may notice that the result obtained above as a 
solution of the approximate boundary layer equations is, as a matter 
of fact, a solution of the full equations of motion (1) if a; and y are 
Cartesian coordinates, so that the fluid is flowing along a plane 
surface.il For the solution makes d^ujdx^ vanish, so that the first 
equation is satisfied if 




(63) 

Since dvjdx is zero, the second equation of motion reduces to 



dv ^ 

^ 

By . pdy By^ 

(64) 

and so - 

P 

Bn 

= constant— — j 

By 

(65) 


together with the values of u and v in (61), satisfy the full equations 
of motion. Moreover u = v = 0 when y = 0. 

The solutions found in this and the preceding sections are special 
cases of a more general solution given by Falkner and Skanjlt in 
which is taken to be cx^, where c is a constant. With this value of 
u^, if we put 

where rj = = {uJvxY-y, 

the equation to be satisfied by /is 

= ^+r. (67) 

If m is 1, this equation is (62) above; if m is 0, it becomes the same 
as (45) if ^7] is taken as the independent variable instead of t;. 

t A,B.C. Eeports and Memoranda, No. 1632 (1935), 7-14. 

X Unpublished. 

j| ToUmien, Handhuch der Experimentalphysik, 4, part 1 (Leipzig, 1931), 255. 
tt A,R,C, Reports and Memoranda, No. 1314 (1930). See particularly pp. 1-8. 
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SOLUTION FOR = caj"* 

Since we must have and y ^oo, 

the boundary conditions for / are /(O) = 0, /'(O) = 0, /'(oo) = i. 
Moreover, u == cx'^fir}), and so u = 0 at a; == 0 if m > 0 . If m = 0 , 
then u = X 0, But if m <■. 0 , both u and are infinite at 
a: = 0 , so that the initial section must correspond to some finite 
value of X, and the value of u at that section must be determined 
a posteriori. To this extent the solution for negative m is artificial. 
If we put 


[|(m+l)]i,j = Y, 

[i(m+l)p/ = iP, 

^ m+V 

( 68 ) 

the equation for F is 




dy‘ 

'IdFY 

5 

(69) 

and the boundary conditions are 




s=<> 

, „ dF 

at 7 = 0 , — 

dY 

1 as F ->oc. 

(70) 


The equation in this form has been studied by Hartree.y If 
m > 0 , then ^ > 0 ; if — 1 < m < 0 , then j 8 < 0 . For positive values 
of j 8 the solution is unique; but for negative values this is not so, 
and the value of d^FjdY^ at the origin required to satisfy the condi- 
tion at infinity, when F and dFjdY vanish at the origin, is indeter- 
minate. There is, however, one value of d^FjdY^ at the origin which, 
as F ~>cp, makes dFjdY -> 1 from below more rapidly than with 
any other value. (It seems probable that this is the only value 
which makes dFjdY 1 exponentially, all other solutions being such 
that for large values of Y the difference 1— dFjdY is approximately 
equal to a multiple of a negative power of Y.) When jS is negative, 
it is the solution which makes dFjdY -> 1 as rapidly as possible when 
F 00 which has been computed. 

The solution was found numerically for jS = —0*1988, —0*19, 
_0d8, —0*16, -0*14, -0*10, 0, O-h 0 * 2 , 0-3, 0*4, 0*5, 0*6, 0 * 8 , 1*0, 
1-2, 1*6, 2*0, 2*4. Whenj3= —0*1988, m= — 0*0904, vanishes 

at the origin, so that dujdy vanishes when 2 / = 0 for all x. The 
solution then represents a flow taking place against a pressure 
gradient which is continually diminishing in such a way that separa- 
tion of the forward flow does not occur, though it would occur for 
any increase, however slight, in the adverse pressure gradient. 

t Proc. Camb. Phil. Soc. 33 (1937), 223-239. 
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Falkner and Skan made the general solution of (67) the basis of an 
approximate method of calculation with an arbitrarily given dis- 
tribution of velocity or pressure outside the boundary layer (see 
§64, pp. 17&-180). 

55. Steady flow in the boundary layer along a surface of 
revolution near the forward stagnation point. 

Very near the forward stagnation point in flow past a body of 
revolution the velocity, just outside the boundary layer may be 
put equal to where x is distance from the stagnation point along 
a meridian curve and is a constant. For a blunt-nosed body the 
distance, Tq, of a point on the surface of the body from the axis of 
revolution is, very near the stagnation point, equal to x. The 
approximate equation of continuity (equation (30) with Tq in place 
of r) is then satisfied, very near the stagnation point, by 


u.lf. 

X By 

IBds 



X Bx 

(71) 

The equation for steady motion in the boundary layer is 


Bu , Bu 

U—+V— = 

Bx By 


(■/•z) 

A solution is obtained by putting 



’n = 

II 

(73) 

so that % = 

and the equation for / is 


(74) 

ii 

1 

CM 

l+f". 

(75) 


Since u — v — 0 a:t y = 0 , u = ^^x Sit y — co, the boundary condi- 
tions Tor / are /(O) = 0,/'(0) = 0j'(co) =1. A table of values of/ 
has been obtained by Homannf by joining a solution of the differen- 
tial equation in ascending powers of rj to an asymptotic solution for 
large 77. 

For the general calculation of steady flow in a boundary layer along 
a surface of revolution, if is expanded in a series of powers of x b, 
solution may be sought in which the stream-function ^ is a series of 
powers of x whose coefficients are functions of y. The solution above 

t Zeitschr.f, angew. Math, u. Mech. 16 (1936), 153-164, especially 155-159. 
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will represent the first term of this series. In the further development 
of the method we should, however, have to write 


« = iM, 

^0 ^ 


Tq dx 


(76) 


in place of (71), and to expand in powers of a:. 

Just as for two-dimensional flow in the previous section, the 
solution obtained above as a solution of the approximate boundary 
layer equations is a solution of the full equations of motion if the 
surface is a plane surface at right angles to the direction of the inci- 
dent stream. The exact equations of motion are then equations (41) 
of Chap. Ill (p. 104) with r and z replaced by x and y respectively, 
w replaced by v, all quantities independent of and the v of the 
original equations equal to zero. The equations thus become 

Idu u \ d^u\ 


du , du 

U—+V— = 

dx 8y 
dv , dv 

U — +V— = 

dx dy 


pdx 


\dx^ ~^x dx x^'^ dy^ 


1 aj) (d^v , Idv , dh 


pdy 


+v 




X dx'^ dy^ 


(77) 


The equation of continuity (cf. equations (2) and (38) of Chap. 
Ill) becomes ^ o 

-W+-W-0, (78) 

and is satisfied exactly by the values of % and v derived above. 
Since d'^ujdx^ = 0 and x^’^dujdx == the first equation of motion 
is satisfied if 

Since dvjdx == 0, the second equation of motion is satisfied if 


Hence 


Bv ^ 1 dp d^v 

^dy^ pdy^^dy^' 


? = constant— 
P 


(80) 

(81) 


together with the values of u and v in (74), satisfy the full equations 
of motion. Moreover, 'z^ = 'y = 0at?/==0. 


56. Steady two-dimensional flow along a wall in a converging 
canal. 

To calculate the steady two-dimensional motion in the boundary 
layer along either of two non-parallel plane walls forming a converging 
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canal, we denote by x the distance from the line of intersection of 
the planes of the two walls, and we write 

% — —clx, (82) 

c being positive, since for converging flow the . velocity is in the 
direction of a; decreasing. Then the equations to be solved are 


d'ii, du 

'^dx dy x^ 
du dv __ ^ 
dx dy 

A solution may be obtained in whichf 
where 0 = yfx. 


(Aj 




and so v = O/jx. (85) 

The equation satisfied by / becomes, on substitution in (83) and 
multiplication by —x^, 

/^=c2-v/". (86) 

Multiply hjf and integrate. Then 

= (87) 

where A is a constant of integration. When u = dujdy — 0 . 
Hence/ = ~c and/' = 0 together, and A = f c^. Since is negative, 
' is negative and /' is negative. Hence 


If we put {2c—f)i — (3c)^ tanh 

(88) becomes — (c/2v)* dd, 

and since / = 0 when 8 = 0, the integral of (88) is 

where tanh^^ = so that jS = 1*146. This solution should be com- 
pared with the solution of the full equations in Chap. Ill, §42. To 
compare we must put u-^ = and write r for x and r for c, 

t Pohlhausen, Zeitschr.J. angew. Math. u. Mech. 1 (1921), 267, 268. 
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SO that H is cjv. Also a — ^ is here called 6, Hence (89) is the same 
as (63), Chap. Ill, p. 109. The altered meaning of c being remembered, 
(87) should be compared with (49), Chap. Ill, p. 106. 

57. The spread of a jet. 

As an example of the application of the approximations of the 
boundary layer theory to flow where no wall is present, we may set 
out calculations for the spread of a Jet when the motion is laminar. 
This example has been worked out by Schlichting, both for two- 
dimensional motion and for motion symmetrical about an axis.f 
(In practice the motion in such cases is usually turbulent: calculations 
for turbulent motion are discussed in Chap. XIII, § 255.) 

For the two-dimensional motion we may suppose that a jet of air 
flows through a narrow slit in a wall, and then mixes with the 
surrounding air. Our calculations will give the distribution of 
velocity across the jet at some distance from the slit. 

The axis of x is taken along the axis of the jet, and the axis of y 
perpendicular thereto, d^ujdx'^ is assumed small in comparison vdth 
d^ujdy^, and is neglected. The variation of pressure across the jet is 
neglected, so that, the fluid being unlimited laterally, the pressure is 
taken as constant everywhere. (These assumptions may be justified 
a posteriori.) The equations of motion then take the same form as in 
§53 (equations (42)), but the boundary conditions are = 0 when 
y = CO, and (on account of the symmetry of the jet) y = 0 and 
du/dy = 0 when y = 0. Further, the pressure being constant and 
the motion steady, the rate, M, at which momentum flows across a 

section of the jet niust be the same for aU sections, where 

00 

= 2p J dy. (90) 

0 

If we seek for a solution of the form ifj == we find that, 

in order that M may be constant and u dujdx of the same degree 
in X as d^ujdy'^, we must have p = h 5? = i-t make the 

breadth of the jet increase as x^, and the maximum velocity fall off 
as x^. We proceed to put 

t Zeitschr. f. angew. Math. u. Mech. 13 (1933), 260-263. For an experimental 
confirmation in the latter case see Andrade and Tsien, Proc. Phys. Soc. London^ 49 
(1937), 381-391. 

t The same results follow from taking ^ /('>?)* found that 

1 -\j nr' nni 


3837,8 


TJ 
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Then ~ 

and on substitution into (42) we iind the following equation for/: 

irm+f" = 0. (93) 

The boundary conditions require /(O) = 0, /"(O) = 0, and/'(co) = 0. 
Since / and/" vanish together, (93) may be immediately integrated 
to give //'+/" = 0. (94) 

If a is any constant and we write 

f = “’> = Si3- 

then r'+2FF' = 0, (96) 

where dashes now denote differentiations with respect to The 
boundary conditions require ^"(0) = 0, F"{0) = 0, F'{co) = 0, and 
since we have already introduced an arbitrary constant (a), we may 
take the solution for which ^'(0) = 1. Then 

F = tanh^ (97) 

satisfies all the required conditionsf and makes 

2a^ 

u = sech^^. 

a is determined in terms of M from (90), which reduces to 

= fsech«|d|=|a*. 

0 

Hence = — ±1, a = 0-82548(i¥/pv^)^ (98) 

16 pv^ 

and so, from (91), (92), (95), and (97), 

= l*6510(ilfvrt7p)^tanh|^, ^ 

u = 0*4543(Jlf^/pVa;)lsech2^, 

-y = 0-5503(ilfv/paj2)^(2^sech2^— tanh|), j 
where | = Q-2162{Mjpv^fyjx^, ] 

The approxinxations are seen to be adequate so long as Mxjpv^ is 
large. (There is a singularity at a; = 0.) ' 

t The solution in the text is due to Biekley, Phil. Mag. (7), 23 (1937), 7^7-731. 
Schlichting connected a series in ascending powers with an asymptotic solution, and 
obtained different numerical results. 
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The flux of mass, Q, across any section of the jet is given by 


QIp = 2 J udy = 2 J = 2[^]“ 


0 0 

= 3-501Q(MvxIp)K (100) 

In the case of fluid issuing from a small hole in a wall, when the 
motion is symmetrical about an axis, then, with the axis of x along 
the axis of the jet and with r denoting distance from that axis, as 
i before,, the equations of motion and continuity may be written 

(of. (32)), 8u 8u V dl du\ 

dx dr r dr\ drj 


u 


r dr^ 


1 dib 

V == — 

r dx 


( 101 ) 


with 


■M 


= 27Tp j uh dr^ 


(102) 


the assumptions and meanings of the symbols being the same as 
before. The boundary conditions are u~0 Sut r = co, v = 0 and 
Bujdr = 0 at r = 0. In addition M is constant. The solution may 
be obtained in the form 

ijl = vxg{-q), 'I 


where 



(103) 


This makes 


JlX 



The equation for g is 



(104) 


(105) 


and as boundary conditions we have that g^'(cc) = 0, w^hilst at 
'Ty = 0, g'jTj must stay finite and both g'—g/r] and 

must vanish. Hence g{0) = 0 and since 

g^'—g'lv gg'h both vanish at the origin, (105) may be immediately 

integrated in the form 

W'W'+W' = 0, (106) 
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The required solution is 

(107) 

where 

11 

(108) 

oi being an 

arbitrary constant. This makes 



2ofi 

“ ~ x{i+ier 

(109) 

so that 

M = 

(110) 

Hence 

mil \ 



j X (i+u^r ) 

(111) 

where 

> _ 

4:P\ 7Tp ) X 

(112) 


The approximations are adequate so long as Mjpv^ is large. 

The flux of mass, Q, across any section of the jet is given by 


00 

Qjp = 27r j ur dr = Sitvx, (113) 

0 

and is therefore independent of the flow of momentum in the jet, 
i.e, of the pressure under which the fluid forced through the 
opening in the wall. If this is large, the jet remains relatively narrow; 
if this is smaller, the jet broadens out more, setting more undisturbed 
fluid in motion, and in this case the effects just balance. 

Examples of the application of boundary layer theory to flow in 
wakes, where again no solid surfaces are immediately present, will 
be given in Chap. XIII. Turbulent flow both in wakes and in jets 
will also be considered. 

58. Approximate methods of calculating steady two-dimen- 
sional boundary layer flow. Expansion in series. 

We proceed to consider methods of general application for the 
calculation of steady two-dimensional flow in a boundary layer. 
Foundations for several of these methods have been laid in ^previous 
sections. 

The pressure, p, or the velocity, just outside the boundary 
layer is required as a datum for these calculations. In some cases 
(when there is no separation of the forward flow, or in flow past a 
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stream-line body when the wake is very narrow) it may be profitable 
to carry through the calculations with values or formulae for p or Ui 
derived from ideal fluid theory; but more generally the values must 
be obtained by experiment. We have therefore to contemplate 
calculations in which p and Ui are not given analytically, but by 
graphs or numerical tables of values. Even when analytical solutions 
for a-nd from ideal fluid theory are being used, the formulae w^ill 
almost always be so complicated as to necessitate recourse to the 
methods below^ 

In flow past a cylindrical obstacle fixed in a stream of fluid we 
measure x along the surface of the cylinder from the forward stagna- 
tion point. If can be expanded in a series of powers of x, or if a 
polynomial can be fitted to the experimental values for a range of 
values of x from x = 0, then the stream-function ifs may be expanded 
in a series of powers of x whose coefficients are functions of y, the 
normal distance from the surface of the cylinder. If the section of 
the cylinder is symmetrical about a line in the direction of the un- 
disturbed stream, the expansion of will contain only odd powers 
of and we shall have 


We then assume an expansion for 
where the jP’s are functions of y. With 

dif; 


u = ^ 
8y’ 


V = 


dx 


(lU) 

(115) 

(116) 


we then substitute in the equation of motion (equation (17)), and 
equate coefficients of the several powers of x on the two sides of the 
equation. In this way a series of ordinary differential equations for 
the F'& is obtained. The boundary conditions for the F's are 
similarly obtained from the conditions 'zt = ?; = 0 at == 0, ^ 
as ^ 00 . These boundary conditions are ^^,^(0) = 0, F^{0) = 0, 

F^{oo) = for ?^ == 1, 3, 5,..., dashes denoting differentiation with 
respect to y. Inspection of the differential equations and of the 
boundary conditions then shows that it is possible, by changing both 
the independent variable [y) and the dependent variables (the E’s), 
to transform the equations and boundary conditions into forms which 
are independent of the kinematic viscosity v and of the coefficients 
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jSi, jSg, etc., in the expansion of %, so that the solutions of these equa- 
tions may be applied to all cases. To reduce the equations to this 
non-dimensional form it is, however, necessary to express as the 
sum of two functions, F^ as the sum of three functions, F^ as the sum 
of five functions, and so on. In this way it is found that 

+ 8|^7S'7 + ^^^7 + ^^7j®’ + "-> (117) 

where the functions /i, /g, Ag,... are functions of 

^ = (118) 

and dashes denote differentiation with respect to rj. It follows that 

= (119) 

dy dri 

so that the skin-friction can be found as a multiple of dujdrj at ri — 0 . 
Its determination involves the knowledge of fi, fl, etc., at 77 = 0 . 
Separation of the forward flow will occur when dujdy] = 0 at 77 = 0 . 

Tables of/ 1 ,/ 3 , Ag, and £ 7 , and of their first two derivatives, are 
reproduced in Table 4 below. (/i is the same as the function / which 
satisfies the equation (62).) and have not been tabulated, and 
the tabulation of Icl^ determines the coefficient of in u only when 
7 S 5 and ^7 are zero. 

This series solution will always give reliable values of u and du\dy 
for sufficiently small values of x, but it must not be used for values of 
X large enough to make the neglected terms in the series of im- 
portance. For flow past a bluff obstacle, such as a circular cylinder, 
the pressure distribution is such that the method can be applied 
with success for a very considerable range of values of x, probably up 
to the point of separation. Thus Hiemenzf found that his experi- 
mentally obtained values of for a circular cylinder of diameter d 
equal to 9-74 cm. in a stream of velocity equal to 19-2 cm./sec. 
(the Reynolds number djv being 1*85 x 10 ^) could be represented 
sufficiently accurately by three terms of (114), with = 7T51, 
jSg = —0*04497, ^5 = —0*0003300, x being measured in cm.; and 
HowarthJ has shown that the values in Table 4 are sufficient to 

t OottingeT), Dissertation, 1911; Dingier" s Polytech, Journal, 326 (1911), 321-324. 

t A,B,C. Beports and Memoranda, No. 1632 (1935), 47, 
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determine that separation takes place between 81° and 83° from the 
forward stagnation point,| For less bluff obstacles, however, more 
terms in the expansion (or polynomial expression) for are required 
to proceed far from the forward stagnation point; for a stream*line 
body it is found to be impracticable to proceed far by this 
method, in spite of the fact that for any special case more terms in 
the series could be found by ad hoc integrations, since then Fg, 
Fii, and so on, could be found by solving one equation, instead of 
three, five, seven, and so on, respectively. 

If the section of the cylindrical obstacle is not symmetrical about 
a line in the direction of the undisturbed flow, the expression for 
in either direction along the surface from the forward stagnation 
point will be of the form 

% = . ( 120 ) 


The expansion for \jj will also involve both odd and even powers 
of x; if we proceed in a similar way as for the symmetrical case we 
find 


iSi 


A 




^ 2^3 


Pi 




( 121 ) 


where are functions ofr) = and dashes denote 

differentiation as before. is the same function as in equation (117) 
and Table 4. The functions f^, A 3 , and k^, and their first two 

derivatives, are tabulated in Table o.| 


■f The position of the point of separation, as determined both experimentally 
and by caleiilation by Hiemenz, was at 82° from the forward stagnation point. 
Hiemenz did not express non-dimensionally, but found it by an ad hoc integra- 
tion with his special values of v, jSj, jSa, jSj. The terms of (115) after the first three 
were neglected. 

i The method of expansion in series, for the symmetrical case only, was first 
used by Blasius, who reduced F^ and F^ to non-dimensional form, and foimd approxi- 
mate values of /i and /3 {Zeitschr.J. Math. u. Physik, 56 (1908), 13-19). The equations 
for and /g were integrated numerically by Bhemenz, loc. cit. The integra- 
tion was repeated and improved by Howarth, who also showed how Fg, F,, etc., 
could he reduced, to non-dimensional form, and considered the asymmetrical case 
{A.R.C. Reports and Memoranda, No. 1632 (1935)). Tables 4 and 5 are reproduced 
from Howarth’s report (which also contains a critical survey, with extensions, of the 
methods of calculation of steady boundary layer flow which had been proposed 
before 1934). In Table 4 the value of /f(0) is an improved value due to W. G. 
Bicldey (private communication), the error being not more than one unit in the 
eighth place ; and the values of fj, j{, // have been checked against Bickley’s 
table. 
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Table 5 


- v 

/a 

A 

/a 


A 

A 


K 

hi 


ki 

K 

0*0 

0*000 

0*000 

0*7982 

0*000 

0*000 

0*725 

0*00 

0*00 

0*166 

0*00 

0*00 

—0*019 

0*1 

0*004 

0*075 

0*699 

0*004 

0*068 

0*625 

0*00 

0*01 

0*12 

0*00 

o*op 

— 0*02 

0*2 

0*015 

0*140 

o*6o2 

0*01^ 

0*125 

0*529 

0*00 

0*02 

0*07 

0*00 

0*00 

— 0*02 

0*3 

0*032 

0*195 

0*509 

0*028 

0*174 

0*438 

0*01 

0*03 

+0*03 

0*00 

-0*01 

— 0*01 

0-4 

0*054 

0*242 

0*423 

0*048 

0*213 

0 * 35 ^ 

0*01 

0*03 

— 0*01 

0*00 

— 0*01 

— 0*01 

0*5 

0*080 

0*280 

0*344 

0*071 

0*245 

0*278 

O-OI 

0*03 

— 0*04 

0*00 

-0*01 

0*00 

0*6 

0*109 

0*311 

0*273 

0*096 

0*269 

0*211 

0*01 

0*02 

— 0*05 

0-00 

— 0*01 

0*00 

0-7 

0*142 

0*336 

0*210 

0*124 

0*287 

0*153 

0*02 

0*02 

-0*07 

— 0*01 

0*00 

+ 0*01 

0-8 

0*175 

0*353 

0*156 

0*154 

0*300 

0*104 

0-02 

+ 0*01 

— 0*07 

— 0*01 

0*00 

0*02 

0*9 

0*212 

0*367 

0T09 

0*184 

0*308 

0*063 

0*02 

0*00 

-0*07 

— 0*01 

0*00 

0*03 

1*0 

0*249 

0*375 

0*070 

0*215 

0*313 

0*029 

0*02 

-0*01 

— 0*07 

— 0*01 

0*00 

0*03 

i*l 

a*287 

0*381 

0*037 

0*246 

0*314 

+0*003 

0*02 

— 0*01 

— 0*06 

— 0*01 

0*00 

0*04 

1-2 

0*325 

0*384 

+0*012 

0*277 

0*313 

— 0*017 

0*01 

— 0*02 

— 0*05 

— 0*01 

+ 0*01 

0*04 

i ‘3 

0*363 

0*384 

—0*007 

0*309 

0*311 

—0*031 

0*01 

-0*02 

— 0*04 

0*00 

0*01 

0*04 

1-4 

0*402 

0*382 

—0*021 

0*340 

0*307 

—0*041 

0*01 

—0*03 

— 0*03 

0*00 

0*01 

0*04 

1*5 

0*440 

q 

00 

0 

-=X>*032 

0*370 

0*302 

—0*048 

+ 0*01 

— 0*03 

— 0*02 

0*00 

0*02 

0*03 

1*6 

0*477 

0*377 

-0*039 

0*400 

0*298 

—0*031 

0*00 

—0*03 

0*00 

0*00 

0*02 

0*03 

1*7 

0*515 

0*373 

—0*042 

0*429 

0*293 

—0*052 

0*00 

— 0*03 

0*00 

0*00 

0*02 

0*02 

1*8 

0*552 

0*368 

- 0*043 

0*458 

0*288 

—0*051 

0*00 

-0*03 

+ 0*01 

+ 0*01 

0*03 

0*01 

1-9 

0*588 

0*364 

- 0*043 

0*487 

0*28^ 

—0*048 

-0*01 

— 0*03 

0*02 

0*01 

0*03 

+ 0*01 

2*0 

0*625 

0*361 

— 0*041 

0*515 

0*278 

—0*045 

-0*01 

— 0*03 

0*03 

0*01 

0*03 

0*00 

2*1 

o*66i 

0*357 

— 0*038 

0*543 

0*273 

—0*040 

— 0*01 

-0*02 

0*03 i 

0*02 ' 

' 0*03 j 

— 0*01 

2*2 

0*696 

0*353 

-0*034 

0*570 

0*269 

—0*036 

— 0*01 

— 0*02 

0*03 1 

0*02 i 

0*03 1 

— 0*01 

2*3 

0*731 

0*350 

— 0*030 

0*597 

0*266 

— 0*032 

-0*01 

— 0*02 

0*03 i 

0*02 ' 

0*02 ' 

— 0*02 

2*4 

0*766 

0*346 

— 0*026 

0*623 

0*263 

—0*028 

-0*01 

— 0*02 

0*04 i 

0*02 

1 0*02 ; 

-0*02 

2*5 

0*801 

0*344 

— 0*022 

0*649 

0*259 

—0*023 

— 0*02 

— 0*01 

0*03 

0*03 

1 0*02 ■ 

— 0*03 

2*6 

0*835 

0*342 

— 0*019 

0*676 

0*258 

—0*020 

-0*02 

-0*01 

0*03 

i 0*03 

I 0*02 

; —0*03 

2*7 

0*870 

0*340 

— 0*016 

0*701 

0*257 

— 0*017 

— 0*02 

— 0*01 

0*02 

0*03 

i 0*02 ; 

1 —0*63 

2*8 

0*904 

0*338 

-0*014 

0*726 

0*256 

—0*013 

— 0*02 

— 0*01 

0*02 

0*03 

0*01 

: —0*02 

2*9 

0*938 

0*337 

— 0*011 

0*751 

0*254 

—0*011 

— 0*02 

0*00 

0*02 

1 0‘03 

i 0*01 

; —0*02 

3-0 

0*972 

0*336 

— 0*009 

0*777 

0*253 

—0*010 

— 0*02 

0*00 

0*02 

0*03 

! 0*00 

— 0*01 

3*1 ! 

I *006 

0*335 

— 0*007 

0*802 

0*252 1 

—0*008 

— 0*02 i 

0*00 

1 0*02 

0*03 

i 0*00 

0*00 

3*2 

1*040 

0*335 

— o*oo6 

0*828 

0*251 

—0*007 

— 0*02 

0*00 

0*01 

j 0*03 

0*00 

1 0*00 

3*3 

1*073 

0*335 

— 0*005 

0*853 

0*251 

-0*005 

— 0*02 

0*00 

1 0*01 

! o'oz 

1 0*00 

1 0*00 

3*4 

1*106 

0*334 

— 0*003 

0*879 

0*251 

— 0*004 

— 0*02 

0*00 

; 0*00 

0*03 

0*00 

0*00 

3*5 

1*139 

0-334 

— 0*003 

0*904 

0*250 

— 0*003 

— 0*02 j 

0*00 

0*00 

0*03 

0*00 

1 0*00 

3*6 

1*172 

0*334 

— 0*002 

0*929 

0*250 

— 0*002 

—0*02 

0*00 

0*00 

0*03 

0*00 

0*00 

3*7 

1*205 

0*334 

— 0*001 

0*954 

0*250 

— 0-002 

— 0*02 

0*00 

0*00 

0*03 

0*00 

0*00 

3-8 

1*238 

0*333 

— 0*001 

0*979 

0*250 

-0*001 

— 0*02 

0*00 

0*00 

! 0*03 

0*00 

0*00 

3*9 

1*271 

0*333 

— 0*001 

1 *004 

0*250 

— 0*001 

— 0*02 

0*00 

0*00 

i 0'03 

0*00 

' 0*00 

4*0 

1*304 

0*333 

— 0*001 

I *029 

0*250 

-0*001 

— 0*02 

0*00 

0*00 

i 0*03 

0*00 

0*00 

4*1 

1*337 

0*333 

0*000 

1*054 

0*250 

0*000 

-0*02 

0*00 

0*00 , 

! 0*03 

0*00 

1 0*00 

4*2 

1*370 

0*333 

0*000 










4*3 

1*403 

I 0*333 

0*000 











59. Approximate methods of calculating steady two-dimensional 
boundary layer flow. Step-by-step methods. 

Several methods of step-by-step calculation (i.e. of proceeding from 'the 
values of u for one value of x to the values for a slightly larger x) have been 
suggested. In the first place, the velocity distribution at the initial section 
may be supposed expressed as a power series in y, which, since u ^ 0 when 
2/ = 0, will begin with a multiple of y. To reduce the calculations to non- 
dimensional form, all lengths are expressed as multiples of a characteristic 
length d, all velocities as multiples of a characteristic velocity and the 
pressure as a multiple of pu^, Distances and velocity components normal to 
the wall are then multiplied by B- (where B = u^dlv) as in § 46, equation (10). 
If the ^velocity at the initial section is given by 

u = aiy+ag— + a3^ -f- ...» (1^2) 


a837.8 
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and the pressure gradient by 


Tro-T-TTiaj-f-..., 


(123) 


where x is measured from the initial section, the solution has a singularity at 
X = 0 unless the coefficients satisfy the conditions 


a2-r'37'o = 0, 0:3 = 0, 0:3-1-20:1^1 = 0, 0:3 = 27ro7ri,.... (124) 

If we write i = rj = (125) 

then the stream-function may be expanded in a series 

= (126) 
fa is ^ai7]^;fi can be expressed in finite form in terms of the incomplete gamma 
function; and the function /g has been determined by expansion in series, 
numerical integration, and asymptotic expansion.! For large values of yj 
( 126) is xmsuitabie on account of the rapid increase of fr with r; a solution, valid 
for large rj, can be found in the form 




tiMy) I 
s 41 


(127) 


and from the determination of/0,/1,/2 it is possible to determine ipQ, ^3, 

The form of the solution for any power-series expansion of the initial values 
of u is thus foimd; the solution is useful in determining the nature of the 
singularity and allowing a short step to be taken from the value of x at which 
it occurs; but the convergence is poor, and only a very short step can be 
taken. 

The solution will be invalidated by the singularity at the initial section 
X = 0, but will be valid a short distance from the initial section (the distance 
reqmred being smaller the greater the speed or the smaller the kinematic 
viscosity), as in the simpler solution of § 53. 


If the coefficients in the expansion of u at the initial section satisfy (124), so 

^ y ~77o ^ 4- 0 : 4 - 2a:x77i -f 2770 771 1^ + CX 7 ( 128 ) 


a solution free from singularities may be obtained. In particular,! 



y=0 


, OCa 

ai-h-x- 

ai 


0 - 1 0:74-0.2 

4«f ^ 


(129) 


so that if the expansion of in the form (128) is known for any section, the 
skin -friction for a short distance downstream can be found by multiplying 
(129) by the viscosity fx. 

Alternative step-by-step methods are provided by equations (19) and (22). 
In equation (19) z, equal to u^—u^, where is the velocity just outside the 


^ t Goldstein, Proc. Camb. Phil. Soc. 26 (1930), 1-18. The form of the solu- 
tion, if the expansion of u at the initial section begins with a constant term, 

{u = ao-fai2/ -r ...)» with a multiple of = ag— + -f ...j, is also considered 

in the paper cited. In the former case a previously disturbed stream flows along a 
^lid surface vdth a leading edge, such as the fiat plate of § 53 ; in the latter case the 
initial section is taken at a position of separation of the forward flow. 

! Goldstein, op. cit., p. 4. 
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boundary layer, is expressed as a function of x and the stream-function ifs ; 
and from the value of Bzjdx given by (19) it follows that 

z{x -\- = vAx{ul(x)—z{x,ils)}- ’^z(x,iIj), (130) 

approximately. If z is known as a function of ifs for any value of the \'alues 
at x-T Ax may theoretically be found by this formula; but the numerical double 
differentiation on the right presents difficulties because of the inaccuracy 
involved in the process. This difficulty can be avoided by taking the value 
of the right-hand side at rr+Aa? instead of at x, when (130) becomes a non- 
linear second-order differential equation for z(x-\-Ax^\Ij), It is considerably 
easier, and probably not less accurate, to change x into x-tAx only in c^zlcifj^ 
on the right-hand side, and to leave the expression in brackets unaltered. The 
equation to be solved for z(x-\-Ax,\ls) is then the linear equation 


z(x-^Ax, ijj)—z(x, \p) 


vAx{u\{x) — z{x, tp )}^ -rji z{x-{- Ax, p), 

CljS 


the boxmdary conditions being z{x-rAx,ifj) = 0 when p = oo and 
z{x-\-Ax,ifs) = ui when ^ = 0 . ^ 

The difficulty connected with the fact that the equation has a singular point 
at = 0 can be overcome by using the methods outlined above for an initial 
velocity distribution given by either (122) or (128). Corresponding values of 
i[f, z (equal to and dz/dip (equal to ~-2duldy) in the neighbourhood of 

^ = 0 at x-\-Ax may thus be found. The method has been employed by 
Luckertt to calculate the velocity distribution in the wake downstream from 
the rear edge of a plate of finite length and at zero incidence: in this case, since 
u does not vanish along the middle line of the wake, the difficulty of the 
singularity at ?/f = 0 does not enter. 

When z, and therefore u, has been found as a function of x and ip in this way^, 
it is necessary, in order to express u as a> function of x and y, to connect ip and 
y by the relation 0 

»-/?• 


the lower limit of the integral being zero since y and j/r vanish together. 

It is doubtful whether the actual numerical work involved in using (19) in 
this way is not greater than that involved in working direct from ( 22 ), although 
the theory of the method of using (19) may be expressed more neatly than that 
of using (22). One method of using ( 22 ) is first to find w, Bu/dy, and B^ujBy^ at 
y — 0 at cc-f Aa: by considering the initial velocity' distributions to be given by 
either ( 122 ) or (128) above; and to find values of B^ujBy^ at x-\- Ax for various 
values of y by extrapolation of the values upstream, and hence Bu/By and u 
at a; + Aa; by integration. These extrapolated values can then be used in ( 22 ) 
3 

to find —u{x+Ax, y). The extrapolated values of BhijBy^ are then varied until 

OX 

u(x~{-Ax,y)—u{x,y) = Ax-;^u(x-i-Ax,y). (133) 

ox 

t Berlin Dissertation (1933). (See also Chap, XIII, §248.) An account of the 
method is given by Howarth A.R.C, Beporis and Memoranda, No. 1^32 (1935), 33-36. 
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The terms of these equations are sensitive to small variations in the extra- 
polated values of d^ujdy^^ and the required correction can usually be found at 
the first or second trial. The extrapolated values are corrected in steps for 
2/ ( 2 / = €, y = 2€, 2/ == -Se, and so on, where € is suitably chosen) in order.f 
It may be added that the step-by-step method of solving partial differential 
equations, together with the method of correcting for the finite length of each 
step, which has been used by Hartree,J may be applied to the equations of 
steady boundary layer motion; and the integrations may be performed on an 
integrating machine of Bush’s t 3 q)e (a machine specially devised for obtaining 
solutions of differential equations). 


60. Approximate methods of calculating steady two-dimen- 
sional boundary layer flow. Application of the momentum 
equation. 


The method of using the momentum equation (33) or (38) has been 
described on p. 134. The boundary conditions (41) are (for steady 
flow) satisfied by 


where 

if 


where 


= /(•>?). I 

1 = yl^> j 

/(O) = 0, /"(O) = -A, /'"(O) = 0,... I 

4 — dp ^ 

V0U1 dx V dx 


(134) 

(135) 

(136) 


The skin-friction, tq, displacement thickness, 8^ (equation (36)), and 
momentum tliickness, & (equation (37)), are then given by 


^0 

pul 



8i = Sj(l-/)rf^, 
0 
1 



(137) 


If the pressure gradient is zero {dpjda^ = 0 , du-^Jdx = 0 ), then 
A = 0 and / depends only on 77 . The momentum equation (38) 
becomes ,0 

tq av' 

pu^ dx^ 


( 138 ) 


t Howartb, op dt., pp. 27-33, 

t Hartree and Womersley, Froc. Roy. Soc. A, 161 (1937), 353-366. 
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or 


0 


If 8 == 0 when x — 0, the integral of this equation is 
2v 




( 139 ) 


(140) 


Hence by assuming various forms for / consistent with (135), we 
have from (140) and (137) approximate values of S, tq, S^, and ^ for 
the flow along a flat plate at zero incidence, x being measured from 
the leading edge. An accurate solution of the boundary layer equa- 
tions for this motion was obtained in § 53. 

Following Pohlhausen,f we may take / to be a polynomial of 
degree one, two, three or four respectively. A polynomial of degree 
one can be taken to satisfy the conditions /(I) = 1, /(O) = 0 only; 
for a polynomial of degree two w^e may also impose the condition 
J'(l) = 0; and as the degree increases we may impose the additional 
conditions f"(0) = 0, f"{l) = 0 in turn. Another form for / has 
been suggested by Lamb,J who takes/ = sin hTrrj. This form satisfies 
the conditions /(I) = 1, /(O) = 0, /'(I) = 0, f\0) = 0. 

Whatever the form assumed for /, 



are numerical constants: the values of the first three, with the forms 
assumed for/, are shown below. It foUow^s from (138) that 

d'iujvx)^ = 2{rQlpul){u^xlv)^. (141) 


/ 

pll^\ V 1 



T? . . . 

0*289 

3-46 

1-73 

217 - 1 ?^ 

0*365 

S '48 

1*83 

h-iv^ 

0*323 1 

4-64 

1*74 

21? — .... 

0*343 

3-83 

1*75 

sin ..... 

0*328 

4-79 

1*74 

Exact solution .... 

0*.?.'^2 


1*72 


The polynomials of degree three and four, and the trigonometric 
form, give good approximations to tq, the errors being 2*7 per cent., 

t Zeitachr.f. angew. Math. u. Mech. 1 (1921), 257-261. 

{ Hydrodynamics (Cambridge, 1932), p. 686. 
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3-3 per cent., 1-2 per cent, re'spectively.f The values of are also 
satisfactory. No definite value of 8 is given by the exact solution, 
and the values from the approximate solutions change considerably 
with the form assumed for /. In the approximate solution 8 is to be 
regarded as a convenient parameter rather than as a dependent 



0 0*5 1-0 


Fig. 44. 

variable whose value is sought, the quantities regarded as being 
obtained from the approximate solution being Tq, 8^ and ??. The 
value of 8 will be significant only as regards order of magnitude. 

For the approximate solution of more general problems it has been 
usual to take / as a polynomial of degree four, since for zero pressure 
gradient it w^as found that no accuracy w^as gained by considering a 
polynomial of higher degree. With the boundary conditions /(I) = 1, 
/(O) = 0, f (1) = 0, f"{0) = -A, /"(I) = 0, where A is the non- 
dimensional parameter defined in (136), we find that 

= F{7])+AG{rj), (142) 

where F{7j) = 27]—27}^+7f*, G(ri) = ^17(1 — tj)®. (143) 

(See Figs. 44 and 45.) 

t W. G. L. Sutton {Phil. Mag. (7), 23 (1937), 1146--1152) uses, in addition to the 
momentum equation, the integral relation obtained by multiplying the equation of 
motion by u and then integrating across the boundary layer. For zero pressure 
gradient, with a polynomial of degree four for uju^, the condition d^uldy^ = 0 at 
y = 0 is abandoned: so another parameter, in addition to 8, must be introduced, and 
both parameters are found by the use of the two integral relations. The resulting 
velocity distribution (/ ^ 1~(1— y)®— 1*143 ij(1—t 7)3) is close to the exact solution, 
8 is 5‘603(vj;/%)i and r^KpuD is 0'S3l4:{ujxlv)~~K 
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Thus, according to the approximations of this method, the velocit\^ 
distributions across sections of the boundary layer, when expressed 
non-dimensionally, are all represented by a one-parameter family of 
curves. Moreover, the velocity distribution at any section depends 
on the velocity gradient just outside the boundary la 3 ^er at that 
section only, being affected by the state of affairs upstream only in 
so far as this affects S. 



Fig. 45. 


It follows from (137) and (142) that 


pvl 



§1 


120 


(36-A), 



14:4:)' 


(144) 


Separation of the forward flow occurs when tq vanishes and changes 
sign. The value of A at the position of separation is therefore —12. 

By substitution into the momentum equation (33) or (38) we 
finally arrive at the equation 

Z' = ^-^ + Zh,^h{A), (145) 

Ui 

-where dashes denote differentiation with respect to x, 

Z = S2/v = Ajui, 


(146) 
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and 

?{A) 

A(A) 

The functions g'(A) 


_ 15120-2784A+79AHiA® 
{12-A){37+iA) ’ 

8+iA . 

(12-A)(37+iA)‘ 
and Ji{A) are tabulated below, f 


Table 6 


(147) 


A 

ff(A) 

*(A) 

12*0 

00 

00 

11*0 

—62*20 

0 ' 439 S 

lO-O 

i -27*25 

0*2133 

9*0 

1 -13*88 

0*1375 

8*0 

- S-8o 

0*0994 

7-8 

i - 4-46 

0*0939 

7*6 

j — 3*20 

0*0889 

7*4 

1 - 1 - 99 . 

0*0843 

7*2 

— 0-831 

0*0801 

7-052 

0*00 

0*0772 

6-8 

+ 1-37 

0*0727 

6-6 

2*43 

0*0693 

6.4 

3-46 

0*0662 

6*2 

4-47 

0*0633 

6*0 

S- 4 S 

0*0606 

5*0 

10*19 

0*0492 

4*0 

1 14-76 

0*0404 

3*0 

1 19*40 

0*0334 

2*0 

1 24*00 

0*0275 

-r I’O 

28*88 

0*0225 

0*0 

34-05 

0*0180 

— 1*0 

39*61 

0*0140 

— 2*0 

45-66 

0*0102 

— 3-0 

. 52-33 

0*0065 

- 4*0 

59-77 

+ 0*0029 

- 5*0 

68*17 

— 0*00074 

— 6*0 I 

77*81 

— 0*0045 

- 7*0 

88*95 

— 0*0085 

- 8*0 

102*28 

-0*0131 

- 9*0 

118*36 

— 0*0183 

— 10*0 

138*31 

— 0*0244 

— Il-o 

163*88 

-0*0319 

— 12*0 

198*00 

— 0*0417 


For flow in a boundary layer at the surface of a cylindrical obstacle 
in a stream, % vanishes at the forward stagnation point ; and since 

t Equation ( 145 ) may also be expressed as an equation for A: 

iV = ^?(A) + ^{A=A(A)+A}. 

At the pressure minimum in flow past an obstacle ™ OandA = 0, and this equation 

has a singular point. 



IV. 60] 


MOMENTUM EQUATION; CYLINDER 


161 


Z must remain finite, g^(A) must vanisli there. The zeros of ^(A) are 
7-052, 17*75, and —70. Since and therefore A, is positive, the 
negative zero is irrelevant. It appears that the relevant zero is 7*052. 
If A were equal to 17*75 at the forward stagnation point, it would 
always pass through the value 12, where the denominator of ^(A) or 
A(A) vanishes and Z becomes infinite, before the position of minimum 
velocity {u[ = 0, A = 0) is reached. 

Moreover, x being measured from the forward stagnation point, 
the value of Z' at a; = 0 is given by 

= Um f + ZhiyhiA) 

ic— >0 1_ 

L % 

= \im\g’{A.){z'+A^\+%Kk{K)\ 

L I % J % J 

whence Z' = -5-Z9lui/u{^ (148) 

at the forward stagnation point. This value is required for the 
numerical or graphical integration of (145). A (and therefore Z) and 
Z' being known at rc — 0, (145) can now be integrated numerically 
or graphically for any special case.f 

Even with the value 7*052 for A at the forward stagnation point, 
A may become equal to 12. In such a case the method ceases to give 
results, and a modified method must be applied over a range of values 
of X commencing before the point where A becomes equal to 12. One 
such modification has been described by Dry den. J For details refer- 
ence may be made to the original paper or to Howarth’s report 
{op. cit.). 

Pohlhausen applied his approximate method to Hiemenz's values 
of for a circular cylinder, as given by the formula (114) and the 
values of ^3, on p. 150, and found separation at 82° from the 
forward stagnation point. To the nearest degree this is the same 
value as Hiemenz found by the method of series: in fact, the differ- 
ence between the two results for the position of separation is only 
26'. It is to be remarked, however, that, according to the curves 

t The method is due to Pohlhausen, Zeitschr.f. angew. Math. u. Mech. 1 (1921), 
261-263. It is -further considered and systematized in Howarth’s report {A.R.C. 
Reports and Memoranda, No. 1632 (1935), 14-22), from which Table 6 is reproduced. 

(A) and h{A.) are denoted by /(A) and gr(A) respectively in that report. 

+ N.A.C.A. Report No. 497 (1934). 

3837.8 
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of u[ui at various sections drawn by Howarth in his report {op, cit.), 
the velocity distributions given by this approximate method begin 
to depart quite substantially from the more accurate ones given by 
the method of series at about the pressure minimum, and depart 
more and more as the position of separation is approached. More- 
over, the pressure minimum occurs about 70° from the forward 
stagnation point, and there is only about 12° before the position of 
separation is reached. Consequently this example is not a satis- 
factory test of the present approximate method even as regards 
locating the position of separation. A much more severe test was 
applied by Sehubauer,f who measured the pressure distribution at 
an elliptic cylinder of fineness ratio 2*96:1, with its major axis in 
the direction of the undisturbed stream, and applied Pohlhausen’s 
method to the observed pressure distribution. The distance from the 
forward stagnation point being expressed as a multiple x of the minor 
axis of the ellipse, the pressure minimum is at a; — 1*30. Separation 
was observed at x = 1*99, whilst the calculations by Pohlhausen’s 
method indicated no separation at all. The velocity distributions 
given by Pohlhausen’s method agreed fairly well with experiment 
over about five-sevenths of the way between the pressure minimum 
and the observed point of separation, but thereafter diverged more 
and more. It must be added that in order to prevent a transition to 
turbulence in the boundary layer before the point of separation the 
Reynolds number of Schubauer’s experiment was rather low; the 
boundary layer thickness was therefore fairly large, and the pressure 
gradient across the layer (needed to balance the centrifugal force) 
produced an appreciable pressure drop between the outside of the 
layer and the surface. Since this drop varied round the surface, 
a fundamental assumption of the boundary layer theory was to this 
extent violated, so that some discrepancy is to be expected between 
the experimental results and even an accurate solution of the 
boundary layer equations.^ However, the comparison of observed 
values with those calculated by Pohlhausen’s method leaves no doubt 
that that method is inadequate in a region of retarded flow, giving 
values of the skin-friction which are systematically too high, and 
consequently the calculated separation occurs either too late or not 
at all. 

t N .A.C.A. Iteport No. 527 (1935). 

t Howarth, Proc. Boy, Soc, A, 164 (1938), 575, 576. 
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It appears that the use of the momentum equation in the manner 
considered in this paragraph, which has the great merit of being 
comparatively easy, may he expected to give fairly satisfactory 
results in a region where the flow just outside the boundary layer is 
being accelerated. But in a region of retarded flow the results will 
get less and less reliable as the point of separation is approached; 
and the position of that point will not be obtained with anything 
approaching sufficient accuracy unless it occurs very shortly after 
the pressure minimum. 

It remains to add that the momentum equation has been applied 
by ToUmienp to a case of variable flow (development of the boundary 
layer in flow past a rotating cylinder, when the motion is started 
from rest). 


61. Application of the momentum equation for steady flow 
in the boundary layer at the surface of a solid of revolu- 
tion. 

The momentum equation for flow in a boundary layer at the surface 
of a solid of revolution with its axis in the direction of the undisturbed 
stream was given in equation (40), and it was remarked that it 
differed from the equation (33) for two-dimensional flow only by a 
term , r- s S 


r, 


OL 


u- 


j pud^ — I* pu^ dy 


where is the distance of a point on the surface of the body from the 
axis of revolution, and the dash indicates differentiation with respect 
to X, which is measured from the forward stagnation point along a 
meridian curve. If d' is formally defined as in equation (37), this 
extra term is {rQlrQ)(pul&), so that the equation (38) may still formally 
be apphed if r^d'lvQ is added to the right-hand side. Moreover, the 
boundary conditions to be applied to u are the same as in the 
two-dimensional case, so that if ^ is represented by a polynomial 
of the fourth degree, the equations (142), (143), and (144) will stiU 
apply. The value of A at the position of separation is again —12. 
On account of the extra term (145) is replaced by 

Z' = (149) 

Ui Tq % 


Gottingen Disseriationt 1924. 
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where gr(A) and i^(A) are the same functions as before, and 


h%\) 

and is tabulated below. 


888A-8A2-IA3 

(12~A)(37+f|A) 


Table 7 


(150) 


A 

h *( A ) 

5*0 

12*46 

4*71601 

11*50 

4*5 

10*805 

4*0 

9*294 

3*0 

6*601 

2*0 

4*220 

-f 1*0 

+ 2-045 , 

0*0 

0*000 

— I-O 

- 1*972 

— 2*0 

- 3*919 

~ 3*0 

- 5*883 

- 4*0 

- 7*907 

- 5*0 

" -10*037 

~ 6*0 

- 12*33 

- 7*0 

— 14*84 

- 8*0 

-17*68 

- 9-0 

—20*96 

— 10*0 

-24-87 

— ■ 11*0 

—29*72 

— 12*0 

— 36*00 


At the forward stagnation point and Tq vanish. For a blunt- 
nosed body Tq is equal to 1 (cf. eq. (24)), and uJtq stays finite and is 
equal in the limit, w^hen u-^ and both tend to zero, to u{. Hence 
Tq 1 ; and in order that Z' may stay finite, ^(A)— A*(A) = 0 

at the forward stagnation point. This cubic equation has one 
negative root, 'which is irrelevant since A must be positive, and twg 
positive roots, 4-71601 and 21-14, of which the smaller is selected for 
the same reason as in the case of two-dimensional flow. The limiting 
value o^ Z' Bit X = 0 is found as before, and is --3-420ui/'^i^- 
a given function of x, the equation (149) may now be integrated 
numerically or graphically for any special case.f 


62. Approximate methods of calculating steady two-dimen- 
sional boundary layer flow. Outer and inner approximate 
solutions. 

For flow in a region where the pressure gradient is adverse an 
application of the momentum equation gives unreliable results, 

t Tomotika, A.R,C. Reports and Memoranda, No. 1678 (1936). A parabolic 
velocity distribution was assumed by C. B. Millikan, Trans, Amer, Soc, Mechanical 
EngiT%€ers, Applied Mechanics Section, 54 (1932), 29-34. 
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especially as the position of separation is approached; for a stream- 
line body the pressure distribution is such that the method of 
expansion in series is unusable; whilst step-by-step methods have, 
up to the present time, been found too laborious. Two other 
methods have been suggested for use especially in a region of re- 
tarded flow. 

When the pressure gradient is adverse the graph oi u against y has 
a point of inflexion, and in a method suggested by Karman and 
Millikanf two different approximate solutions are found, one of 
which^ — the 'outer’ solution — ^is applied in the region from the point 
of inflexion to the outside of the boundary layer; and the other — 
the 'inner’ solution — ^in the region between the wall and the point 
of inflexion. At the pressure minimum the point of inflexion is at 
the wall (cf. eq. (16)), and it moves out from the wall farther down- 
stream. The inner solution therefore applies only in the region of 
retarded flow; in the region of accelerated flow the outer solution 
must be applied all the way to the wall. 

The outer solution is obtained by approximating to the equation of 


steady motion in the form (19), namely, 



dz dH 

(151) 


8x ~ 

wherej 

II 

1 

(152) 

Since 

d^u ^ dH 

(153) 

the point of inflexion is 

given by dhjdijj^ ~ 0. 

In place of x the 

variable 0, defined by 

X 



II ' 

(154) 


0 


is introduced, and from the given pressure or velocity distribution 
outside the boundary layer must be found as a function of 
Equation (151) takes the form 



The boundary conditions for z are z = at ^ = 0, 2 ; -> 0 when 
t N.A.C.A. Report No. 504 (1934). 

t Karman and Millikan use z to denote «*)• In consequence the functions 

g defined below have twice their values as defined by these authors. 
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^ 0 C‘, and 2 : given at = 0 . In view of the condition at infinity we 

take the equation in the approximate form 


dz __ dH 


(156) 


for the outer solution.f This equation is exact both at i/r = 00 and at 
the point of inflexion {dhjdifj^ = 0 ) ; it is for this reason that the outer 
solution is applied from the point of inflexion outwards. The equa- 
tion (156) has the same form as the equation for the temperature 
in the theory of the conduction of heat, and all the known solutions 
and methods of solution may be applied. In particular, if uf can be 
expressed as a polynomial: 


«i = 2 


the solution is given by 

It r- 171 * 

» = 6 M + 2 *'••^[2 

7n = l ‘~r—0 

9 ^ 

and, with erf 77 = ^ da, 

Vtt j 
0 

the functions g are given by 
go = 1 — erfij, 

9i = — 4-’?e“’'“+2772(l— erfij), 

'VTT 

"" - j|^(3-2^H 

and, in general, for r ^ 2, 


(^) 


(159) 

(160) 


J^l)! /(-I)’- 
( 2 r 


zlL/. 

-l)!l 


r~2 


92 r~l \ 

iTT j 


Vtt 


(161) 


t With X and y as the independent variables this equation corresponds to 
du du du-t u, d^u 

u h « — = — — i. 4- y _± . 

dx By dx u By^ 

J The definition of in this section should be noted, since rj has been used differently 
in previous sections. 
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(The error function, evfx, is tabulated.f) The solution (158), which 
may be found by known methods, makes z := uf at ^ = 0 and 
2; 0 'when 7 ] -> CO. Since 7 ] ^co when 0 0, it holds if u is constant 

and equal to the value of ^3^ at 0 = 0. In the most important case, 
0 = 0 is at the forward stagnation point on the surface of a solid 
body, and ^ = 0 at 0 = 0. 

The representation (157) is too restricted for many purposes. A 
much wider application is obtained by approximating to by two 
polynomials, one in each of two different ranges of values of 0: 

n 

»! = 2 i<P < <Pl), 

m — 1 

= I {<p > <pi)- 

m—1 

For 0 < 01 the solution is given by (158); for (j> (p^ the solution is 

2: = (163) 

where is the value of 2; given in (158), 

n pm# -j 

Z 2 == + 2 2 r\ 

is given by the same expression as z^ with and n replaced by 
and N, the gr’s are the same functions as before, and 



rj' = t 


(165) 


(The method of approximation, when apphed to the flow with no 
pressure gradient along a plate at zero incidence constant: see 
§53), leads to a value 0-282 for {rJpwD the accurate value 
being 0-332. J) 

When decreases as 0 increases, the solution of (156) is used only 
for values of u equal to and greater than the value at the point of 
inflexion. The values of tj, z, and dz/dTj at the point of inflexion 
= 0) are required, and since the value of tj is usually fairly 


t See, for example, Pale’s Mathematical Tables ^ p. 84. 
j A second approximation may be obtained by writing (165) in the form 


dz dH oH 



and substituting on the right-hand side the value found for the first approximation. 
The results are complicated, but the second approximation has been found by Karman 
and Millikan for the simple problem of the flat plate at zero incidence, and they show 
a graph of the velocity for this second approximation which agrees rather well with 
the accurate solution. 
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smalljf it may be found by expanding the functions gr in (161) in 
powers of rj. The outer and inner solutions are joined at the points 
of inflexion, and values there are denoted by a subscript j. 

The inner solution is found by approximating to the equation for 
in terms of (j> and ifs. Since z = 




77 


2uiUi d(f> 


(166) 


where it is to be specially noted that the dash denotes differentiation 
with respect to <p. If the term {2u^ui)-''^d{u^}ld(l> is replaced by a 
function of (p or alone, the equation (166) may be treated, for each 
value of as an ordinary differential equation for in terms of p. 
At the wall d{u^)jd^ = 0; but if we simply neglect it in (166), the 
resulting solution gives values of d^u^)jdift^ which are of one sign for 
aU values of ip, and hence, since 


1 / 2 \ 


(167) 


there are no points of inflexion. Since the inner solution, is to be 
joined to the outer solution at a point of inflexion, it is essential that 
should vanish when u — Uj, where Uj is the value of at 
the point of inflexion as determined from the outer solution. More- 
over, the function by which we* replace (2u-y^u{)-'^d{u^)ld(l> in (166) 
should vanish at the wall. Now u/uj satisfies both these requirements, 
and leads to a solution in elementary functions. J Hence (166) is 
replaced by 

= 

or, with 7j as defined in (159), 

dvMl 


u 


t Since 




2W) 



(168) 

\ %/ 

!(i-4 

(169) 


V 


ii r ^ 


J » 



(see equation (20)), and = 0 at = 0, a small value of tj corresponds to a com- 
paratively large value of y/v^, 

i also satisfies the above requirements, and has a double zero at the wall, 

but leads to the appearance of elliptic integrals in the solution. The results in the 
cases where both procedures — ^i.e. the substitution of ujuj and of {ujuj)^ — ^have been 
tested were found to be very similar, and so the procedure which leads to the simpler 
integral is adopted. 
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This equation integrates to 

where is a constant of integration whose value is 

d 


( 170 ) 


C^ = 


[dr, 






- 2 

-77 = 0 
2 


«/r = o/ 


(— u[Uj(f>) 

I ( — ^u\u[Uj) 


duV 7 , , , 


u.). 


(171) 


The equation (170) may be integrated again, with the condition 
u — 0 when = 0 , to give 

li 


rj = 




2ui{—ui0\ 


\c- 

6*2+2- — 

(-)l 

l 

L % 

Wj/ J 


+sin~ 


1 




-sm 




but, as we shall see presently, this formula is not used in the final 
solution. 

By putting -14 — in (170) we find 


CtT) 




(173) 


By putting u = Uj in (172) we could also find the value of r]^ from 
this solution. Now d{u^)jdr] — —dzldrj, and hence the values of 
d{u^)ldrj and tj at the point of inflexion {u = Uj) are known from the 
outer solution. We have already arranged that d^u^)ldr}^ for the 
inner solution shall vanish at ^ = Uj-; we now determine C so that 
[d{u^)ldr)]j for the inner solution, as given. by (173), has the value 
determined from the outer solution. But then we cannot ensure 
that the value of for the inner solution is equal to its value as 
determined from the outer solution. In fact (169) is a second-order 
differential equation: the conditions -14 = 0 at 77 = 0 and 
d{u^)jdt, = \d{u^)jdri\j 

at -Z 4 = determine the solution completely. Thus of the four condi- 
tions we should like to impose at the join. 


7] = 7]^, U = Up 




0, 


3837.8 


Z 
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we can impose only the last three. Hence in the resulting graph of 
against r] there is a discontinuity in t] at = u^. When we come to 
find n in terms of y this difficulty is overcome, as we shall see, hy 
a procedure 'which is effectively the same as displacing the outer 
solution parallel to the rj-axis by an amount equal to the discon- 
tinuity. 

To express u in terms of y for the inner solution (u < Uj), we have, 
from equation (20), 


Ip 7} 



the last expression being obtained from equation (170). Hence, for 
u < Up we find by performing the integration in (175) and inverting, 

ujUj = + (176) 

Uj being determined from the outer solution and C by making 
d(u^)ldr] continuous at the join as previously explained. 

For the outer solution (u > Uj) "vv^e have 

u/u^ == (1— 2:/w|)l, (177) 

where z is given by (158) or (163), for example. This gives u in terms 
of 7j, and to connect u and y we express y in terms of rj by the 
formula 

Ti. 

The first term is the value of y at the join as determined from (176). 
In the lower limit of the integral in the second term the value of 
7]^ is to be taken from the outer solution. This is effectively the 
same as taking the value from the inner solution and supposing the 
curve of z against rj displaced parallel to the 7^-axis through a distance 
equal to the difference of the two values. 

From the final formulae it is apparent that the value of rj for the 
inner solution is not required, except to check that the discontinuity 
in 7/ is small. In the cases in which it has been calculated it is found 
that the discontinuity is a very small fraction of the value of rj 
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which corres 2 :)onds to the boundary la^^er thickness S, as determined 
by taking y = 8 where = 0-995. 

The solution is now complete. Although the procedure adopted is 
complicated, the results are comparatively easy to apply since most 
of the formulae are given explicitly. 

It remains to determine the position of the point of separation. 
From (171) we see that (7 = 0 at separation: hence from (173) 


A 

[dr] 






(179) 


at separation, and this is equal to —(dz/dr])j, w’'hich, together wdth 
Up is determined from the outer solution. Hence (179) is an equation 
to determine the value, 0^, of ^ at separation. 

The method was applied by Karman and Millikan {loc. cit.) to 
solve the problem in which 

= (180) 


This corresponds to flow along a flat plate against a linearly decreas- 
ing adverse pressure gradient, with a constant value of u for all 
values of y at the leading edge. Separation was found to occur at 
jgj = 0-102, whereas the value given by the use of the momentum 
equation with a quartic expression for the velocity (equation (145)) 
is 0*156. At separation, the boundary layer thickness, S, defined as 
the value of y for which uju^ ~ 0*995, is given by — 2-43, 

and the Reynolds number (= u^Slv) by — ^*18. The 

corresponding numbers for the solution from the momentum equa- 
tion are 3*46 and 2*92 respectively. 

A solution of the same problem by a method of expansion in series, 
which we shall consider more fully in the following section, gave 
= 0*120 at separation, compared with the value 0*102 from 
the method of outer and inner solutions, and 0*156 from the momen- 
tum equation. Of these three methods, that of expansion in series 
(in spite of the slowness of the convergence) is almost certainly the 
most accurate. If the result given by it be taken as correct, then the 
method of outer and inner solutions gives an answer 15 per cent, in 
error, and the use of the momentum equation an answer 30 per cent, 
in error. Whether the percentage errors in other problems (reckoned 
as percentages of the distance between the pressure minimum and 
the point of separation, for example) will be of the same order of 
magnitude, remains to be decided. 
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Millikanj and von Doenlioff J have applied the method of outer and 
inner solutions to the pressure distribution measured by Schubauer 
at an elliptic cylinder (p. 162). Millikan approximates to u\ by two 
different cubics in <p for two ranges of values of cp, while von Doenhoff 
uses two quadratics. With the distance from the forward stagnation 
point expressed as a multiple x of the minor axis, Millikan finds 




2 6 

2*4 


2*0 


0 0 04 OOB 0-12 0*16 0'2O 0*24 

OL t A 

Fig. 46. 

separation at x = 1-88 and von Doenhoff at x = 1*92, compared 
with an observed value 1-99 and no separation at all by Pohlhausen’s 
method. The pressure minimum is at x — 1*30. 

Karman and Millikan (loc. cit.) have also considered by their 
method the problem in which the graph of against x or uf against 
<p is composed of two straight lines: 

«1 = 

(f) = ' 

uf = 2 ^ 0 ^ 

= 2(^o+^i)0i-2iei^ 

= iPo^l 

This represents in certain circumstances a first, very rough, approxi- 
mation to the velocity distribution outside the boundary layer at 

t Journ. Aero. Sciences, 3 (1936), 91-94, 
f N.A.C.A. Technical Note No. 544 (1935). 


(0 < o; ^ x-^) 
(x ^ 

(0 ^ X ^ x^) 
{x > * 1 ), 

(0 < 0 < 

(i> > <Pi), 


(181) 
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an aerofoil section. If the suffix s denotes values at separation, then 

functions of only, where S is 
the boundary layer thickness (defined as the value of y~foT which 
ujui = 0*995) and iJg == %S/i/. The results obtained are reproduced 
in Fig. 46. 


63. Approximate methods of calculating steady two-dimen- 
sional boundary layer flow. Application of the solution 
with a linear pressure gradient. 

If % = (182) 

with u = = poSit X = 0, then 


_1 ^ _ 

p dx 

and the equation of motion is 

du , du 
u—Mv— = - 
dx~ dy 


^liPo ^ 1^)3 


^1(^0 




(183) 


(184) 




u 


ijomv) = 


(185) 


(186) 


This equation may be solved in series. Write 
i = /3ia;/^o> 1 

4, = {v^o^Wiiv) = {vMKfoiv)-mv)+m%{v^- 

where ?// is the stream-function, so that 
difs 

dy 

If we substitute in (184) and equate the coefficients of the various 
powers of f on the two sides of the equation, we obtain a series of 
ordinary differential equations for the/’s. The boundary conditions 
are (since u=^v~0a>ty — 0) f^{6) = /'(O) = 0 and (since % as 
rj-^co) /o(7?) 2, fi(rj) ^ J, /;(7]) -> 0 for r > 2 as -> oo. The func- 

tion /q is the same as the function / which satisfies equation (45) in 
§53. The equations are third-order equations, and all except the 
first are non-homogeneous linear equations. The first seven functions 
(/o,/i,...,/6) have been tabulated by Howarth,j who also obtained 
rough values of and /g. For values of in the neighbourhood of 
0*1 the first nine .terms are no longer sufficient to give a sufficiently 
accurate representation; the value of ^ at separation is greater than 
0*1 and cannot be determined from the series correct to three 
decimal places. Several approximate methods (specially devised 
for the particular problem) were applied to extend the solution to 
the position of separation, and checks were applied. The results 
t Proc. Roy. Soc, A, 164 (1938), 547-564. 
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all agreed in giving separation a,t i — 0-120. Now 


vHdul8y)y^o _ 1 /-/d 


Mi 


dr], 


(187) 


0 

0 

where and d' are the displacement and momentum thicknesses as 
defined in equations (36) and (37), while 

% = = Pv m ) 

Hence the quantities 

v^{duldy)y=.Q _ ^-(^W%)y:. o 


( ^1 ^1 

vi ~ vi ’ 

_ M 

vi ~ vi ’ 


(189) 


are functions of i only. They are tabulated against i in Table 8, 
which also contains tables of dx/d^ and xj^- 
For small values of the first term in the expansion of x Is 

OD 

X = J /o(’?)[l-i/o(’?)] = 0-664|^ (190) 


Table 8 









; 


X 

di 


0-0000 

00 ■ 

0-000 

0-000 

00 

0-000 

0-0125 

2*773 

0-199 

0*076 

3.17 

0-024 

0-0250 

1-817 

0*292 

o-iio 

2-39 

0-046 

0-0375 

1*360 

0-371 

0-137 

2-0^8 

1*93 

o-o66 

0*0500 

1-064 

0*447 i 

0-162 

0-084 

0-0625 

0-843 

0-523 ! 

0-186 

1*85 

o-ioo 

0*0750 

0*663 i 

0*603 

0-209 

1-82 

0-115 

0*0875 

0*503 

0*691 

0-231 

i-8i 

0-128 

o-iooo 

0*345 i 

0*794 

0-254 

1-84 

0-138 

0*1125 

0*184 

0*93 1 ; 

0-276 

1-88 

0-147 

0*120 

0*000 

i-iio 1 

0-290 

1-92 

0-151 


Table 9 contains values of ujuj for several values of | and tj. 
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Table 9 


Values of uju^ 



0*0125 

0*025 

0*0375 

0*050 

0*0625 

0*075 

0*0875 

0*100 

0*1125 

0*120 

0*0 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

'0*000 

0’2 

0*125 

0*117 

0*108 

0*099 

0*089 

0*078 

0*066 

0*052 

0-034 

0*010 

0-4 

0*251 

0*237 

0*222 

0*205 

o*i88 

o*i68 

0-146 

0*120 

0-085 

0*038 

0-6 

o ' 377i 

0-358 

0*338 

0*317 

0*293 

0*267 

0*237 

0*202 

0*152 

0*085 

0-8 

0*498 

0-477 

0-455 

0*430 

0-403 

0*372 

0*337 

0*294 

0*234 

0*149 

1*0 

o*6ii 

0*590 

0-567 

0*541 

0-513 

0*480 

0*442 

0*394 

0-325 

0*227 

rz 

0*711 

0*692 

0*670 

0-645 

0*617 

0-585 

0-546 

0*498 

0*426 

0*318 

1*4 

0*796 

0*779 

0*760 

0-738 

0*712 

0*682 

0*646 

0-598 

0*527 

0*416 

1-6 

0*864 

0*850 

0-834 

0*815 

0*794 

0*769 

0*736 

0*692 

0*625 

0*517 

1*8 

0*914 

0*904 

0*891 

0-877 

0*860 

0-839 

0^812 

0*776 

0*716 

o*6i6 

2-0 

0*949 

0*942 

0*934 

0*923 

0*910 

0*894 

0*872 

0*844 1 

j 0-794 i 

0*708 

2*2 

0*972 

0*967 

0*962 

0-954 

0*946 

0*934 

0*918 

0*897 i 

1 0*858 

0*787 

2*4 

0*985 

0-983 

0*979 

0*975 

0*969 

0*961 

0*951 

0*936 : 

0*908 

0-853 

2’6 

0*993 

0-991 

0*990 

0*987 

0*984 

0-979 

0*972 

0*962 

0*943 i 

0*903 

2‘8 

i 0*997 

0*996 

0*995 

0*994 

0*992 

! 0*989 i 

0*985 

0*978 1 

0*967 

0*940 

3-0 

I 0*998 

0*998 

0*998 

0*997 

0*996 

; 0*995 

0*992 

0*989 

0*982 

0*965 

3*3 

j 0*999 

0*999 

0*999 

0*999 

0*999 

i 0*998 

0*997 

0*994 

! 0*991 

0*981 

3*4 

i 1*000 

1*000 

1*000 

1*000 

1*000 

1 0*999 1 

o-*999 

0*998 ‘ 

! 0*995 ! 

0*990 

3*6 

j 





1 1*000 1 

1*000 

0*999 

0*998 

1 0*995 

3*8 

1 


. . 



! . . 


1*000 

0*999 

j 0*998 

4*0 

! 





! 



1*000 

0*999 

4*2 

j 




•• 





1*000 


The above solution has been made the basis of a general method for 
any distribution of u-^ in a retarded region {u[ negative).! In the 
first place, the graph of against x may be replaced approximately 
by a polygon. The value of z? being known at the first vertex (which 
may be taken at the pressure minimum, the solution up to the 
pressure minimum being supposed found by expansion in series 
from the stagnation point, or from the momentum equation, or by 
any other suitable method), and u[ being the slope of the first side of 
the polygon, x known at the first vertex. The value, of ^ 
corresponding to the first vertex is found from a graph or table of 
X against The value of — for the first side of the polygon is the 
slope of the side, and jSo is obtained by equating ^o) 

value of at the first vertex. The above solution is then applied 
along the first side of the polygon, with 

where x is measured from the first vertex of the polygon. At the 
second vertex we make i? continuous, and since there is a discon- 


t Howarth, op. dt ., 665-578. 
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tinuity in there is a discontinuity in x and therefore also in 
This discontinuity is found, and we proceed along the second side in 
the same way as along the first, and so on. 

The discontinuity in ^ at each vertex of the polygon implies a 
discontinuity in the skin-friction; and since the skin-friction is 
one of the most important results of the calculation this is a grave 
objection. Conversely, if we made the skin-friction continuous at 
the vertices, we should introduce discontinuities in d'. There would 
be a violation of the momentum equation (38) (since dd'jdx -would 
become infinite), corresponding to a series of impulses applied at the 
vertices of the polygon. 

The discontinuities can be avoided by keeping S' continuous but 
taking the limit when the sides of the polygon tend to zero. In place 
of the relation (191) between ^ and x, together with a series of dis- 
continuities in I, we then obtain a differential equation for | in terms 
of X. If two vertices are taken at a distance 8x apart, then from (191) 
the variation in | corresponding to the side of the polygon joining 
them is which, since and' j3o(l— 0 = is equal 

to —u{(l—-i)Bxlui. To obtain the total variation in f corresponding to 
a variation Sx in x we must add on the discontinuity at the second 
vertex. This is obtained by making S or continuous, i.e. 



Since Sx = gives a variation 


= 

dxld^ % 

in The total variation in | for a variation So; in a; is therefore 

= r* 

L dxjd^Ui % J 

and the differential equation required is 


^ = 1 X 
dx ^dxldiui zi,; 


(193) 


Since x ~ dx/d^ is a known function of while are known 

functions of x, (193) gives | in terms of x if the initial value of f is 
known. This initial value of | is found as above from the initial 
value of X- If, however, we start from the pressure minimum, 
where = 0, x == 0 and ^ = 0. Moreover, since x = 0*664^1 for 
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small i, the equation (193) has then a singular point at the origin, 
through which an infinite number of integral curves pass, so that it 
is necessary to determine also the initial value of d^Jdx. This deter- 
mination is effected by considering the first side of the polygon, with 
vertices Sx apart, as having zero slope, while the slope of the second 
side is the value of at Sx^ i.e. % Sa;. The value of x ^t a distance 
8x from the pressure minimum is therefore where d'^ is 

the value of d‘ at the pressure minimum, the variation of d* along the 
first side of the polygon being ignored since it is 0{hx), Equating 
the value of x found to 0-664(3^)^, where Sf is the value of 
I at hx, we find for the initial value of d^jdx, 

[dx/Q V 

The values of ^ corresponding to values of x may now be found from 
(193); the corresponding values of the skin-friction and the displace- 
ment thickness are found by graphical interpolation from Table 8, 
and the velocity distributions from Table 9. 

In this method of procedure we must again suppose that the graphs 
of velocity against distance from the waU at various sections are 
members of a singly -infinite family of curves — ^namely, the velocity 
curves obtained from (186). At the separation point ^ will be 0*120, 
and for values of ^ between 0 and 0*120 the skin-friction for this 
singly-infinite system of curves takes all positive values. 

We have seen in § 54 that — cx^ there is a solution for which 
{8uldy)y^Q = 0 for all cr if m — —0*0904. The method described 
above was tested by using (193) to find the value of m for which the 
skm-fiiction vanishes everywhere — ^i.e. for which ^ = 0*120 and 
d^jdx = 0. (193) then reduces to 

^^(m— 1)— 0-880m = 0, 

2 

whence m = —0*0938. It may be noted that when the momentum 
equation with a quartic expression for the velocity is used to deter- 
mine the corresponding value of m we require A = — 12 in (145) and 
(146), whence it is found that m = —0*100. 

With values of ul determined graphically from the experimental 
values of % obtained by Schubauer at the surface of an elliptic 
cylinder (pp. 162, 172), and with the solution up to the pressure 
minimum found from the momentum equation with a quartic 

3837.8 


A a. 
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expression for the velocity. Howarth found that, according to (193) 
and (194), separation occurs (i.e. £ == 0*120) at a distance from the 
forward stagnation point equal to 1*925 times the minor axis. 


64. Approximate methods of calculating steady two-dimensional 
boundary layer flow. Expansion in powers of y; generalization of 
the solution with approximate solution in closed form for 

a nearly linear velocity distribution in an accelerated region; an 
iterative process. 


Greent has attempted to find a solution by expanding the stream-function 
in a series of powers of y with coefficients which are functions of x. When the 
expressions 


.A=/x'i;+/4+/3f-!+- 


cih 

u ■ 

cy 


yZ y3 

- Ay -rf 0-21 31 


dx 


-{/I'lj+A'l-, -!-•••} 


(195) 


(where the/’s are functions of x and dashes denote differentiation with respect 
to x) are substituted into the equation of steady motion, and the coefficients 
of the various powers of y on the two sides of the equation are equated, it is 
found that 


k/2 — fz — 9* v/4 — /i/i» v/5 — 2/^/2 (196) 

The function /i, which is {duldy)y^Q, must be determined so as to make u-^Ui 
at the outside of the boundary layer. Apart from inaccuracies which may 
arise in numerical work from the repeated differentiations required by (196), 
the main difficulty lies in the determination of /j. Green applied this method 
to an experimental pressure distribution for flow past a circular cylinder, and 
developed a trial and error step-by-step method of determining /j. (Basically, 
the method depends on making it = Uj^ and du/dy = Oat 2 / = S, and eliminating 
S between the resulting equations.) The pressure distribution and the calcu- 
lated skin-friction are shown in Chap. IX, Fig. 164. 

Several of the methods described in previous sections give values of the 
skin-friction which are more reliable than the values of the velocity in the 
middle of the boundary layer. Expansion in powers of y may then be used to 
obtain improved values of the velocity. 

A method has been suggested by Falkner and Skan J of generalizing the 
solution described in § 54 for the case % = cx'^ {c and m constants) so as to 
derive approximate solutions for any distribution of %. If in the equation of 
steady motion we write 

7] = {Uilvxfy, >jj = (uivx)*f{x,r]), (197) 


t Phil, Mag, (7), 12 (1931), 2-30; A,R,C, Reports and Memoranda, No. 1313 
(1930). 

{ A.R.C, Reports and Memoranda, No. 1314 (1930). 
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the equation becomes 




.dr] drjdx drj^ 


Brf drf 

where M = u{xju^, (199) 

In the special case u ~ cx'^^ M = m, / is a function of rj only; the term in 
square brackets goes out and (198) reduces to an ordinary differential equation. 

In the general case Falkner and Skan replace (198) by an ordinary differ- 
ential equation whose coefficients are functions of x: 






(200) 


and determine and G 2 so that (200) shall agree with (198) as closely as 
possible. The method employed by Falkner and Skan is to make (200) agree 
with (198) for small values of rj. Now from (197) 

( 201 ) 


'^~dy '^^drj" 


and since u and v must vanish at 7^ = 0 for all values of x, dfjdr] and / must 
vanish at 77 = 0 for all values of x. If we put 77 = 0 in (198), we obtain simply 



(cf. equation (16)), whilst with 77 =s 0 equation (200) becomes 



In order that these should be identical, we must have 


G^(x) = M. (202) 

If we differentiate (198) and (200) with respect to rj, and put 77 = 0, we obtain 
in both cases d^^f/drj^ — 0. If we differentiate twice and put 77 = 0, we obtain 
from (198) 


In order that these may be identical we require that 



^ ~ 2 oedx^ 

(203) 

where 

^ \577V77 »o U^\uJ \Sy/y=o‘ 

(204) 

Now (200) 

reduces to equation (69) with 



= T, mx)]if =F, jS = OJG^, 

(205) 


so that, in particular, if a is taken from the solution of the approximate 
equation (200), 

M* ^ \mJ \dYV ^\d¥y y-o 


(m 

\8vV 


drfJi]=Q 


[2Jkf-J(M+l)]- 


drj^/rj^Q 
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Kdrf drj^dx) 


77=0 
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(206) 
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Gi being equal to M. Since corresponding values of {d^FldY^)y^Q and jS are 
known, corresponding values of ^ and oc/M- are known. Hence 
is equal to M divided by a known function of ol/M', Since M is a known 
function of x, ( 203 ) is an ordinary differential equation for a. When this 
is solved the solution is complete. Some corresponding values of ^ and 
{d^FldY\^Q are shown for reference below: 



P 

r«o 


-•o*i 988 —o-iq — o*i8 ~o*i6 
0 o*o86 0-1285 0*1905 


SdYVr^Q 


0*3 

07748 


0*4 

0*8542 


0-5 0-6 

0*9277 .0*996 


0-8 

1*120 


—0-14 — o-io o 0*1 0*2 

0*2395 0*319 0*4696 0*5870 0*6869 

1*0 1*2 1*6 2*0 2*4 

1*2326 1*336 1*521 1*687 1*837 


The somewhat different application of ( 203 ), involving further approxima- 
tions, which was made by Falkner and Skan, has been criticized by Howarth,*!* 
who also points out that ( 203 ) will fail in the neighbourhood of the separation 
point. For since ^ = — 0*1988 at the separation point, remains finite 
there. Since a vanishes, ( 203 ) would make doc/dx vanish also at the separation 
point, and this is not correct. 

Fairly satisfactory results are obtained in a region of accelerated flow, and 
the method may be used as an alternative to Dry den’s modification J to 
bridge over a region in which A > 12 when such a region occurs in an applica- 
tion of the momentum equation with a quartic velocity distribution (§ 60 , 

p. 161 ), 

The results obtained by Falkner and Skan for the skin-friction over the 
forward part of a circular cylinder with the use of a measured pressure dis- 
tribution are shown together with those of Green in Chap. IX, Fig. 164 . 

Thom, j I remarking that roimd the front of a circular cylinder is almost 

independent of writes u/Ui = /, and seeks a first approximation with / a 
function of y by neglecting the term v dujdy in the equation of motion. Actually 
/is thus found as a function of (u'ljvfy, and so is a function of y alone only when 

is constant. The fibrst approximation is then used to evaluate the neglected 
term v dujdy and the neglected part % dfjdx of dujdx, and a second approxima- 
tion is foimd, which results in the equation 




(/) = log. 


(V3-V2)V(l-jf) 
V3-V(2+/) ’ 


J 


The values obtained by Thom in this way for the skin-friction round the 
front of a circular cylinder are shown in Chap. IX, Fig. 164 , together with those 


t A.B,C. Beports and Memoranda, No. 1632 ( 1935 ), pp. 37 - 44 . 
j See footnote {, p. 161 . 

jj A,R.C. Reports and Memoranda, No. 1176 ( 1928 ). 
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of Green and of Falkner and Bkan. Up to 45° from the forward stagnation point 
the solution is satisfactory; beyond that it departs widely from the values 
obtained by other writers and from the observed values. Up tO: 45° the 
velocity distribution outside the boundary layer is approximately linear, and 
we have seen in § 54 that for a linear velocity distribution is a function 
of (u'ljvfy only. It is, in fact, only in an accelerated region with the velocity 
distribution approximately linear that we should expect Thom’s approxima- 
tion to give satisfactory results, and then its only advantage over the solution 
in series is that the formulae can be expressed in terms of simple quadratures. 

A very laborious iterative process has also been suggested by Thom 
(loc. cit.). He shows that, if A, B, C, D are the vertices of a small rectangle 
with AD and BO of length 2x and parallel to the wall, and AB and CD of 
length 2y and perpendicular to the wall, and if P is the centre of this rectangle, 
then, approximately. 


Up = + — — — « 2 )) 

~Y^Vp(u^-f^UjD--Ujs—Uc)-\-Y^, 


where 




8vx* 


1 , 

8v" 


V - 

^ 2vp dx' 


(208) 


The boundary layer having been divided into a rectangular net and plausible 
values of u assumed at the comers, the values of u at the centres are calcu- 
lated from (208), the values of v being calculated from the equation of con- 
tinuity. The centres of the new rectangular net at the comers of which the 
values of u are now known are the comers of the original net, and new values 
at these points are calculated from (208). This iterative process has to be 
repeated many times before the values are repeated suJSiciently accurately. 


65, Boundary layer growth. Motion started impulsively from 

rest. 

When relative motion of a viscous incompressible fluid of constant 
density and of an immersed soKd body is started impulsively from 
rest, the initial motion of the fluid is irrotational, without circulation. 
This is shown by observation, and may be proved theoretically in 
the same way as for inviscid flmds,t since it may be assumed that 
the viscous stresses remain finite. The fluid in contact with the solid 
body is, however, at rest relative to the boundary, whilst the 
adjacent layer of fluid is shpping past the boundary with a velocity 
determined from ideal fluid theory. There is thus initially a surface 
of slip, or vortex-sheet, in the fluid, coincident with the surface of 
the solid body. In other words there is a boundary layer of zero 
thickness. The vorticity in the sheet diffuses from the boundary 
into the fluid and is convected by the stream. The boundary layer 

t Lamb’s Hydrodynamics (1932), p. 11. It is assumed that any extraneous im- 
pulsive body forces acting on the fluid are conservative. 
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grows in thickness. (The same results follow from a consideration 
of the equations for the vorticity components in a viscous incom- 
pressible fluid, or of the equation for the circulation in a circuit 
moving with the fluid.f) 

In any region along the boundary where the fluid is flowing against 
a pressure gradient, the forward stream will, after a time, leave the 
boundary if the pressure gradient extends far enough. Up to the time 
when separation begins, the velocity and pressure just outside the 
boundary layer may be taken to be the same as those at the surface 
in the irrotational motion without circulation, since this assumption 
provides a very close approximation to the facts. The pressure may 
also, as in boundary layer theory generally, be taken as constant 
across any section of the boundary layer. 

Separation begins when the velocity gradient normal to the 
boundary vanishes at the boundary. For two-dimensional motion, 
the time, T, that elapses before separation begins, and the distribu- 
tion of velocity in the boundary layer, may be approximately 
calculated. For an impulsive start, the second approximation to 
the velocity distribution, sufScient to give a first approximation 
to T, was calculated by Blasius.J The third approximation to the 
velocity distribution, and the second approximation to have been 
calculated by Goldstein and Rosenhead.|| 

After separation has once begun, the position of separation moves 
upstream. The movement could be followed theoretically on the 
assumption that the velocity and pressure outside the boundary 
layer continue to be the same as in the irrotational motion without 
circulation; but this assumption is no longer valid, and the results 
would have at best only a qualitative value, — and then only for flow 
past a symmetrical cylinder, since for an asymmetrical cylinder a 
circulation begins to grow as soon as separation starts. Even for a 
symmetrical cylinder, the thickening of the boundary layer beyond 
the position of separation — or, rather, its projection into the main 
body of the fluid — and the consequent formation of a wake deprive 
results obtained on the above assumption of any quantitative value. 

We assume that at time ;? = 0 a cylinder starts to move in a 
straight line with velocity Uq, and that this velocity remains constant 

t Chap, m, §36. See also Jeffreys, Proc. Camh, Phil. Soc. 24 (1928), 477-479. 

$ Zeitackr.f. Math. it. Phys. 56 (1908), 20-37. 

II Proc. Gamb. PhU. Soc. 32 (1936), 392-401. 
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thereafter. We take a frame of reference fixed relative to the 
cylinder. If x is distance along a section of the cylinder from the 
forward stagnation point and y distance normal to the surface of 
the cyhnder, the approximate equation of motion in the boundary 
layer is ^ ^2^ 

3t dx dv ^ dx dy^ 

where is the velocity just outside the boundary layer, as before. 
Initially the boundary layer has zero thickness, and at the beginning 
of the motion the diffusion far outweighs the convection and the 
influence of the pressure gradient, — ^i.e. the convection terms in the 
acceleration on the right can be neglected compared with dulSt, and 
the term u^dujdx neglected compared with vd^u/dy^. The equation 
for the first approximation to u is 

^ = ( 210 ) 


and the solution required is 


where 


Ui erf rj, 


and erf 7 ] is defined in equation (160). This solution makes 24 = 0 
when 7 ] — Q,u practically equal to when tj is large and theoretic- 
ally equal to 2^^ when tj = oo, and makes the thickness of the boundary 
layer zero when ^ — 0. 

The first approximation to v must satisfy the equation of con- 
tinuity and must vanish when 7^ = 0. It is therefore given by 


V = -~-2^{vt)ui[7]erf7]- 


-e-m 


where the dash denotes differentiation with respect to x.j When 
V —2{vt)^7jU{ — 

and becomes infinite. The solution therefore fails theoretically for 
infinite values of 77. But for moderate values of 77, at which u is 
practically equal to v is of order {vtfu[. 

To find a second approximation, denote by v' the terms that 
must be added to the first approximations given by (211) and (212). 
u'ju and v'jv are of order and to find u' it is sufficient to solve 
the equation ,^Su,iu 

t In this section the dash is used to denote differentiation on % only. 
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wliere on. the right v, and v haye their values as given by ( 211 ) and 
( 212 ) for the first approximation. Write 

u' = tu^u[f{'ri). (213) 

Then 

= 4[erf2«-27T-iije-’!*erfij-l+27r-i(e-’/’'-e-2’?*)]. 


The solution of this equation is 

/= ^(27,2— I)erf2ij+37r-i7je-’)’ erf 1 J + 1 \ 

— |7j-ie-’?’+27i-ie-2’)*+(3£(27j2+l) | (215) 

+i3[i77-i(27}2+l)erf7j+’?e-’?‘], J 

where a and j8 are constants to be chosen so that «' = 0 at = 0 
and at ij = 00 . These conditions require 


= - 1 


^"^377 


= — 1 - 21221 , 


0-80364. 


Then u is the sum of the expressions given by ( 211 ) and (213), i.e. 

% = %erfij+-^%'2^i/('>?)- (217) 

The position of separation of forward flow firom the wall is given by 
dujdy = 0 , i.e. Bujd-q = 0 , at 17 = 0 . The time at which separation 
occurs at any particular place is hence found to be given by 

l+fl+^k« = 0- (218) 


Separation will occnr first where has its greatest negative value. 
The interval to separation is given by 

T = 0-70205/(-<)^^^. (219) 

The rather complicated 'calculation of the third approximation 
to the velocity has been carried out. It is found that the next 
approximation to the time at which separation occurs at any 
particular place is given by 

= — 0*7122^ +^{0-7271wi2_[_0.05975%<}. (220) 

t has its least value where is greatest if and only if % is zero 
there. 

For a circular cylinder — % is greatest at the rear stagnation point. 
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and separation begins there both on the first and second approxima- 
tions. If Oj is the radius of the cylinder, % = 221 ^ sin. x/q, and the 
time that elapses from the commencement of the motion until 
separation first begins is given by UqT^ = 0-S5a for the first approxi- 
mation and by 21 qT 2 — 0*32a for the second approximation. These 
expressions give the distance travelled by the cylinder from the 
commencement of the motion, and the second approximation is 
about 9 per cent, less than the first. 

For a symmetrical cylinder of any section, it is to be remarked that 
whether attains its greatest value at the rear stagnation point 
or not depends on the shape of the section; and consequently separa- 
tion may not begin at the rear stagnation point even according to 
the first approximation to T (equation (219)). This is especially the 
case for a bluff cylinder. Thus Tollmienf has pointed out that for an 
elliptic cylinder with its major axis across the stream separation 
begins at the rear stagnation point only if the ratio of the squares 
of the axes does not exceed As this ratio is further increased the 
positions of initial separation move symmetrically round tow^ards 
the ends of the major axis, and the time interval to separation con- 
tinually decreases. 

As an example of a cylinder of asymmetrical section, the case of 
an ellipse with axes in the ratio 1 : 6, and with its major axis at an 
angle of 1° to the stream, has been considered. For the irrotational 
motion without circulation the rear stagnation point is at a distance 
. oi 0'0221a from the end of the major axis, towards the upper side of 
the ellipse, where 2a is the length of the major axis. For the first 
approximation separation begins at a distance of 0-0 173a from the 
rear stagnation point towards the lower side of the ellipse, alter a 
time given by UqT^ == 0‘0158a. For the second approximation 
separation begins at 0-01 70a from the rear stagnation point after a 
time given by UqT^ = 0-0144a. The position of initial separation is 
not much altered. The interval is again reduced by about 9 per cent. J 
Since the position of initial separation is not much altered, the term 
in til'll in (220) makes very little difference, and the same percentage 
reduction would always be found. 

The second approximation to the velocity (corresponding to (217)) 

t HandSibch der Experimentalphysik, 4, part 1 (Leipzig, 1931), 274, 275. 

X Goldstein and Rosenhead, loc. cit. The first approximation Iiad been calculated 
by Howarth. 

3837.8 


Bb 
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has been found by ToUmienf for flow past a rotating cylinder, the 
whole system being started impulsively from rest. 

The growth of the boundary layer at the surface of a body of 
revolution has been studied by BoltzeJ and the results have been 
applied to a sphere. By numerical computation the value of 
{dujdy)y^Q was found up to the term involving and separation 
was found to begin at the rear stagnation point after the sphere 
has travelled (relatively to the undisturbed fluid) a distance equal 
to 0*39 times its radius. 


66. Boundary layer growth. Uniformly accelerated motion. 

For uniformly accelerated motion starting from rest, Uq is pro- ' 
portional to t, and the velocity % outside the boundary layer, which 
before separation is again to be found from ideal fluid theory, will 
be of the form iiL\(x). Since 

p dx dt ^ dx’ 


the equation of motion is 
« 

du . du , du , dwi , d^u 
dt dx By ^ ' ^dx By^ 

As before the equation may be solved by successive approximation 
(or by a series in ^), the equation for the first approximation being 

Bu Bhc 

The solution for which u — 0 a.t y = 0, ujtw^ -> 1 when y -~>co or 
^ 0 is ’ 

U = tw^{x){—2rj^+27r-^r}e~’^^+{2r]^-\-l)evf7j}, , (222) 


where rj — \yl{vt)^, as before. The second approximation, for which 
multiplied by a certain function of rj must be added to the 
value of ^ in (222), was found explicitly by Blasius,|| who also 
obtained by numerical computation the next term (involving t^) in 
{Bu/dy)y^Q and gave as the equation for the time at which separation 
begins at any particular place 

= 0. (223) 

t Gottingen Dissertation, 1924; Handlmoh der Experimentalphysik, 4, part 1 
(Leipzig, 1931), 276, 277. 

t Gottingen Dissertation, 1908. 

{| Loo. cit. in the footnote on p. 182. Fig. 23 on p. 60 was drawn from the second 
approximation. 
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For a circular cylinder of radius a separation begins again at the 
rear stagnation point according to either the first or second approxi- 
mation, the calculated time intervals before separation begins being 
such that the distance travelled before separation is Q-o^oa for the 
first approximation, and 0'52c& for the second. The second approxi- 
mation is about 11 per cent, less than the first. 

For the elliptic cylmder previously considered (incidence 7°, ratio 
of axes 6 : 1, length of major axis = 2a), separation begins at 0*0173a 
from the rear stagnation point when the distance travelled is 
0*0264a for the first approximation, and at 0-0169a from the rear 
stagnation point when the distance travelled is 0*0234a for the 
second approximation. The position of initial separation is not much 
altered, and the term in in (223) makes very little difference. 
The second approximation to the distance travelled is again 11 per 
cent, less than the first. 

67. Boundary layers for periodic motion. 

The existence of a boundary layer at an oscillating solid surface 
arises from the fact that the vorticity which is produced at the 
surface and diffuses into the body of the fluid changes sign periodic- 
ally. (In previous cases boundary layers are produced because the 
vorticity produced at a solid surface, in addition to diffusing into the 
body of the fluid, is convected with the main stream.) The thickness 
of the boundary layer at an oscillating surface is proportional to the 
square root of the product of the kinematic viscosity and the period 
of the motion. The same results apply for a fixed surface and an 
oscillating stream. 

The simplest example is an infinite lamina oscillating in its own 
plane in a viscous fluid in the absence of external pressure gradients: 
a solution of this problem was given by Stokes. t Due to a pre- 
scribed motion u ^ a cos(o-^+€) at the boundary, a velocity distribu- 
tion is produced in-the fluid such that 

u = oce-P'^ C08{crt — (224) 
where P = (o-/2r)l, (225) 

and the plane of the lamina is taken as the {z, a;) plane, the fluid being 

t Trans, Camb, Phil. Soc. 9 (1851), [20], [21] or Math, and Phys. Papers, 3, 19, 
20. See also Lamb, Hydrodynamics (Gambridge, 1932), pp. 619, 620, where a number 
of similar examples are also considered. 
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on the side of the plane for which y is positive. The amplitude of the 
resulting oscillation is diminished in the ratio when y — C{2pja)^, 

The influence of a rigid boundary on standing wave motion has 
been investigated by Rayleighf wdthout, and by SchlichtingJ with, 
the approximations of boundary layer theory. The amplitude being 
supposed small, the 'first-order’ motion, in which squares of the 
amplitude are neglected, is easily investigated. The investigation of 
the "second-order’ motion, in which squares of the amplitude are 
retained, yields results of more interest. The second-order motion 
contains a non-periodic part, and, corresponding to a "first-order’ 
velocity a cos hx cos at near the boundary just outside the "thin 
frictional layer’ (i.e. the boundary layer), Rayleigh fin^ that the 
components of this non-periodic velocity are, at distances from the 
boundary sufficient for to have become insensible, || 

{ZklSa)oL^ sin 2kxe~^^^{l — 2ky) 
and — (2k^l^o)a^ cos 2kx jf+fiSy) , 

parallel and perpendicular to the wall, respectively. The steady 
motion thus represented consists of a series of vortices periodic with 
respect to x in half a wave-length of the original standing wave. The 
fluid moves from the boundary at the nodes (kx = Itt, |7r,...) and 
towards the boundary at the loops {kx — 0, tt, 2Tr,...). The horizontal 
motion is directed from the loops to the nodes near the boundary, 
and changes sign wffien y — 

To ascertain the character of the motion in the frictional layer, the 
terms in which w^ere omitted in (226) must be retained. When 
this is done it appears that the velocity parallel to the surface* changes 
sign, as we go out from the W'all, for a value of jSy somewhat greater 
than Jtt, after which it stays of one sign until 2ky = 1 . The greatest 
magnitude of the velocity inside the layer for j8y < is found to 
be about \ of the velocity just outside the layer. 

Rayleigh also investigated the circumstances when the motion 
has its origin in the assumed motion of a flexible plate, situated when 
in equilibrium at y = 0, which is such that to the second order the 
boundary conditions are u = 0, v — asm kx cos at, say, at 

y = {oc/a)sm kx sin at. 

t Phil. Trans. A, 175 (1883), 1-21; Scientific Papers, 2 , 239-257. Rayleigh notes 
the existence of a ‘thin frictional layer’. 

X Physik. Zeitschr. 33 (1932), 327-335. i| ^ = (<t/2v)'^ as in (225). 
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The results are rather similar to those above; but the fluid moves 
from the boundary at the loops and towards it at the nodes, with the 
horizontal motion directed from the nodes to the loops near the plate. f 

It will be noted that according to (226) the velocity parallel to 
the boundary for small values of y (i.e. just outside the boundary 
layer) is equal to {Skl8a)a^Bin2kx, Hence the effect of the condition, 
of zero slip at the boundary is such that the assumed potential wave 
motion, u = ol cos kx cos ai, produces, even outside the boundary 
layer, a steady second-order flow, with a magnitude independent of 
the viscosity. The same result was found by Schlichting (loc. cit.), 
who applied the approximations of boundary layer theory, and, for a 
velocity ^/;i(:r)cos at outside the boundary layer, found for this steady 
second-order velocity component a limiting value —(3l4:a)wiwl at 
the edge of the boundary layer. Since = acoskx in Rayleigh’s 
investigation, the results are in agreement. 

Flow in a long straight tube of radius a under the influence of a 
periodic pressure gradient has been investigated theoretically and 
experimentally by Richardson and TylerJ and theoretically by 
Sexl.ll If the tube is long enough, the velocity {u) along the tube is 
independent of the distance (a;) along the tube, and the velocity at 
right angles to the axis is zero. If r is radial distance from the axis 
of the tube, the exact equation of motion is 



du \ dp /d^u 1 du\ 

dt p dx \dr^ r drj 

(227) 

where 

^ — a cos at. 

p dx 

. (228) 


The solution can be obtained exactly in terms of Bessel functions 
of order zero. When a{a/v)^ is small it assumes the parabolic form 

u= {oLj4tv){a^—r^)coBcTt. (229) 

When a(c7/i/)^ is large the solution is 

u = -sina^---(-y e~^^““^^sin{cr^— jS(a—r)}, (230) 

cr or\r/ 

where jS is ((t/2v)^ as before. In the central portion of the tube where 
jS(a~r) is large only the first term is important. The first term 

t The systems of vortices described above find application in the explanation of 
certain observed phenomena in acoustics. For references to theSe and related 
phenomena Rayleigh’s paper may be consulted. 
t Proc, Phys, JSoc. 42 (1929), 1-15. 
j{ Zeitschr. J. Phys, 6i„(1930), 349-362. 
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represents an oscillation of the same period as the pressure gradient 
but with a phase difference of a quarter of a period. 

When the approximations of the boundary layer theory are applied 
to this problem the term dujdr in equation (227) is dropped and 
the solution (230) emerges quite simply. 

In the experiments the temporal mean value of the square of 
the velocity, was measured, has its maximum value in the 
boundary layer near the wall and not in the central portion of the 
tube, for from (230) 

— -^,{1 — 2 (a/r)ie~^(''-’'>cosjS{a— ( 231 ) 

2cr“ 

and the maximum of this expression is at ^{a—r) = 2*28. This result 
is in good agreement with the experiments of Richardson and Tyler. 



TURBULENCE 


68. The mean flow. 

In the mathematical treatment of turbulent flow it is assumed that 
the motion can be separated into a mean flow whose components are 
U, Vs W, and a superposed turbulent flow whose components are 
Us v, w, the mean values of which are zero.j In most cases these 
means ma^y be taken with regard to time at a fixed point, or with 
regard to one of the coordinates at a given instant of time. Some 
discussion of the methods of taking means was given by Reynolds, J 
but there has been little subsequent discussion of this question. 

In all cases of steady mean flow the means are taken over a long 
period of time at a fixed point. In other cases the appropriate 
method for taking means will depend on the particular problem which 
is being solved. If, for instance, the problem of the turbulent flow near 
an infinite plate moving with variable velocity were to be discussed, 
the mean values would be taken over planes parallel to the plate. 

Difficulty occurs when the mean flow is variable. It is then 
necessary to assume that the fluctuations mUsV^w are so rapid that a 
significant mean velocity can be taken in an interval which is so short 
that the change in U, V and W during that interval can be neglected. 

In taking averages the following principles will be adopted. If 
A and B are dependent variables which are being averaged and S is 
any one of x, y, 2, then dAjdS = dA/dS^W where 

the bar denotes a mean value. 


t In this chapter (except in equation {l))U, V, W are the components of the mean 
velocity, u, v, w of the turbulent velocity, and u, v, w are the root-mean-square values 
of w, V, w. A bar over the top denotes a mean value. 

J ‘On the Dynamical Theory of Incompressible Viscous Fluids and the Determina- 
tion of the Criterion’, Phil, Trans. A, 186 (1895), 123-164. See also Lamb’s Hydro* 
dynamics (1932), p. 674 etseq. 

II For example, with time means 


dt 


t+r 

- JL f ^ 

2t J c 


SA 1 

- = -JA{t+r)-A(t-T)} 

t+r 


.if Ua.iii UA-"4- 

2T8t J dt\2r J I dt 

t-r t-r 


If the method of averaging does not involve the variable of differentiation, no 
difficulty arises. 

For a proof with a different method of averaging, see Taylor, Proc. London Math, 
80 c. (2), 20 (1922), 202, 203. 
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69. The Reynolds stresses. 

The equation of motion of an incompressible fluid may be writtenf 

and two similar equations. If U+u be substituted for u, V-\-v for 
V, and W ~\-w for w, and the mean value taken, (1) becomes 

= ^ip^-pUU-plm)+^(^-pUV—p^) 

+j^(^z—pUW—pww). (2) 

This equation has the same form as (1) if the stress 
is replaced by 
Pxy ?5 Pxy 

Pxz >> ?j Pxz 

Thus the equations of the mean flow are the same as the ordinary equa- 
tions of motion provided that stress components —p^c^, —pv^, — 
—plrw, —pwu, —puv are added to the mean values of the stresses 
Pxx’ Pyy^ Pzz^ Pyz^ Pzx^ Pxy wMch are due to viscous forces. These 
virtual stresses are called the Reynolds stresses, and are the mathe- 
matical representations of the transport of momentum across a 
surface due to the velocity fluctuations. J 

The equation of continuity, when averaged, becomes 
^U^dV dW_ 
dx ^ dy dz ' ' 

70. Example. The Reynolds shearing stress for pressure flow 
between parallel planes. 

A simple example in which the Reynolds stresses are known is 
that of pressure flow between parallel planes. 

Let the axis of x be parallel to the direction of mean motion, and 
denote by v the component, perpendicular to the parallel planes. 
The average state of affairs may be supposed independent both of z 
and of X, so that d{pu^)jdx = 0, d(pww)jdz = 0, etc. Hence (2) 
becomes • ^ ^ 

= 0, (3) 

t These are equivalent to equations (19) and (20) of Chap. Ill in virtue of the 
equation of continuity. In equation (1), u, v, w ai*e taken temporarily as the com- 
ponents of total velocity. 

i Reynolds, Zoc. dL ; Lamb’s Hydrodynamics, loc, dU 
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dx 
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(4) 


The second equation of motion is 

d 


Qj!Pxv-p'»'^)+^iPvy-P‘>^)+^{Pyz—P^) = 0 . 


dz' 


and since in this case the first and last terms vanish, {pyy—pv^) is 
independent of y. Now 

P7y= ^vjdy, 

and = 0, so that iP+pv^) (5) 

is independent of y. Since d{pv^)ldx ~ 0, (5) shows that dpjdx is 
independent of y. 

It has been shown above that ^ = —p. Similarly, ^ = — p. 
^oe sine 3^ ^ -K-p^-S;, 

== -^p. The integral of (3) is therefore 


— ^P ^ ^ 

puv = +constant. 

ox oy 


( 6 ) 


71. Reynolds’s equations of motion in cylindrical polar co- 
ordinates, 

Reynolds’s equations, expressed in cylindrical polar coordinates 
r, (f>, z, are, with the viscous terms neglected,! 


^^r.ydyr_j4>^V dV, V% 


p dr dr 


■= 1 d . , 

’'-Fa**'’'”**- 


oz r T 


dt ^ ' dr^ r ~d(p ^ * dz^ T 


11 dp 8, , 18,^, 8, . 




et^ ’"Sr^ r 8p^ ^8z 

p8z 8r^'^’ r8<f>^^^’ 82 ^^^ r' 

t The components of mean velocity in cylindrical polar coordinates are here de- 
noted by Vyy F^, T^, and the turbulent velocity^ components by v^. 


3837.8 
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72. Coefficients of correlation. 


Three of the Reynolds stresses depend only on the magnituae of 
one component of velocity, but the three components of shear stress 
depend on the magnitudes of two component velocities and on the 
correlation between them. The coefficient of correlation between 
u and V is defined as 


___ 




uv 


(V) 


u, V, w will be used to denote from now on. 



Fig. 47. 


In the case of pressure flow between parallel plates puv can be 
found from (6) by measuring the mean pressure gradient. To find 
it is necessary to measure u and v. Only provisional measure- 
ments of V in this case have been made,t but u has been measured by 
means of the hot w^ire technique. J Since in general u is nearly equal 
to v,\\ uvju^ is likely to be nearly equal to Values of have 
been given by Karman,tt based his calculations (a) on the 
measurements of Wattendorf, (6) on those of Reichardt. These are 
shown in Kg. 47. 

73. Reynolds’s energy criterion. 

Reynolds’s experiments with flow in pipes showed that if the 
Reynolds number of the flow is less than 1,000, the flow will 

become steady however large the disturbances at the entry may be. 

t F. L, "Wattendorf, Joum, Aero. Sciences, 3 (1936), 200-202. 

J Chap. VI, §§ 117, 119. II See §77, p. 200. 

it jProc. Fourth Jntemat, Congress for Applied Mechanics, Cambridge, 1934 (Cam- 
bridge, 1935), pp. 63, 64. 

Jt is the average velocity over a cross-section, and a the radius of the pipe. 
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Experiments with very carefully controlled conditions of entry have 
since shown that when the disturbances are very small the flow may 
remain steady when U^afv is as high as 16,000.t 

To account for the existence of a critical Eeynolds number separat- 
ing steady from turbulent conditions, Reynolds found the condition 
that the energy of the disturbed motion may increase. With any 
given form of small disturbance the criterion which distinguishes 
between an initial increase or an initial decrease in energy of the 
disturbed motion is a definite value for the Reynolds number of the 
motion. Thus for pressure flow with mean velocity between 
parallel planes distant b apart Reynolds found that if U^bjv >517 
the energy of the disturbed motion increases initially. This result 
was obtained by assuming a definite type of disturbance w^hich 
satisfies the boundary conditions. Reynolds found that the calculated 
critical value of U^bjv depended on the form assumed for the dis- 
turbances. Orrf pursued the matter farther and found the form of 
disturbance which gives the value 117 for U^bjv below which all 
small disturbances initially decrease. It is certain therefore that for 
Reynolds numbers below this all possible small disturbances will 
continually decrease. Orr also calculated the criterion (JjQbjv < 177) 
for initial decrease of disturbance when one plane moves with 
velocity relative to the other. 

These minimum criteria are well below the observed lower criteria. 
It appears therefore that, when the Reynolds number of the motion 
is between Orr’s number and the observed lower criterion, distur- 
bances can be imposed which increase initially but subsequently 
die away. 

Disturbances of pure laminar flow of uniform vorticity which 
increap very greatly initially and subsequently die away have been 
discussed by Orr.lJ They are of the type 

u = (^/iXq) cosuoa;sin6o2/j = (^/6 q) sinaoa;cos6Qy, 
where is large compared with a^. If such a disturbance is super- 
posed on the flow U d^y, the vorticity of the disturbance, which 
is originally arranged as shown in Fig. 48(a), is convected by the 
mean motion, and after time t = b^ja^d^ the areas of positive and 
negative vorticity are situated as in Fig. 48 (5). In the first position 

t SeeChap. VII, §148. 

t Proc. Roy. Irish Acad. 27 (1907), 69-138 (especially pp. 128, 134). 

II pp. 90-94. 
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(Fig. 48 (a)) the centres of positive and negative vorticity are close 
together in vertical lines, so that the velocities they produce are small. 
In the second position (Fig. 48 (6)) the centres of positive vorticity 
are close together on one set of vertical lines, while the centres of 
negative vorticity are on intermediate lines. This arrangement 
produces much greater velocities than that shown in Fig. 48 (a). 



Fig. 48. 


74. Stability for infinitesimal disturbances. 

The importance of stability in connexion with turbulence arises 
because a motion which is definitely unstable for small disturbances 
cannot remain steady for speeds higher than that at which instability 
sets in. On the other hand, a motion which is definitely stable for 
small disturbances may become turbulent when finite disturbances 
are imposed on it. Perhaps the simplest case of steady motion is 
that of flow parallel to the axis of x between parallel planes. It seems 
now to be generally admitted that when there is no pressure gradient, 
the steady flow being due to relative motion of the two planes, the 
motion is stable; but there seems little doubt that in fact the flow 
would be turbtilent when some definite Reynolds number is exceeded, 
provided a sufficiently large finite disturbance were applied. 

75. The stability of flow between rotating cylinders. 

The only case in which instability has been proved by calcula- 
tion and verified experimentally is that of flow between rotating 
cylinders.f For given ratios of radii and of rotational speeds of the 
two cylinders a definite mode of disturbance appears when a calcu- 
lable Reynolds number of the flow is just exceeded. This instability 
t Taylor, Fhzl. Trans. A, 223 (1923), 289-343. 
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consists of alternate ring-shaped vortices symmetrical about the 
axis of the cylinders and spaced a definite distance apart. By arrang- 
ing that the inner cylinder is covered with a thin coat of coloured 
fluid, the annular space between the cylinders being filled with water, 
the vortices can be observed, the planes between them appearing as 



dark lines when viewed at right angles to the axis. A photograph of 
these lines is shown in PL 22, where regularity of the spacing may be 
seen. It appears that when the mean flow is such that only one mode 
of disturbance is just unstable, all others being stable, this mode 
immediately makes its appearance. The comparison between 
observed and calculated speeds at which instability sets in is shown 
in Fig. 49 for a particular pair of radii (3-55 and 4*035 cm.). The 
ordinates and abscissae are Q^/v and Og/v, where ^2 

angular velocities of the inner and outer cylinders respectively.*]* 

76. The stability of two-dimensional laminar flow. 

The two-dimensional periodic disturbances of a field of flow in 
which Z7 is a function of y only may be represented by a stream- 
functionj i/j = and the differential equation for <f> is 

(?7-c)(^6"-a20)-Z7>= (8) 

a 

t This work has been extended by Dean to the case of pressure flow in the annular 
space between two cylinders, the pressure acting round the cylinder and therefore, 
strictly, many-valued. See Proc. Roy. Soc. A, 121 (1928), 402-420. See also Chap. VII, 
§149. . . L . 

X It is assumed that any initial disturbance may be analysed into periodic dis- 
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If all velocities are expressed as fractions of f7niax> maximum 
velocity, and all lengths as fractions of some length b (e.g. the 
distance between two planes between which the flow is confined), 
(8) can be written 

(U-c){<f>"-o?(p)-U’'<f> = -^(f"'-2a2^6"+a«0), (9) 

where R == and is defined as the Eeynolds number of the 

flow, and the dashes refer to differentiation with respect to the new 
lion-dimensional variable. 

To explore the stability of flow between two planes it is necessary 
to write down the conditions that 

(j) (p' z= Q at 1 / == 0 and y = b. 

Since (9) has four independent solutions these four boundary condi- 
tions will lead to a period equation for determining a relationship 
between c and oi. If the imaginary part of ac is positive, the dis- 
turbance is unstable. 

The case when U" = 0 (i.e. the flow is a uniform shearing) has 
been extensively explored over a large range of values of R. All 
oscillations appear to be stable, but it cannot be said that this has 
been definitely proved. For low valuesf of R the problem has been 
attacked by expansion in power series and for high values J by the 
use of asymptotic series. ^ 

A method for obtaining solutions of (9) for high values of otR 
has been developed by Heisenberg, 1| Tietjens,ff and Tollmien.JJ 
These authors divide the four independent solutions into two classes. 


turbances of this type, although this has never been, rigorously proved except in the 
case of a sinaple shearing motion (Haupt, Sitzungsher. d. h. hayr. Akad. d. Wiss.^ 
Math. Phys. Kl. (1912), pp, 289—301). The reasons why the usual proof of the possi- 
bility of such an expansion fails have been set out by Southwell and Chitty, PhiL 
Trans. A, 229 (1930), 232-242. 

On the assumption that any disturbance (possibly three-dimensional) may be 
analysed into constituents which are periodic in t, ic, and 2 , it has been proved by 
Squire (Proc. Bay. Soc. A, 142 (1933), 621-628) that if instability arises for any- 
Reynolds number, then it arises for the smallest Reynolds number when the motion 
is two-dimensional. 

t Southwell and Chitty, Phil. Trans. A, 229 (1930), 205-253. (See also for 
the parabolic distribution Proc. Camh. Phil. Soc. 32 (1936), Goldstein, pp. 40-54, 
Pekeris, pp. 55-66.) 

t Hopf, Ann. d. Phys. (4), 44 (1914), 1-60. 

}| Ann. d. Phys. (4), 74 (1924), 577-627. 

tt Zeitschr.f. angew. Math. u. Mech. 5 (1925), 200-217. 

ii Gdttinger Nachrichten, Math.-Phys. Klasse (1929), pp. 21-44. 
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(a) solutions which are similar to those of an inviscid fluid, namely, 
solutions of (i7_c)(^"_o,2^)_C7''0 0, (10) 

and (b) those which involve very rapid variations of (p and are similar 
to the solutions of 


(U~-c)<t>'' + 


if" _ 

CX.R 


0 . 


( 11 ) 


At the point where U = c the inviscid solution involves an infinite 
velocity and an infinite rate of shear, so that a solution which neglects 
viscosity (no ni'atter how small) in the neighbourhood of this point 
is invalid. A finite viscosity prevents these infinite velocities from 
being attained. By superposing solutions of equations (10) and (11) 
it is possible to satisfy all the boundary conditions; but the full 
mathematical discussion is very complicated, the complications 
arising largely from the fact that any solution of (10) or (11) which is 
an asym_ptotic approximation to a solution of (9) for large values of 
aB, is not, in general, an approximation to the same solution of (9) on 
both sides of the point where U = c. Moreover, in the immediate 
neighbourhood of this point the method of approximation (approxi- 
mating to solutions of (9) by solutions of (10) and (11)) breaks down. 

ToUmien discussed the stability of an approximation to the 
Blasius distribution of velocity near a fiat plate. He found that 
unstable waves can exist when is greater than 420, where 

is the displacement thickness of the boundary layer (defined by 
8^ = J — dy) and is the velocity outside the layer. At 
this calculated initial speed waves of length ITdSi should become 
unstable, so that definite waves of this length might be expected to 
appear at the appropriate distance down the plate. It is a serious 
criticism of this result that no such definite waves have been observed 
even at speeds more than twice as great as the calculated critical 
speed, t All the available experimental work seems to show that the 
boundary layer of a flat plate becomes turbulent at a value of 
which depends on the amount of turbulence in the main 
stream of air outside the layer. J There is therefore no experimental 
evidence that the Blasius regime is unstable. 


t ToUmien (Handbuchder Experimentalphysik, 4, part 1 (Leipzig, 1931), 306) cites 
a photograph by Praiidtl {Zeitschr. f. angew. Math. u. Mech. 1 (1921), 435) as 
evidence that such waves are produced, but the disturbances in the figure can hardly 
be said to look like definite waves. 

i Cf. Dryden, Proc. Fourth Internal. Congress for Applied Mechanics, Cambridge, 
1934 (Cambridge, 1935), p. 175 ; N. A. C. A. Report No. 562 (1936). See Chap. VII, § 151. 
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Apart from criticisms that may be made about the validity of 
ToUmien’s method, it may be pointed out that it assumes that the 
velocity in the undisturbed motion is a function of y only. Except 
when the velocity distribution is parabolic (as it is for motion under 
the action of a uniform pressure gradient) or when the motion is a 
uniform shearing, it is necessary to apply body forces to the fluid in 
order to maintain the undisturbed motion. In Tollmien’s case the 
disturbances so. maintained are not necessarily the same as the dis- 
turbances in a free Blasius boundary layer which increases in thick- 
ness downstream.f 

When the method is applied to shearing flow between parallel plates 
the difficulty just mentioned does not arise. The investigation of 
HopfJ seems to show that shearing flow is stable, and though 
Rayleighll cast some doubt on the validity of Hopf ’s work, Southwell 
and Chittyff believe that ‘it reveals with sufficient accuracy all the 
main features of the problem’. 

77. Isotropic turbulence. 

In all cases of turbulent motion there seems to be a strong 
tendency for the mean-square values of the three components 
of turbulent motion to become equal to one another. Observa- 
tions made in a natural wind near the ground show that the 
transverse and vertical components are unequal near the ground 
but tend to equality at greater heights. tf Ultramicroscopic and 
other observations of the turbulent components in a pipe show 
that they tend to become equal to one another near the centre of 
the pipe.llll 

In a wind tunnel where turbulence is formed or controlled by a 
honeycomb, turbulence rapidly settles down to a condition for which 
the average-square values of the three components are equal to 

t ToUmien has also discussed the stability of velocity distributions in which the 
curve of XJ against y has a point of inflexion, and has shown that in such cases the 
motion is unstable for infinitely large Reynolds niimbers {GottingerNachrichteny Math.- 
Pkys, Klmse, New Series, 1 (1935), 79-114). A critical Reynolds number has, however, 
not yet been calculated.. 

t Ann. d. Phys. (4), 44 (1914), 1-60. 

)j Phil. Mag. (6), 28 (1914), 619 ; Scientific Papers, 6 , 275. 
tt Phil Trans. A, 229 (1930), 208. 

Taylor, Quarterly Joum. of the Roy. Meteorological Soc. 53 (1927), 201-211. 
jjjj Eage and Townend, Proc. Roy. Soc. A, 135 (1932), 656-677; Townend, ibid. 
145 (1934), 180-211; Fage, Phil Mag. (7), 21 (1936), 80-105; Chap. VIII, §172, 
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one another. t It seems certain that the turbulence is then isotropic 
in the sense that the mean-square value of any component of tur- 
bulence is independent of the direction in which the component is 
taken. 

A statistically isotropic condition of turbulence might be expected 
to arise when the time that has elapsed since the turbulence was 
formed is so great that there is no correlation between the motion of 
a particle and its initial motion. With this consideration in view, we 
might expect the turbulence behind a grid to become truly isotropic 
in the sense that the average value of any function of the turbulent 
velocity components or their space derivatives is unaltered if the 
axes of reference are rotated.^ 

78. The effect of contraction on turbulence in a wind tunnel. 

In a wind tunnel the air comes to the working section through a 
contracting entrance in which the mean speed is greatly increased. 
The longitudinal component of turbulence decreases through the 
contraction. The effect of the contraction on turbulence may be 
regarded as due partly to the extension of the fluid parallel to the 
axis of the tunnel, with corresponding contraction in perpendicular 
directions, and partly to the readjustment of the components of 
turbulent velocity which takes place when the normal isotropic con- 
dition is upset. Though both these causes are operating simultane- 
ously in the contracting entrance to a wind tunnel, some insight 
into the effect of contraction may be obtained by considering only 
the effect of the first. An instantaneous or impulsive change in the 
dimensions of a volume of fluid containing turbulent motions, the 
principal axes of the strain being parallel to the coordinate axes, 
.causes the components of vorticity tjq, to change to 
where (12) 

Z, m, n being the expansion or contraction ratios in the directions of 
the axes. The condition of continuity for an incompressible fluid is 
Imn = 1. 

When ^03 Co known, equations (12) give and the 

t Taylor, ‘Statistical Theory of Turbulence’, Part 4, Proc. Roy. Soc. A, 151 (1935), 
465-478. See also § 88 (p. 219) infra. 

t For further discussion of this definition of isotropy, see § 91. 

i! This is a direct application of Cauchy’s equations for the vorticity. Lamb’s 
Hydrodynamics (1932), pp. 204, 205. 

3837.8 jy d 
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corresponding velocities can be found.f An example in which the 
complete solution of the problem has been obtained is that of the 
motion represented by 

Uq = Aq cos axQ sin sin czq, \ 

Vq “ Bq sin axQ cos byQ sin czq, \ (13) 

Wq — Cq sin axQ sin by^ cos cZq, ) 

with AQa+B^b+GQC = 0 to satisfy the equation of continuity. 
This motion becomes 


where A^ 


= Aicosl-’^axismm-^by^smn-^czj^, 
sin cos m~'^by^ sin n~'^cz^, 

= Cl sin l-'^ax-^ sin m-^by^ cos n-^czi, 
Jcm\A ^c—Cf^a)— bn^B^ a—A^b) 



(14) 


In (13) and (14) [xq, y^, Zq) are the coordinates of a fluid particle before, 
and [Xi.yi.z-^ its coordinates after the change in dimensions; and 
[uq,Vq,v)q), the corresponding turbulent velocity com- 

ponents. 

When the contraction is large and symmetrical, so that 


m = n 


A 


= 







XC,b~~B,c\ 
, b^+c^ ] 


(15) 


Thus the longitudinal component of turbulent velocity is inversely 
proportional to Z while the lateral components increase in proportion 
to l^.% 

The turbulence represented by (13) is not isotropic. If we suppose 
a = b ~ c the initial turbulence is more nearly like isotropic turbu- 
lence than with any other choice of a: b:c. In this case (15) becomes 


A 2 ’ 


so that it is useful to compare the effect of contraction on the ratio 


f By the use of a method due. to Helmholtz (see Lamb’s Hydrodynamics (1932)» 
pp. 208-210). The investigation given here is due to Taylor, ‘Turbulence in a Con- 
tracting Stream’, ZeiUchr, f. angew. Math. u. Mech. 15 (1935), 91-96. 

t This idea was first put forward by Prandtl, The Physics of Solids and Fluids 
(London, 1930), p. 358. 
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of the longitudinal components of turbulence after and before con- 
traction with The comparison of observed and calculated 

components is given in Table lO.f and denote observed 

maximum values.) 

Table 10 


1 



^Imax/^Omax 

j Authority 

Method 

3*26 

0*46 

0-50 


Simmons 

Hot wire 



0-381 

0-41/ 


1 

i Townend 

Heated spot 




0-381 

0-52 J 

Fage 

Ultramicroscope 

13*2 

0-114 


0*12* 

Simmons 

Hot wire 

5 » 

,, 


0-15* 

1 5J 

,, 

2*7 

0-55 


0*33 

i- 



»> 


0-38 

1 

- 


* Early measurements using uncompensated amplification. 


79. Statistical theories of turbulence. 

The object of a statistical theory of turbulence is to find methods 
of representing the turbulent field by considering the mean values 
and frequency distributions of quantities connected with the motion. 
Burgers^ has attempted to apply to turbulence the statistical 
methods developed in connexion with the Kinetic Theory of Gases. 
For this purpose he considers a two-dimensional field of turbulence 
determined by a stream-function ijj. He then considers the values of 
i/f at a rectangular network of points with spacing e. If ipQ, 

iffjy, ijj'^ are the values at the corners A, B, C, D and the centre 0 
of a square whose sides are 2€, then, if € is small, 

^ 26 ’ 

'Afi— "Ac 



denoting the turbulent vorticity. 

As in the Kinetic Theory of Gases any state of motion is repre- 
sented by a point in JV^-dimensional space, where N is h^e the total 

t Cf. Taylor, Zoc. cit. The comparison of observed and calculated lateral com- 
ponents is also given in the paper cited. 

% Proc. Roy. Acad. Sci. Amsterdam^ 32 (1929), 414-425, 643-657, 818-833; 
36 (1933), 276-284, 390-399, 487-496. 
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number of points in the rectangular network. In order to apply this 
conception to the discussion of turbulence it is necessary to make 
some assumption in order to determine the frequency distribution 
of the representative point in the .W^-dimensional space, and it is here 
that the chief difficulty arises. Burgers attempts to use the dissipa- 
tion function in this connexion in the same way that entropy is used 
in statistical mechanics. In so doing he leaves the equations of 
motion out of account. This theory seems promising, but it cannot 
be said that it has yet been developed far enough to be regarded as 
a definite theory of turbulence. 

Another statistical representation of turbulent flow depends on the 
conception that the scale of turbulence can be described in terms of 
the correlation between the velocities at a point A and at 
another point B. If A and B are very close together, and are 
closely correlated : if they are far apart compared with the scale of 
the turbulence, this correlation may be expected to disappear. The 
coefficient of correlation By between Uj^ and is 


B 


V 




(16) 


where y is the distance between the points A and and the axis 
of 2 / is along A J?, 

If u represents the downstream component of turbulent velocity, 
^Ay ^B ^6 measured by the hot wire technique. In such 
measurements it is convenient to fix one hot wire and to traverse 
the second wire perpendicular to the air-stream in the direction y. 
Correlations can be measured in other directions provided that one 
wire is not so nearly downstream of the other that the heat wake 
of the upstream wire falls on the downstream wire. 

If the coordinates of B relative to A are x, y, z, the correlation 
coefficient between and Uj^ may be represented by B^y^-, and the 
turbulence may be described statistically in terms of surfaces 
^xyz — const. The correlations between Uj^ and at pairs of 
stations situated on the axes of reference will be denoted by B^, 
Ry, i?.. 

The relationship between By and y is shown by the points (and 
full-line curve) in Fig, 50 (p. 225) for turbulence produced in an air- 
stream by passage over a grid of square meshes 3 in. X 3 in. At a wind 
speed of 15 ft./sec., By tends to zero at = 2*3 inches. Measure- 
ments behind a similar screen of M = 0*9 in. mesh show that, except 
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near ?/ = 0, By seems to depend on yjM, i.e. the values of By at 
corresponding values of yjM in the two cases are the same. The 
scale of the turbulence produced by similar grids of different sizes 
may be expected to be proportional to the mesh of the grids.f This 
expectation is therefore satisfied if the scale of the By curve is taken 
as a measure . of the scale of the turbulence. The scale of the By curve 
may conveniently be defined as 

Y 

“ J (1^) 

0 

where Y is the value of y above which By is sensibly zero. J 

80. Mixture length theories. 

Up to the present time the centre of interest in turbulent motion 
has been its relationship to the mean flow. The statistical effect of 
turbulence on the mean flow has been regarded as similar to that of 
viscosity. Lumps of fluid are supposed to transfer the transferable 
properties from one layer to another just as molecular agitation 
transfers properties like heat and momentum in a non-turbulent 
fluid. In such theories a mixture length, I, plays a part analogous 
to the mean free path in molecular diffusion. The transfer of trans- 
ferable properties is supposed to be effected by the motion of lumps 
of fluid which leave a layer in which their properties are those of the 
mean flow in the neighbourhood, and move in a direction transverse 
to the mean flow through a distance L At this point they are supposed 
to mix with the surrounding fluid, so that their properties become 
identical with the average properties of the fluid in that region. 
The simplest case that can be discussed by this method is that of the 
transfer of a property 6 in the direction of the axis y when the mean- 
value of 6 is constant over planes perpendicular to this direction. 
Suppose that a particle starts from a layer y = \ and that it . carries 
with it the value d{h^, the mean value of 0 at 7/ = hy After moving 
toy ~ h^, where the mean value of d is 9(h2), 6 differs from the mean 
by an amount The mean rate of transfer of B across a 

unit area perpendicular to y is 

where the bar indicates that the mean value over «/ = ^2 taken. 

t Cf. § 94 (p. 227 m/m). 

j Taylor, ‘Statistical Theory of Turbulence’, Proc, Roy. Soc. A, 151 (1935), 421- 
454. 
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Expanding d{}i-^)—6{hz) in a Taylor series we find that Q is the 
average value of 


in.!. r' ^ /J. Ii L I 


so that 


'dy ' 2' 
idB . 1 




d^e 




dy ' 2 


dy^ 


If the change in B in the path is small, only the first term 

need be considered, so that 

dd 




The meaning of the expression v{h^—h-^) will be considered later 
in connexion with diffusion, but by analogy with the Kinetic Theory 
of Gases we may suppose that there is some mean distance 1' between 
the beginning of a path and its final end by the process of mixture 
such that 

v{li^—'h^ = Vv, (20) 

The length V so defined may be called the mixture length. 

The effect of turbulence on the transfer of a property is therefore 
represented according to mixture length theories by 

, ( 2 .) 


81 . The momentum transfer theory. 

To account for the distribution of mean velocity in turbulent 
fields of flow the hypothesis that momentum is a transferable pro- 
perty in the sense of equation (18) has been put forward. If the mean 
velocity U is parallel to the axis of x, and ?7 is a function of y only, 
then the assumption that momentum is a transferable property 
enables us to write pTJ instead of 0 in (21). The Q in (21) then repre- 
sents the rate of transfer of momentum in the y direction, and is 
identical with the Reynolds stress pm. This will be represented by 
— T, so that (21) becomes 

T = -p^ = pl'v^. (22) 

dy 

It will be seen from (22) that pVv is virtually a coefficient of viscosity. 
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The rate at which momentum is communicated to unit volume by 
turbulence is therefore 


The values of the coefScient of virtual viscosity pl'v can be found 
by analysing cases where the distribution of mean velocity has been 
measured; but before it is possible to put forward a theory by the 
aid of which distributions of mean velocity can be predicted, it is 
necessary to find out how the virtual viscosity depends on the mean 
velocity and the boundary conditions. For this purpose Prandtlf 
has put forward the hypothesis that 


The idea underlying Prandtl’s hypothesis is that it has been observed 
that the mean values of the squares of the three components of 
turbulent velocity tend to be equal to one another. J If u and v were 
absolutely correlated and then u — v and \m\ = uv ^ u^. 

Since the momentum is assumed to be transferable 

, 77 — rr-JdUV 


so that 


{hi h^y 


and hence when u and v are absolutely correlated 

In fact u and v are not absolutely correlated, so that \w\ is less than 
11 % or v^; but the hypothesis that there is a length analogous to 
J(L— ^i)^, for which 

- _ l%(^^\ 

\dy] dy\' 

opens up the possibility of a partial explanation of the effect of 
turbulence on the mean flow of fluids. 

With this hypothesis equations (22) and (23) become 

r = pl4^ (26) 

\dy) dy 


uv = ^ 


t Zeitschr.f, dngew. Math. u. Mech. 5 (1925), 137, 138; Verhandlungen des 2. inter- 
naiionalen Kongreases JUr techniache Mechanik, Zurich^ 1926, pp. 62-74. 

, t See § 77 (p. 200). 
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It will be noted that the mixture length I defined in this way is not 
identical with the mixture length V. The former can be evaluated 
in cases where r is known (e.g. flow through a pipe), but V can be 
evaluated only when both r and v are known. 

Mixture length theories cannot be subjected to complete experi- 
mental verification. Their usefulness must be judged either by 
comparing the values of I obtained from (26), using experimental 
values of r and V, with what might be expected from a priori con- 
siderations, or by making further assumptions about I and com- 
paring the distributions of mean velocity calculated from (26) with 
those observed experimentally. 

A generalized version of the momentum transfer theory applicable 
to cases where neither the mean nor the turbulent motions are con- 
fined to two dimensions has been given by Prandtl, who suggests, 
particularly when one component of the mean rate-of-deformation 
tensor is much greater than the others, the substitution 


-pu^ = 2pl^J—, -puv = pPJ^- + —j, etc., 

where 



82. Hypotheses for predicting L 

The simplest hypothesis for predicting I is that of Prandtl — that 
near a plane waU I = By, where y is the distance from the wall and 
5 is a constant.! In a jet or wake Prandtl assumes that at any 
section I is proportional to the breadth of the section. J Another 
hypothesis is that of Karman — ^that I depends not directly on the 
distance fi:om the wall but on the distribution of mean velocity. If 
I is to depend on the mean flow in the neighbourhood it must, in the 
case of two-dimensional mean flow parallel to the axis of x, depend on 
dUjdy, d^Ujdy^, etc. The simplest length that can be derived from 

t Zeitaehr. dea Vereines deutscher Ingenieure, 77 (1933), 105-113. See also 
Chap. Vni. § 153. 

t V erhandlungen des 2. intemationalen Kongresaea fUr technische Meehanik, Ziirich, 
1926, pp. 62-74. See also Chap. XIII, § 252. 
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a measured distribution of U is {dU ldy)l{d^U jdy^)^ and Karman 

IdW 
" dyj dy^ ’ 


where is a constant, j When there is no pressure gradient Prandtl’s 
and Karman’ s hypotheses come to the same thing close to a wall, 
for the value of r is then independent of y. Prandtl’s hypothesis gives 



while Karman ’s gives 


The solution of (30) is 


T = K^p 


(dUjdyY 

(d^Ujdy^Y' 


U = y + const. 


(30) 

(31) 


The solution of (31) J is 


= A 
K 


These are identical ii B — K. 


-jlogy + const. 


83. The vorticity transfer theory. || 

The assumption that momentum is a transferable property 
necessarily involves the assumption that the fluctuating variations 
in pressure, which certainly exist in a turbulent field of flow, are 
ineffective so far as the mean transport of momentum is concerned. 
The only case in which this can be proved to be true is when the 
momentum in the direction x is transferred in the plane yz by 
turbulent motion in which lines of particles parallel to the ic-axis 
remain parallel to this axis throughout the motion. On the other 
hand, if the turbulent motion is two-dimensional in the plane xy, the 
^-component of vorticity is conserved, so that S Is a transferable 
property. 

Taking the case when the mean velocity 27 is in the x direction and 

t Gottinger Nachrichien, Math.-Phys, Klasse (1930), pp. 58-7 6. See also Chap, VIII, 
.§ 158. 

t For large speeds and small viscosity, dUjdy takes very large values at the wall. 
In solving (31) dU jdy has been taken as infinite at the wall. The solution of (30) 
automatically makes dUJdy infinite at the wall. 

11 Taylor, PhiL Trans, A, 215 (1915), 1-26; Proc. Roy. Soc. A, 135 (1932), 685 
et seq. 
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is a function of y only, the full equation of motion, neglecting 
viscosity, may be written 

where is the turbulent vorticity. Taking the mean value we get 

= (32) 

p OX 

since the average value of will not alter with x. It appears, 

therefore, that in this case the effect of turbulence is to communicate 
momentum at rate pvl^' to unit volume per unit time. Hence in the 
notation of (23) M = p^. (33) 

Since { is a transferable property. 


< = = -iv|. 


and since Z 


-dUjdy, 


IT 7/ 


Comparison of (35) with (23) shows that they are identical only when 
Vv is independent of y. 

PrandtTs hypothesis may be applied to the vorticity transfer 
theory by taking Vv = l^\dUjdy\. The equation analogous to (27) 
is then > jott 


M = pl^ 


\dU\d^V 


^ \dy\dy-- 

The expressions (27) and (’36) may be used in comparing the results 
of the vorticity and momentum transfer theories in cases when M is 
known, as it is for instance in the turbulent flow through a pipe.f 

84. The generalized vorticity transfer theory. f 

Averaging the equations of motion with the last expression in 
equation (20) of Chapter III for the acceleration, we see that, if 
viscosity is neglected, the equations of steady mean motion may be 
put in the form 


Qx By dz 




t See Chap. VIIl, §§ 156, 157. 
j Taylor, Proc. Roy. Soe. A, 135 (1932), 697-700. 
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with two similar equations; or, in the vector notation of Chapter III, 
grad V Xcji> = — grad^^+ q_.vxa)'. (38) 


In these equations (C7, F, Tf) are the components of the mean 
velocity, denoted by V; p is the mean pressure; {u,v,w) are the 
turbulent velocity components, with a resultant of magnitude q 
denoted, when considered as a vector, by v; co is the vorticity of 
the mean motion, with components (^, ^), and co' the vorticity of 

the superposed turbulent motion, with components (^', r]', 

(The equations in this form are exactly the same as Reynolds’s 
equations, since the turbulent ‘ velocity satisfies the equation of 
continuity.) 

When the motion is not confined to two dimensions the vorticity 
components are not conserved, and so the vorticity components are 
not transferable in the sense that heat is a transferable property. 
On the other hand, in a non- viscous fluid the components of vorticity 
at any point depend only on the vorticity of the same element of 
fluid at some initial time and on the nine components of strain and 
rotation which transform the element from its initial to its final 
state. This may be expressed in the Lagrangian system by Cauchy’s 


equationst 


t \Y 


(39) 


and two similar equations, where {a,b,c) are the initial positions of 
the element whose coordinates are {x,y,z), initial, 

and 7] + 7]\^+l') its final components of vorticity (in accor- 

dance with the notation above). 

With the assumptions previously made, ^q, rj^, So ®^lso the 
components of the mean vorticity at (a,6,c). Thus if the mean 
motion is steady, and if only the first-order terms in a Taylor series 
are retained, 

with two similar expressioi^for tjq and So- The substitution of these 
expressions in (39) provides formulae for rj\ S0» hence for 
etc. These formulae will be found in the paper by G. I. 
Taylor cited above. 

If, with {x—a), {y~~b), (z—c) denoted by L 2 , we are content 
t Lamb, Hydrodynamics (1932), pp. 204, 205. 
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to neglect not only the squares of the i’s, as in (40), but all terms 
quadratic in the Z’s and their derivatives with respect to x, y, or 2, 
then the formulae for may be considerably simplified. It is 

convenient to start, not from the final form of Cauchy’s equations 
for the vorticity, but from certain equations that occur in their 
derivation (equations (2) of § 146 of Lamb’s Hydrodynamics or p. 42 
of Cauchy’s memoir, Thearie de la propagation des ondes). In the 
present notation these equations are 


£ - UJ £'N%. 2 ) , /„ I I ,Y i 

~ 


(41) 


and two similar equations. The equation of continuity in this, the 
Lagrangian, system isf 

d(x, y,z) 


d{a,b,c) 


= 1 


or 


etc. 


d{x,y, z) 

and if, with the help of the equation of continuity, we express the 
derivatives of a, b, c with respect to x, y, z in terms of those of x, y, z 
with respect to a, 6, c, we find 

^ ^ __ ^(^j y) 

dx d{b, c) ’ dy'^ d{b, c) ’ dz'~ d{b, c) ’ 

5-Z/j Ba da 

ox' By By ' Bz ^ Bz ' 

and so, if second-order terms' are neglected, the equation (41), 
together with (40), gives 

witli two similar expressions for 17' and • Since 

?f+?2+fl = o. 

Bx By'Bz 

and in terms of the L’s the equation of continuity reduces to 

BZ-j^ I ^^2 I ^^3 _ Q 

Bx'^ By Bz 

if second-order terms are neglected, (42) is equivalent to 


(42) 


r = (43) 


t Lamb, op. cit., p. 14. 
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and two similar equations. In vector notation 

to' = curl (Lx o)), (44) 

where L has the components L^, ig-f 
When the mean motion is confined to the direction of x, and U 
is a function of y only, 


dy’ 


^ = r, = 0. 


Then from (42) 


v^' — wri — L^v 


dy^ 


I 8L. 8Lo\dU 
^ 8z ^ dzjdy’ 


(46) 


or from (43), on the assumption that L^v' does not vary with z or 
ig w' with z, 


t d ( j- dTJ 


L, — -i,— (46) 

^dx ^dx) dy 


If now the turbulent motion is two-dimensional in the (x, y) plane, 
the last term on the right in (45) goes out, and (37) becomes 


I dp j — d^U 


(47) 


which is identical with (32) and (34), since L^v here has the same 
meaning as in (34). On the other hand, if 

dujdx = dvjdx = dwjdx = 0, 

so that lines of particles parallel to the axis of x move as a whole, 
the last term on the right in (46) goes out, so that (37) becomes 


p ox dy 


L^v 


dXJ 

dy 


(48) 


which is the equation of the momentum transfer theory. It is easy 
to show that when dujdx = dvjdx = dwjdx = 0 (37) always reduces 
to the momentum transfer equation for mean motion in one direction, 
whether ?7 is a function of y only or not. 


85. The modified vorticity transfer theory 4 

The intractability of equations (42) makes it desirable to introduce 
some further assumptions with a view to simplification. One such 
assumption is that the components of vorticity are transferable in 
the sense that heat is transferable. With this assumption 

“ ^ 0 , 'J7+V ''?05 == Co- 

t Goldstein, Proc, Camh. Phil. Soc. 31 (1935), 351-359. 
t Taylor, Proc, Boy. Soc. A, 151 (1935), 494-497; 159 (1937), 499-502. 
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These equations are satisfied if 

dx j 

' da db dc 

dx dx ^ By By q 

^ db Be Be Ba da db 

Under these conditions 

vl'-wrf = (x—a)w^+{y—b)w^ + (z—c)w^ 

(49) 

Equation (49), with the two equations formed by cyclic permuta- 
tion of xyz, are the equations of the modified vorticity transfer 
theory. 

If in addition we assume that the turbulent motion is statistically 
isotropic, 

(x—a)w = {y—b)w = {x—a)v = {z—c)v = {y—b)u = {z—c)u = 0 
and {x~a)u = {y—b)v = {z — c)w = K (say), 


so that 




simply. f 


86. Diffusion in turbulent motion. 

Diffusion by turbulent motion is related to the mixture length in 
somewhat the same way that molecular diffusion is related to the 
meanfree path. The coefl&cient of diffusion in the direction y is 
v{h^—h^) or Vv, where I' is the mixture length (equation (20), p. 206). 

If a diffusable property starts from a concentrated plane source the 
concentration after time T is proportional to K being 

the coefficient of diffusion and Y the distance from the source. If 
it starts from a line source the concentration is proportional to 
, and if it starts from a point source the concentration is 
proportional to , According to the mixture length theory 

K may be taken as Z'v. 

Measurements of the diffusing power of turbulence can be made 
in a wind tunnel by exploring the distribution of temperature 
downstream from a line or point source of heat. Taking the case 

t "When the mean velocity C7 is in the a;-direction and is a function of y only, 
FrandtFs hypothesis is iC = l^\dU/dy\. 
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of a line source (e.g. an electrically heated wire) placed along the 
axis of 2 ; in a wind tunnel the centre line of which is the axis of x, the 
heat will diffuse, according to the mixture length theory, in the same 
way that it would under the influence of molecular conductivity in 
a non-turbulent stream, but the coefficient of conductivity will be 
much greater than in the molecular case. Except at points very close 
to the source the diffusion of heat in the wake behind a heated wire 
placed in a stream of velocity Uq is nearly identical with the diffusion 
of heat from a concentrated plane source. Thus if the decay of 
turbulence down the wind tunnel is neglected, so that Vv may be 
taken as constant, the temperature in the wake due to turbulent 
diffusion is 

9 = 



and T, the time of diffusion, is xjU^, so that 
. A I Y^m A I 

where — 2VvT — ^xVvjUQ, 


(51) 

(52) 


72 is the mean square of the distances of heated particles from the 
middle of the heat wake. 


87. Discontinuous diffusion from a source in one dimension. 

To simplify the. calculation of diffusion we may suppose that a 
large number of particles start at time T = 0 from the origin 
7 = 0 . We may suppose that they move with velocity v through a 
distance d and that another path also of length d then starts, the 
direction of motion being independent of the initial direction, so 
that, at the end of a path of length d, there is no correlation of the 
velocity wdth its value at the beginning of the path. After n flights, 
i.e. after time T = nd/v, a fraction of the total number of 
particles will be at distances ±:nd from the origin. The proportions 
at distances {n~—2)d, (n—4t)d, etc., are the successive terms of the 
binomiaT expansion of Thus if = 4, ^th will be at a 

distance ±4d, J at ±2d, and f at the origin. In general, the pro- 

1 71 ^ 

portion at distance {n—2s)d is — , tt-t- 

In the limit when n is large the distribution tends to become 
Gaussian. To prove this Stirling’s formula for large 

, yj— ( h+IV/m _J_ 1 
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may be used, so that 

I nl ^ 1 (n+l)-^H27r)~^ 

2^^ (n — 5)!s! 2^ (71— 5+1)^^"®+^ ( 5 + 

The maximum value of the right-hand side of (53) occurs when 
s = ^n, i.e. near the origin. If we put m = s—^n and take logarithms, 
we find 


log(^ ( ^) - Ui ] ^fM-(in-m+i)logan-m+l) 

— (Jri+m+|)log(-|%+m+l). (54) 

If m is small compared with n, 

log(in-m+l) = (55) 


The largest terms containing m in the right-hand side of (54) are 


-m 


m- 


in 




+i^l- 


m+1 


\ 


If m is large compared with unity, these reduce to —2m^ln, so that 


log 


1 


2” (w— s) 


nl \ 
-s)ls\) 


^/W-2— . 
n 


The frequency of particles at distance Y = {n~2s)d = -—2md from 
the origin is therefore proportional to or 



where T {— ndjv) is the total time of diffusion, and 

Y^ = dvT, (57) 

Comparison of (56) and (57) with the expressions (51) and (52) 
previously obtained in terms of the mixture length V shows that they 
are identical ii d= 2V. Since Vv is the average value of 7 ;x(the 
distance moved by the particle since the beginrdng of its flight), it 
will be seen that V might be expected a priori to be equal to \d. 

The formula (57) could have been proved directly, since 


5"^= (2/i+2/2+2/3+-+«/J^ (58) 

where each numerically equal to d but may be either 

positive or negative. There is no correlation between the directions 
of successive jumps, so that 

= y^z == y^z = - = 0 . 

Hence Y^ — nd^ = dvT, . (59) 
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88. Diffusion by continuous movements. f 

The diffusion theory outlined above depends on a physical con- 
ception very like that of the mixture length theory. The process is 
carried out in definite jumps of length d, and at the end of each jump 
the previous history of any particle is, as it were, completely wdped 
out. In the discontinuous diffusion theory this idea is introduced by 
assuming that there is no correlation between the direction of any 
flight and the directions of previous flights. In the mixture length 
theory the particle is supposed to mix with its surroundings and to 
lose its identity at the end of each flight. 

It is difficult to form a concept of any definite physical process 
equivalent to mixture in this sense. The processes involved are not 
in fact discontinuous as is assumed in these theories. The velocities 
in turbulent motion are continuous and the motions of particles are 
continuous. 

To discuss diffusion of particles in continuous movement it is 
necessary to find some method for defining statistically the velocity 
of a particle and its variation with time. For simplicity we may 
consider a field of turbulent flow which is statistically uniform, J so 
that the value of and the mean squares of all the derivatives of v 
with respect to time are the same at all points. We shall consider 
diffusion from a plane xz where all the diffusing particles are con- 
centrated at time ^ = 0. If F is the coordinate of a particle at time 

T 

T,Y=\ V dt, and 

i ^ ^ ^ ^ f ^ 

T 

Now in finding the average value of % J dt we may imagine the 

0 

whole time from 0 to T divided into n intervals. In each of these 
intervals the summation over all particles is made. Thus in the 

. T 

^th interval the contribution to the average value of J ^ dt is 

, 0 

Since the value of at time T is equal to that 
at Tsjn, where B is the coefficient of correlation 

t Taylor, Proc. London Math. S 00 , (2)., 20 (1922), 196-212. 

J For a theoretical discussion of the case where the turbulence is decreasing, as 
it is down a wind tunnel, see Taylor, ‘Statistical Theory of Turbulen,ce% Proc. 
Roy. Soc. A, 151 (1935), 429. 

3837.8 
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between v at time T and v at time Tsjn. It is clear that in con- 
tinuous motion R becomes equal to 1 as Tsjn approaches T. If | is 
the time interval between T and Tsjn, we may use the symbol R^ to 
represent the coefficient of correlation between v at time T and v at 
time T—i, Then if is the interval Tjn, = v^R^ 

Hence (60) becomes 



Q 

(61) 

and 

T i 

0 0 

(62) 


In general we may expect JJj to decrease with increasing 
Suppose that for all times greater than = 0. Then 

T Ti 

J = J d^, so that when T>T^, 

0 0 


i ^ 7^ == constant = f 

^ dj. V 

0 


(63) 


Tt 

and = v^T J R^ d^ -f-constant* (64) 

0 


Equations (64) and (52) may be identified except for the constant if 


2 \ 

Z' = V J jBj di. (65) 

n 

The length v J R^di is therefore analogous, so far as diffusion is 
0 

concerned, to a mixture length, but no assumption has been made 
about mixture in deriving it; indeed this theory of diffusion by 
continuous movements is equally valid if mixture never takes place. 

When T is small = 1, and in these circumstances the diffusion 
formula (62) gives 

72 = or V 72 == vT, (66) 

It appears therefore that, when T is small, V 72 is proportional 
to T . This is clearly so, because over the time interval in which R^ is 
nearly equal to 1 the velocities of particles are nearly constant, so 
particle 7 == vT, In this case therefore not only is 
V 72 = vT, but the frequency distribution of 7 is the same as the 
frequency distribution of v, which has been shown experimentally 
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to be the error distribution. f Measurements by SchubauerJ and 
Simmons] I confirm this ' distribution at points near the source. 
Farther from the source the distribution seems to depend on the 
turbulence upstream of the grid. 

The above-mentioned experiments were carried out by examining 
the distribution of temperature at various sections downstream from 
a heated wire placed across a wind tunnel down which a turbulent 
stream of mean velocity was blowing. If all particles leaving the 
heated source are supposed to have acquired the temperature of the 
source, the difference in temperature between any point in the heated 
region and that of the main stream is a measure of the frequency at 
which heated particles pass the point in question. The distribution 
of temperature near the source was found to be representable by the 
formula d — Ax~‘^ exip{—Y^I2Y^), where was proportional to the 
distance downstream from the source and JL is a constant. 

It is a little confusing that the distribution of temperature close to 
the source is the error curve, just as it is when the distribution is 
due either to molecular diffusion or to the fact that a large number 
of uncorrelated paths have been traversed since the heated particles 
left the source. The distribution close to the source is the same as 
the frequency distribution of turbulent velocity, which happens to 
be the error distribution. If the frequency distribution of velocities 
had obeyed some other law, the distribution of temperature near the 
source would not have fitted an error curve. On the other hand, the 
temperature distribution very far from the source must necessarily 
fit an error curve whatever be the frequency distribution of velocities. 

Since in the experiments the turbulent velocities were small com- 
pared with Uq, the time of diffusion T was xIUq. Hence from (66) 

^T^jx = vIUq. (67) 

The value of v found in this way from Schubauer’s experimental 
results was very nearly the same as the value of u found at the same 
point in the air stream by means of a hot wire. These measurements 
therefore confirm the idea that turbulence produced, as in this case, 
by grids with regular spacing is isotropic. 

The analysis of the diffusion of heat at greater distances down- 

t Simmons and Salter, Proc. Roy, Soc. A, 145 (1934), 212-234. See also Townend, 
ibid,, pp. 180-211. 

t N.A,O.A, Report No. 524 (1935). 

11 Taylor, ‘Statistical Theory of Turbulence’, op, cit., pp. 468-470. 
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stream, where differs appreciably from 1, has been carried out, 
but is complicated by the fact that the turbulence dies away down- 
stream, so that is not constant down a wind tunnel. f 


89. Atmospheric turbulence. 

Most of the earlier discussions of the effect of turbulence on the 
temperature and velocity of the atmosphere were based on mixture 
length theories in which, for lack of information and for simplicity, 
a virtual coefficient of viscosity and of conductivity was assumed 
which was constant at all heights. These approximate theories 
yielded some useful results when applied to large -scale phenomena, 
such as the distribution of mean velocity in the lower layers of the 
atmosphere. They are not applicable to small-scale phenomena such 
as the diffusion of concentrated puffs of smoke. To discuss this the 
theory of diffusion by continuous movements has been adopted, j 

when vi is large, (62) leads to 

y2 ^ ic2(vT)2-^, (68) 




where 

{l—n){2—n) 

For diffusion in the lower atmosphere it has been found that (68) 
fits the observations made with smoke clouds provided 2-~~n = T75, 
i.e. n = 0*25. 


The frequency distribution of velocities in the atmosphere is 
approximately Gaussian, j] as it is in the turbulent air of a wind' 
tunnel. 


90. The dissipation of energy in turbulent motion. 

When air flows through a pipe in turbulent motion at high 
Reynolds numbers it is knownfj’that if the surface stress is expressed 
in the form tq — pUl, then there is a universal velocity distribution 
of the form 




u 


a 


=/- 
CL, 


t Taylor, ‘Statistical Theory of Turbulence’, op.cif ., p. 429, 

t O. G. Sutton, ‘Eddy Diffusion in the Atmosphere’, Froc. Foy. Soc. A, 135 (1932), 
143-165. 

11 Hesselberg and Bjdrkdal, Beitrdge zur Physik derfreien Atmos. 15(1929), 121-1 33 ; 
Graham, A.R.C. Beports and Memoranda, No. 1704 (1936). 
tt See Chap. VIII, §§ 154, 156, 157, 159. 
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where is the maximum velocity along the axis of the pipe, U is 
the velocity at a distance r from the axis, and a is the radius of the 
pipe. Now T, the Reynolds stress at radius r, is equal to rrja, so that 
at any point rjpUl, and therefore also rlp{U^~ are constant if the 
speed varies. On the assumption that the root-mean-square value 
of each turbulent component of velocity is proportional to the 
observed maximum value, Fagef has shown that in a pipe ti/CZ,, 
v/CZy, ivjU^ stay constant as the speed changes at high Reynolds 
numbers, so that at any point rjp (or uv), are all proportional 

to {Uq—U)^. These conditions would be satisfied if, when U^—U is 
increased in any ratio, the field of turbulent flow is increased at 
every point in the same ratio. 

This hypothetical relationship between the turbulence patterns at 
different speeds would, however, be inconsistent with the condition 
that the dissipation of energy by viscosity must be equal to the work 
done. The rate of dissipation of energy per unit volume in geometric- 
ally similar fields is proportional to pLu\ where is some typical 
velocity in the field, which may be either a mean velocity (e.g. 
U^—U) or a turbulent component, and I is some typical length. 
Since the Reynolds stresses are proportional to pu\, the rate at which 
work is done per unit volume is proportional to pu\ 

It is impossible therefore to account for the dissipation of energy 
in turbulent motion by imagining that a series of fields of flow^ which 
are possible at one speed can be repeated at a higher speed — though 
this hypothesis would account for other observed phenomena. 

On the other hand, the fact that, when is sufficiently high 

(a being the radius of the pipe), t is proportional to piU^—U)^ w^hile 
u, V, w are proportional to U—U^, show^s that the rate of dissipation 
of energy per unit volume is proportional to pu^a~'^, even when there 
is no geometrical similarity between the flow patterns at different 
speeds. 

91. Dissipation in isotropic turbulence. J The length A. 

The simplest case in which the decay of energy can be discussed by 
statistical methods is that of isotropic turbulence, i.e. turbulence in 
which the average value of any function of the velocity compo:^ents 
or their space derivatives is unaltered if the axes of reference are 

t Proc. Roy. Soc. A, 155 (1936), 57e-596. 

} Taylor, Proc. Roy. Soc. A, 151 (1935), 430-454. 
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rotated in any manner or are reflected.f Turbulent fields of this type 
can be produced in a stream of air by passing it through a regularly 
spaced grid of parallel bars. 

The general expression for the mean rate of dissipation is 



For isotropic turbulence 



fduy^ /du]^ /dv^ (dv^ ldw\^ /divY 

\dyj \dz) \dxj [dzj \%/ 

dv du dw dv du dw 

dx dy dy dz dz dx 


where Ug, are symbols introduced for brevity. Hence 

The quantities are not independent. Since the fluid is 

assumed incompressible 




= 0 , 


so that in isotropic turbulence 


— 0 , 


( 71 ) 


where 


dudv dv dw _ 

^ dx dy dy dz 

Another relationship between 


dw du 
dz dx' 


can be obtained by 


turning the axes through 45° about the 2 ;-axis. The transformation is 


= x-{-y \ 

^/2y' = —x+y j 
The transformation for dujdx is 


^l2u' = u-\-v 
'\l2v' = — 


du lldu' dv' \ 

dx 2 \dx' dx' dy' dy'j * 

t This definition of isotropy implies strictly that there is no mean motion relative 
to the frame of reference. The results will be unaltered if a constant mean motion is 
superposed. If applied to other cases the results can, at best, be only approximate. 
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Hence 


duy 




* /dv' 




\8x' 


+ ...- 


2——4- 
8x’ 8x'^"‘ 


(72) 


The conditions of isotropy necessitate that terms like 

(8u'l8x').{8v’j8x') 

' shall vanish, for they would change sign by a rotation of the axes 

through 180° ’ 

CoEecting together such terms as {8u'l8x'Y and (dv'l8y'y which 
are equal to one another in isotropic turbulence, and remembering 
that isotropy also necessitates that {du'j8x'Y‘ = etc., we find 
irom (72) that ^ 


or a-^—a^—a^—a^ = 0. (73) 

Yet another relation between can be obtained by 

considering the mean value of The equations of motion of an 
incompressible viscous fluid are 


1 ^ 
p dx 


du . du . du . du «« 

— -\~U-r 

dt dx By Bz 


with two similar equations. f Differentiating these three equations 
by X, y, z respectively, and adding, we get 



Bw Bv Bu Bw\ , a 


and when we take the mean value of both sides of (74) we arrive at 
the equation , 

== S^i+eag. 

P 

In a uniform field of turbulence = 0, J so that 

0. 

Combining (71), (73), and (75) we find that 




-2a« = —2a A, 


(75) 

(76) 


t These are the equations if there is no mean flow. If there is a constant mean 
velocity, the average value of the right-hand side of (74) is unaltered. 

J Take integrals over a large volume Fj. Then 

Fi ^ = JJJ W dxdydz = JJ (i^ + + n dS, 

where the surface integral is over the boundary of ^^4 I, nit n axe the direction 
cosines of the outward normal. Since the integrand of the surface integral does not 
continually increase as the volume increases, the surface integral divided by the 
volume tends to zero. Hence V^jp = 0. 
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Hence (70) may be written 

W = 15/xai or or 7-5/x(S?^/%)2. ( 77 ) 


The value of {dujdyY is closely related to the manner in which 
falls off from its initial value, 1*0, as y increases from zero. It has 
been shown in factj that 


^ 2 ! u^dy^ 


+ .... 


(78) 


The curvature of the By curve at the origin is therefore a measure of 


{dfildy)^, and 



2u^]im 

y-^ 



(79) 


The significance of (79) can be appreciated by defining a length A 
such that 

I # I — ri. \ 

(80) 


4 = lim/L 


A is then the intercept on the axis of y of the parabola drawn to 
touch the {By,y) curve at its vertex (see Fig. 50). 

From (77), (79), and (80) 

W = 15/X142/A2. (81) 

Since and By can be measured by the hot wire technique, the 
relationship (81) can be verified if W can be measured by other 
methods. In the case of turbulence in a wind stream behind a grid, 
W can be found by measuring the rate of decay of turbulence down- 
stream from the grid. The mean rate of loss of kinetic energy per 
unit volume is 7 


or —^pUQdu^Jdx in the case of isotropic turbulence. 


t For the definition of By see equation (16), p. 204. 

X Cf. Taylor, Proc. Lond. Math, Soc.'{2), 20 (1922), 205, equation (14). Taking u- 
as independent of y, and expanding in a Taylor series, we have 



_ uu.. 1 

f . 

du 

d^u 


il 

1! 

V 

lu^+yu —u 

[ dy 21 

dy-~^ 

But since 

u® is independent of y. 





du 

and 

dHt 

/8u\^ 


w — = 0, 




8y 

^dy^ 

\dy/ 

Hence 

By = 1 

1 





“Ft 

M* \8y/ 
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This must be equal to IT, so that 

-}pC7.iu> = (82) 

and all the quantities in this equation can be measured. The value 
of A calculated in this way for the stream in which Ry was measured 



(see Kg. 50) was 0*26 in. The parabola = (1— i2^) is shown in 
Fig. 50. It will be seen that it lies close to the observed points 
near the apex of the Ry curve. 

92. Relationship between A and the scale of the turbulence. 

We now consider how the length A, which determines the dissipa- 
tion, is related to the scale of the eddy-producing system. It has 
been pointed out that in a pipe the dissipation of energy is propor- 

3837.8 o „ . 
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tional to where a is the radius of the pipe. The scale of the 

turbulence produced is clearly limited by the diameter of the pipe. 
It seems therefore that, in comparing the dissipation in the turbulence 
produced by geometrically similar turbulence-producing mechanisms 
on different scales and at different speeds, we may suppose that the 
dissipation is proportional to puH-^, where I is any linear dimension 
which defines the scale of the turbulence-producing mechanism. 

It has been shown (equation (81)) that in isotropic turbulence the 
rate of dissipation is 15/xU^/A^, so that, when geometrically similar 
systems are compared on different scales and at different speeds, 
then at any point is proportional to puH-^. Thus 



When the turbulence is produced by a grid of regularly spaced 
bars distant 3£ apart (i.e. of mesh M) placed across a stream of wind, 
each bar leaiVes a wake in the stream. This wake disappears some 
w^ay downstream, leaving turbulence the scale of which must be 
determined in some way by the mesh {M) or by the diameter (D) of 
the bars. The distance downstream at which the wake disappears 
depends on the ratio D/M; when DjM is as great as | the wake 
disappears within a length of about 20 M. Farther downstream we 
may suppose that the turbulence is statistically uniform across the 
stream, and we may take the mesh length M as the typical length 
Thus (83) becomes 

w^here ^ is a constant to be determined by experiment. 

A may be expected to be constant only when geometrically similar 
grids are used: it is found experimentally to be practically constant 
for all square-mesh grids, whatever the ratio DjM may be (p. 228). 

93, The Reynolds number of turbulence. 

It will be remembered that the considerations on which (84) is 
based are derived from observations on the proportionality of 
^^(r/p), u, V, w, and U~~ in a pipe, and that these hold only when 
U^afv, and hence uafv, are greater than certain numbers. It follows 
that (84) can be expected to hold only when uMjv exceeds some 
definite number. This quantity, uMjv, may be called the Reynolds 

t In some cases the typical length must be taken as increasing with distance 
downstream from the grid. See the reference to N.A,C,A, Report No. 581 on p. 233- 
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number of turbulence. The lowest value for which (84) holds must 
be determined by experiment. 


94. The law of decay of turbulence behind grids. 

With the expression (84) for A, (82) may be integrated: 


integral is 


u 


5x 

'Am 


+ constant. 


the 

(85) 



Fig. 51. Collected results of turbulence behind grids and honeycombs. 


^ X 5"inch grid, M = 5 inches, D = 1 inch, 
irv 1 i O 3i-inch grid, M — 3-25 inches, D = 0-65 inch. 
Hexagonal honeycomb, M = 3 inches. 
Honeycomb of 3-inch tubes, M = Z inches. 


r • 3-inch sctuare-mesh honeycomb, M = 3 inches. 

Simmons < ^ 3-inch grid of circular rods, M = 3 inches, D = | inch, 
and Salter I + grid, M = 0-62 inch in 4-inch pipe, 

I V grid, M ~l o inches in 1-foot tunnel. 

Figures shown in the diagram give values of uJMv. 

Thus if u is measured at different distances behind a grid, UJu 
should increase linearly. In Tig. 51 are. shown measurements taken 
behind a square-mesh grid which verify this prediction. 

If UJu is plotted as ordinate and x/M as abscissa, each set of 
observations taken at various distances down a wind tunnel behind 
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a square-mesh grid should be on a straight line whose slope is 5/J.2. In 
this way, with a range of grids from M = 6" down to if = 0*62", 
values of A were obtained varpng only between the limits 1-95 and 
2-20. Since the values of DjM were not the same in all the experi- 
ments, it seems that the scale of the turbulence depends on M, and 
not on D. 


95. An experimental verification of isotropy in turbulence 
behind grids. 

The comparison between the observed values of and the values 
of found by analysis of Schubauer’s diffusion measurements (§88, 
p. 219) has shown that in a turbulent stream behind regularly spaced 
grids u — V = w. These conditions, however, do not form a com- 
plete verification of isotropy. A more complete verification can be 
obtained by measuring the correlation (B) between the values of u 
at pairs of points distant d apart along lines at various inclina- 
tions {6) to the axis of a wind tunnel. If dujdx' is the gradient 
of - 2 ^ in a direction inclined at an angle 9 to the tunnel axis (which 
is taken as the axis of x), then in the same way as (79) was found 
it may be shown that 

d-^ 2u^\dx j 


— = COS0 \~sm9 — . 

dx ex dy 


Also {duldx),{dufdy) vanishes (since it would change sign with a 
reversal of the direction of the ^/-axis), so that 


= cos2<9 ^ +sin2<9 


From (79) and (80) = 1, 


and from (76) 


so that 


— l(—Y 

dx) ^\^y] 


lim 

d — M) w A 


Hence, if c2/y( 1-— i?) is taken as the radius vector (r) in polar co- 
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ordinates (t,9), and plotted against 6, the resulting curve for suffi- 
ciently small values of d should be the ellipse 

1 _ cos^^ sin20 

with semi-axes V2A and A. 

Measurements of {l~R)ld^ have been made by Simmons in a 
stream of wind rendered turbulent by a square-mesh grid of mesh 
3 inches, and are shown in Fig. 52. The full-line curve in Fig. 52 is 
the theoretical ellipse, with axes in the ratio V2:l. It will be seen 

Experimental observations o at d = 0-035 inches 
X at d - 0*05 •’ 

A at d = 0*07 
t at d- 0-105 •' 



that the theory, which is based on the conception of isotropic 
turbulence, is very well confirmed. 

96. The effect of a density gradient on stability. 

The effect of gravity in suppressing turbulence in a fluid of 
variable density has been discussed from various points of view. 
Richardson and Prandtl| calculated the work done by turbulence 
against gravity in a fluid whose density decreases upwards. If Y is 
the height to which any particle in the fluid has risen above its 
original level, the work done per unit volume against gravity by 
the turbulence is 

where ^ (87) 

\^y 

t Richardson, Proc. Roy. Soc. A, 97 (1920), 354-373; Phil. Mag. (6), 49 (1925), 
81-90. Prandtl, ‘Einfluss stabilisierender Krafte auf die Turbulenz’, Vortrdge avs dem 
Qehiete der Aerodynamik und verwandter Qehiete^ Aachen^ 1929 (Berlin, 1930), pp. 1-7. 
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The rate at which work is done is therefore 

When the turbulent energy is not decreasing this work must be 
supplied by the Reynolds stresses. If the mean motion is a uniform 
shearing parallel to the axis of so that dU jdy = a, the rate at 
which the Reynolds stresses are doing work is jra | . Thus 

|ra| > (88) 


Now 7 in (88) is identical with the 7 used in the theory of diffusion 
by continuous movements, so that from (63) and (65) 

0 

where V is the mixture length. Hence 

\roi\ > gppVv. (89) 

If it is assumed that the momentum transfer theory of turbulent 
motion holds, then ^ ^ ( 90 ) 

so that the momentum transfer theory necessarily gives the rela- 


tionshipf 


^> 1 . 


This is Richardson’s relationship. If therefore a motion is established 
such that oc^lg^ < 1, it cannot, according to the momentum transfer 
theory, be turbulent. 

TaylorJ has calculated the stability equation for a non-viscous 
fluid of small uniform density gradient in uniform shearing motion. 
He finds that there is stability if oc^jg^ < 4. 

Consideration of the stability of a system consisting of three super- 
posed fluids moving with uniform shear led to the result that unstable 
oscillations can occur when 


pH 

where Ap is the small change in density at each interface, and is the 
thickness of the central layer. Similar calculations for four fluids 
gave the lower limit for unstable waves as oi? > 2'llgp. 

Similar results were obtained from calculations H for the case when 


t Prandtl’s version gives a^/gP > but the factor J appears to be due to a mistake 
(see Taylor, Rapports etProch-Verhaiuc du Conseil Permanent International pour V Explo- 
ration de la Mer, 76 (1931), 35-43), t Proc. Roy, Soc. A, 132 (1931), 499-523. 

i( Ibid.f p. 509, and Goldstein, ibid.^ pp. 524-548. 
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upper and lower fluids, each of infinite extent and moving with 
uniform velocity, are separated by a layer of uniform vorticity and 
intermediate density. 

The above stability results apply only to fluids of infinite extent. 
Schlichtingt has extended the calculations of Tollmien on the 
stability of the boundary layer in a viscous fluid, and has found that 
the effect of gravity is to make all oscillations stable provided 
0 ? < 25^jS, where a now represents the rate of shear at the wall, and 
it is assumed that the density distribution is such that ^ is constant 
in the boundary layer and zero outside it. Measurements by 
ReichardtJ in a wind tunnel heated at the top seem to confirm 
Schlichting’s theoretical resuit. It was to be expected that this 
result would differ from that which is valid in an infinite fluid. 

97. Diffusion in a turbulent field with a density gradient. 

It is not possible from the stability calculations to say anything 
about the possibility or otherwise of turbulent motion with any 
given density gradient. On the other hand, Richardson’s criterion — 
that turbulence is possible only when > 1 — must be valid if 
the momentum transfer theory of turbulent motion is valid. Hydro - 
graphic measurements by Jacobsen of the current and density at all 
depths at various stations near Denmark have been analysed (partly 
by Jacobsen and partly by Taylor||) to find the transport of momen- 
tum and of salt in a vertical direction, together with values of 
The values of oc^/g^ ranged from 0*008 to 0*38, yet the calcu- 
lated rate of diffusion of salt and the calculated shear stress were 
thousands of times as great as could be accounted for by molecular 
diffusion and viscosity. It is clear therefore that turbulence can 
exist even when cx^lg^ is as small as 0*008. For this reason it seems 
that the momentum transfer theory must be very far from the truth 
when there is a density gradient. 

If we abandon the momentum transfer theory we can still get some 
information from the energy relation (88). If i§ defined as the 
virtual coefficient of diffusion of salt, then K;^ = IdY^jdt, so that 
(88) becomes \roc\ > gp^K^. (92) 

t Zeitschr.f. angetv. Math. u. Mech. 15 (1935), 313-338. 

t Prandtl and Roichardt, ‘Einflnss von Warmeschichtung auf die Eigenschaften 
einer turbulenten Stromung’, Deutsche Forschung^ Part 21 (1934), 110-121. 

II Rapports et Proces- Verhaux du Canseil Permanent International pour V Explora- 
tion de la Mer, 76 (1931), 35-43. 
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Hence the energy relationship can be expressed in the form 


r/pa 


( 93 ) 


r/a is a virtual coefficient of viscosity, so that rjpa may be regarded 
as a coefficient of diffusion of momentum. If we putf r/pa = 

(93) becomes ~2 jr 

<**' 


This equation can be verified, because both and can be 
calculated from the distributions of velocity and density in a stream 
where fresh water is flowing over salt water. The results of these 
calculations in two such cases (at Schultz’s Grund and Randers 
Fjord) are given in Table 11. 


Table 11 

Schultz's Orund. Banders Fjord. 


Depth , 

metres 

Ks 

S ? 

Depth , 

metres 

Ks 


2*5 

0*09 

0*14 

I 

0*17 

0*17 

5-0 

0*13 

0*26 

2 

0*20 

0*38 

7*5 

0*067 

0*17 

3 

0-15 

0*26 

10*0 

0*023 

0*098 




12-5 

0*021 

0*035 




15*0 1 

0*05 

0*008 





It will be seen that all the observations, except that at 15 metres 
at Schultz’s Grund, satisfy (94). The exceptional observation is near 
a velocity maximum, so that a is nearly zero. 


ADDITIONAL REFERENCES 

Taylor and Green (Proc. Boy. Soc. A, 158 (1937), 499-521) show that when 
a special type of initial motion is given to a viscous fluid the rate of dissipation 
increases until it reaches a maximum, at which its value is in fair agreement 
with the formula (84) (p. 226) when A is given its experimentally determined 
value 2-0. 

Karman, Proc. Nat. Acad. Sci. 23 (1937), 98-105; Joum. Aero. Sciences^ 4 
( 1937), 131-138. The correlation between the velocity components in fixed direc- 
tions at two points is expressed as a tensor. If B^ is the correlation between the 
velocity components in the direction AB at the two points A and P at a distance 
r apart, B^ the correlation between the components at right angles to AB, it is 
shown that 

r~" + 2(Pi-P,) = 0. (95) 

(This is a generalization of (86) (p. 228).) On the assumption that the mean 
t The momentum transfer theory assumes that Ky^ = Kg . 
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values of all triple products of components of velocities at A and B vanish, a 
theory is developed for the decay of turbulence behind a grid. With this 
assumption the (Ri, r) curve may be of constant shape ; in such a case the decay 
of turbulence is expressed by the formula 

— = constant (14- yy-r) > (96) 

tl \ (Jq IqJ 

which may be compared with (85) (p. 227): according to (96) it is only when 
50 ; = 1 that UqIu is a linear function of x. 

Taylor {Journ. Aero. Sciences, 4 (1937), 311-315) shows that the special form 
of the (i?i, r) curve necessitated by Karman’s assumption (see above) is not 
in agreement with observation. 

Taylor, Proc. Boy. Soc. A, 164 (1938), 15-23. In Karman’s expression for 
the rate of change of mean-square vorticity (Journ. Aero. Sciences, op. cit.) 
the terms neglected on the assumption that the mean values of triple pro- 
ducts vanish (see above) can be evaluated from measured curves. This 
is done in a particular case, and it is found that the value of the term which 
has been neglected is three times as great as the one which is not ^neglected. 

•Karman and Howarth (Proc. Roy. Soc. A, 164 (1938), 192-215) show that a 
law of decay simdar to (96) can arise when the triple correlations do not vanish, 
if further assumptions are made. 

Dryden, Schubauer, Mock, and Skramstad, N.A.C.A. Report No. 581. In 
the Bureau of Standards tunnel the scale of turbulence increases with distance 
from the grid. The rate of decay is consistent with the formula 

where L is the observed scale of turbulence defined by 

00 

L = [ By dy. (98) 

0 

Some measurements are described in which band filters are inserted in hot 
wire anemometer circuits, thus eliminating all turbulence the frequency of 
which falls outside the band, (Cf. Chap. VI, § 121.) 

Simmons and Salter (Proc. Roy. Soc. A, 165 (1938), 73-89) have constructed 
a set of high and low pass filters by means of which the turbulence behind a 
grid has been analysed into a spectrum. (Cf. Chap. VI, § 121.) 

Taylor (Proc. Boy. Soc. A, 164 (1938), 476-490) shows that the spectrum of 
turbulence at a fixed point is connected with B^ by the pair of relations 


00 



J F(n)oos^^^ dn, 

( 99 ) 

F{n) = 

0 

4 f _ 27Tnx j 

■ uj V. 

(100) 


where F(n) dn is the proportion of which is due to components with 
frequencies between n and h+dn. 

Dryden (Journ. Applied Mechanics, 4 (1937), 105-108) gives a bibliography 
of 31 papers and an account of developments between 1935 and 1937. 

'3837.8 jjh 



VI 


EXPERIMENTAL APPARATUS AND METHODS OE 
MEASUREMENT 


98. Introduction. 

This chapter is intended to give the reader a sufficiently detailed 
account of the apparatus and of the methods of measurement used 
in aerodynamic experiments to enable him to appreciate the general 
nature of the experimental investigations to which reference is made 
elsewhere in the volumes, and to have some idea of the accuracy and 
also of the Hmitations of present-day experimental technique. 

SECTION I 

WIND TUNNELS, VVL^TER TANKS, AND WHIRLING ARMS 

99. Wind tunnels. 

A wind tunnel is an apparatus for producing a uniform air-stream 
in which the aerodjmamic properties of bodies can be observed and 
measured. There are three main types of wind tunnel : ( 1 ) open circuit 
tunnels, (2) closed circuit (return flow) tunnels, and (3) compressed 
air (variable density) tunnels. In each of these types the stream at 
the working section may be either free (open jet type) or bounded 
by rigid walls (closed jet). A brief outline qf the characteristics of 
each of these types foUow's: details can be found in reports published 
by aerodynamic institutions throughout the world, j 

100. Open circuit tunnels. 

The open circuit type (Fig. 53 (a) and {b), p. 236) consists essentially 
of a duct, usually of square or rectangular cross-section, through which 
air is sucked by a fan at the outlet end. The air is afterwards dis- 
charged into the room, and returns slowly to the bell-mouthed inlet. 
The fan is of the airscrew type,' which gives a steadier flow than a 
centrifugal fan. Even so, the eddies created by the rotating blades 

t See Eiffel, Nouvelles Eecherches sur la Resistance de VAir et V Aviation (Paris, 
1914); Ergebnisse der Aerodynamischen V ersuchsanstalt zii Gottingen; A.R.C. Reports 
and Memoranda; N.A.C.A, Reports. For a summary see Hoemer, Zeitschr. des 
Vereines deittscher Ingenieure, 80 (1936), 949-957. 

The area of the working section of a wind tunnel is usually of the order of 50 sq. ft., 
but one or two existing tunnels can house full-size aeroplanes. The biggest, at 
Langley Field, IJ.S.A,, has an oval jet 60 ft. broad by 30 ft. high, in which a wind 
speed of about 120 m.p.h. can be reached with an expenditure of 8,000 horse-powder. 
(See De France, N.A.G.A. Report No. 459 (1933).) 
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constitute a serious source of disturbance in the flow, and measures 
must be taken to minimize their effect. Behind the airscrew in the 
N.P.L.f type a 'distributor’, consisting of a large rectangular com- 
partment perforated on all sides with fairly small holes or slots, serves 
to return the- air to the tunnel room at a fairly low” speed and over a 
considerable area, and so to break up the violently disturbed flow 
behind the airscrew into reasonably small eddies which have time to 
die away during their slow passage through the room back to the 
intake. Alternatively, the distributor may be considerably reduced 
in size or even entirety dispensed with, a honeycomb wall being built 
across the tunnel room (Fig. 53 (6)) to break up the large disturbances 
discharged by the fan. 

If the jet is open, as in the tunnels designed by Eiffel in Prance, 
it is necessary to surround it by an air-tight w^orking chamber, since 
the pressure at the working section is necessarily below atmospheric. 
In either the Eiffel or N.P.L. type the room containing the tunnel 
should have a .cross-sectional area many times that of the tunnel 
itself, in order that the return flow in the room may be very slow. 
Disturbances leaving the outlet are thus given time to die away, and 
the tunnel virtually takes its supply from still air at the intake end. 
In addition, there is fitted near the intake end, to prevent swirl 
about the tunnel axis, a honeycomb, i.e. a bank of thin-waUed tubes 
of fairly small cross-section. Its chief function is to maintain the 
direction of flow parallel to the axis of the tunnel. It also serves to 
break up any occasional large eddies which may reach the intake. 

101. Closed circuit tunnels. 

The chief disadvantages of the open circuit type are the large 
room-space it needs and its low efficiency, consequent upon the waste 
of practically the whole of the kinetic energy of the air at the dis- 
charge end. By the continual circulation of the air in a closed circuit 
much of this loss is avoided, and a given wind speed is obtained for 
an expenditure of much less power than in the open circuit type. The 
arrangement has the disadvantages that the return flow is now not 
slow enough to allow disturbances from the airscrew to die away, and 
that the air current has to be turned smoothly through four right 
angles in its passage from outlet to inlet. The first difficulty is largely 
overcome by the gradual expansion of the return-flow ducts to about 

t National Physical Laboratory, Teddington. 




Sfe^nd^^rd N.RL. Type 7 Ft. No. 3. 


Hop^^ycolT^b Wa^U. 



^ 



= 



_j 

i 

: ^ 



E 


K.A-El. 7 Ffc. B No. 2 Tunnel. 



(C) 


Guide Blades 



Fid. 53. 


VI. 101] 


CLOSED CIRCUIT TUNNELS 


237 


four times the area of the working section, followed by a rapid con- 
traction of the stream just before the working section is reached; the 
- second is effectively surmounted by the provision of suitalDle guide 
vanes to turn the air smoothly round each right-angled bend.t Both 
the rapid contraction at the inlet and the guide vanes, which are the 
two essential features in the design of a successful closed circuit 
tunnel, were first used by Prandtl at Gottingen. 

A honeycomb is usually placed just before the rapid contraction, 
but does not appear to be always essential; it has, for example, been 
omitted in the tw^o new tunnels at the N.P.L. A definite improve- 
ment in both velocity distribution and power efficiency is obtained 
by placing radial aerofoils either behind or in front of the airscrew, 
set in such a way as to remove the rotation from the slipstream of the 
screw, and so to allow the air-current to reach the aerofoil cascade at 
the first bend behind the screw with only an axial velocity component. 

The flow may be returned either by a single duct, or by two ducts 
symmetrically placed one on each side of the jet. Given a free choice,- 
the single return duct is somewhat simpler to construct. The closed 
circuit open jet tunnels at Gottingen and the E.A.E.J are of this 
type; two at the N.P.L. have double return passages (Fig. 53 (c) 
and (d)). 

The closed circuit type lends itself equally well to either a closed 
or open working section; as the return circuit is completely air- 
tight the pressure at an open jet may be the atmospheric pressure, 
with free access to the jet from the tunnel room. The wind speed 
obtainable for a given power expenditure is appreciably lower with 
an open jet than with a closed one, but this is offset by greater 
accessibility and by smaller corrections for constraint of the tunnel 
flow in some experiments, e.g, airscrew tests. 

102. Compressed air tunnels. 

This type of wind tunnel, of which at present only two examples 
exist, II enables the Reynolds numbers of flight to be reached in a 

t Klein, Tupper, and Green, Canadian Journ. of Research, 3 (1930), 272-285; Frey, 
Forsch. Ingwes. 5 (1934), 105-117 ; Collar, A.E.C. Reports and Memoranda, No. 1768 
(1937); Patterson, ibid.. No. 1773 (1937); Aircraft Engineering, 9 (1937), 205-208. 

t Royal Aircraft Establi.shment, Farnborough. 

II A modified type of compressed air tunnel has recently been built at Gottingen. 
The pressure can be raised to 3 atmospheres, but it can also be reduced to 0*3 
atmosphere. The latter condition enables high jet speeds to be reached without an 
excessive expenditure of power. This feature is of use mainly in connexion with tests 
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model test by the use of air at high pressure. It consists of a closed 
circuit wind tunnel, with jet open or closed, entirely enclosed in a 
steel shell capable of withstanding the requisite pressure. To econo- 
mize space and to fit the tunnel neatly into the shell the return duct 
takes an annular form surrounding the working section (Fig. 53 {e)). 
Tests on a model at the N.P.L. showed that guide blades at the bends 
could be dispensed with, if a number of straight vanes was placed 
in the annular return duct to prevent a general swirl and a honey- 
comb employed immediately before the contracting jet. This is 
presumably because the return duct, completely surrounding the 
tunnel proper, has a comparatively small width perpendicular to the 
flow, so that its boundaries have a sufficient directive influence at 
the bends without intermediate guiding aerofoils. 

The compressed air tunnel at the N.P.L. ,t which has a jet 6 feet 
in diameter and a pressure range of 1 to 25 atmospheres, was first 
used for tests of vdngs and complete aeroplane models to provide 
data applicable to full-scale machines. It was later used to investi- 
gate certain fundamental problems at high Reynolds numbers, 
including the effects of surface rougliness on the drag of aerofoils, 
the behaviour of flaps and other high -lift devices, and the drag of 
stream -line bodies. By the adoption of the momentum method of 
drag measurement (§115), the measurements of aerofoil drag in the 
tunnel have recently been extended to Reynolds numbers of the 
order of 24 x 10®, the highest yet reached in wind tunnel tests.*! 

103. Turbulence in wind tunnels and its effects. 

Turbulence in the air-stream has an important influence on the 
nature of results obtained in wind tunnels, especially in certain 
kinds of measurement, of which the drag of stream-line bodies is 
a long-known example and the maximum lift of aerofoils a more 
recent one. In ordinary atmospheric tunnels the interpretation of 
results and their application to design is greatly complicated if 

of airscrews or, with sufficient power and reduction of pressure, for the investigation 
of compressibility effects. See H. Winter, Aircraft Engineering^ 8 (1936), 335, 336; 
Luftwiss. 3 (1936), 237-241. 

t See Relf, Engineering, 131 (1931), 428-433. 

j Relf, Journ. Roy, Aero. Soc. 39 (1935), 1—28; Relf, Jones, and Bell, A.R.C. 
Reports and Memoranda, No. 1706 (1936); Relf, Bell, and Smyth, ibid,. No. 1636 
(1935); Jones and Williams, ibid,. No. 1708 (1936); No. 1710 (1936); No. 1804 (1937); 
Williams, jprown, and Smyth, ibid,. No. 1717 (1936); 'Williams and Brown, ibid., 
No. 1772 (1937). 
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turbulence effects are present, since the results are then functions 
both of the Reynolds number and of the turbulence, and it is 
exceedingly difficult to separate 'the two effects. | In the com- 
pressed air tunnel, where full-scale Reynolds numbers are obtained, 
turbulence effects may prevent a direct application of results to 
full-scale prediction. Further, in order to study turbulence effects 
it is often desirable to be able to vary the degree of turbulence in a 
wind tunnel. It is thus of great importance in wind tunnel technique 
to be able to estimate the degree of turbulence present and to form 
some idea of the effects of such turbulence on the application of 
tunnel results to the problems confronting the designer. 

Attempts to specify the degree of turbulence in a wind tunnel 
have been made in two different ways.f In one method a hot wire 
anemometerj is used to define the ratio of the root-mean-square 
longitudinal velocity fluctuation to the mean wind speed. In the 
second method the Reynolds number at which the drag coefficient 

^ ^ of a sphere is 0*30 is used as a measure of turbulence. || 

In certain tests in America the two methods were compared, and it 
was shown that a unique relation exists between the measured values 
of where is the Reynolds number 

for the sphere defined above, and M is the cross-dimension of the 
mesh used to introduce the turbulence. These tests were made in a 
tunnel of N.P.L. type at different distances from the honeycomb, 
and the result was confirmed by similar tests at the N.P.L. This 
result is, however, not general: a unique relation is to be expected 
only if the turbulence is isotropic. As regards turbulence not pro- 
duced by grids or honeycombs, it may be remarked that in tests of 
a sphere in flight made in AmericaJJ it was found that even in the 
disturbed air near the ground in a wind the critical Reynolds number 
was practically the same as that on a cairn day higher up, 'when con- 
ditions must have been almost non-turbulent. There is little doubt 
that the value of ^u^/Uq was appreciable in the disturbed conditions 

t See, for example, Dryden, Journ. Aero. Sciences, 1 (1934), 67--75. 

J See §§117 and 119. 

II For some results of measurements” of this kind see Blatt, N.A.C.A. Report No. 
558 (1936). 

tt Dryden, Schubauer, Mock, and Skramstad, N.A.C.A. Report No. 681 (1937). 
The existence of such a relation was first suggested by Taylor (see Chap. XI, 
§219). 

tt Millikan and Klein, Aircraft Engineering, 5 (1933), 167-174. 
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close to the ground, and it must be concluded that the eddies present 
were so large that they affected the sphere as variations of total 
relative velocity and not as disturbances to the boundary layer. The 
effect of non-isotropic turbulence has not yet been investigated, but 
it has great practical interest, since most modern wind tunnels 
are of the return flow type with, a large contraction ratio, and the 
transverse turbulent velocity components are in this case certainly 
not equal to the longitudinal one. 

Very little can be said at present in regard to the correlation of 
turbulence measurements by methods suggested above with the 
effects of turbulence on the aerodynamic behaviour of various kinds 
of models tested in wind tunnels. The problem is under investigation, 
but so far the relevant results seem to indicate no general correlation. 
For example, the compressed air tunnel has given maximum lift 
results on certain aerofoils which agree well with full-scale observa- 
tions, although the critical turbulence number for a sphere is 225,000 
for the tunnel (6 in. sphere) and about 365,000 for the free air.*j- It 
would appear that in this instance the sphere drag is more sensitive 
to small degrees of turbulence than is the maximum lift of these 
aerofoils. On the other hand, tests in the compressed air tunnel at 
high Reynolds numbers, with the turbulence considerably augmented 
by means of screens, showed that different aerofoils react very differ- 
ently as regards maximum lift variations. On the aerofoil section 
R.A.F. 28 a moderate increase of maximum lift with turbulence 
occurs at all Reynolds numbers, and appears to be roughly propor- 
tional to the degree of turbulence; but with the section Gottingen 
387 the effect is small and indefinite at low Reynolds numbers, but 
very great at high Reynolds numbers (see Chap. X, §198). These 
observations show the complexity of the subject, and suggest that 
much further research is required on the connexion between tur- 
bulencain the air-stream and the aerodynamic effects it produces by 
modifying the flow in the boundary layer. 

104, The augmentation of turbulence in wind tunnels. 

Screens or grids may be used to augment the turbulence in a wind 
tunnel Such screens are often used when turbulence effects are 
being studied, since they are the only convenient way of producing 
varying degrees of turbulence in the same wind tunnel: varying 

t Millikan and Klein, ioc. cit. (15 cm. sphere). 
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turbulence on the model may be attained both by altering its distance 
from the screen and by altering the spacing of the cords or strips 
composing the screen. In practice the method is complicated by the 
difficulty in defining the mean speed behind the screen without very 
detailed velocity explorations, f and by the fact that the turbulence 
decreases with distance from the screen so that with a model of any 
length, such as a stream-line body, the turbulence is by no means 
constant along the body. Another method which has been used to 
render the boundary layer of a body turbulent is to attach excres- 
cences to the body itself, e.g. to put one or more rings of fine wire 
around the nose of a stream-line body.J This method is open to 
the objection that, in addition to producing changes in the drag by 
making the boundary layer turbulent, it may alter the form drag; 
but this effect can be separated if the form drag is determined by 
pressure plotting. When this is done it is found that in the case of 
a stream-line body a sufficient number of rings near the nose will 
render the whole boundary layer turbulent behind them, and the 
addition of further rings does not then affect the skin-friction drag. 

105. The degree of turbulence desirable in a wind tunnel. 

Opinion is at present divided on the degree of turbulence desirable 
in a wind tunnel. It may logically be argued that an atmospheric 
wind tunnel ought to be fairly turbulent — not only because increased 
turbulence often simulates the effects of an increased Reynolds 
number, but because in a turbulent stream the boundary layer of a 
body is more easily rendered turbulent and the conditions are more 
definite than in a non-turbulent stream. Consider, for example, the 
measurement of the drag of a stream -line body. If the tunnel stream 
is very turbulent, the boundary layer of the body will become 
turbulent fairly near the nose at all reasonably high Re3?iiolds 
numbers, and a consistent variation of drag with Reynolds number 
will be measured, similar to the variation obtained on a flat plate in 
turbulent flow. There is therefore a possibility of extrapolation to 
higher Reynolds numbers, where the boundary layer would be turbu- 
lent even in a non-turbulent flow, by using fiat plate data as a 
guide. If, however, the body is tested in a tunnel of low turbulence, 
the drag results will in general lie on some transition curve, i.e. 

j Ower and Warden, A.R.C. Reports and Memoranda, No. 1559 (1934). 

X Ower and Hutton, ibuL, No. 1409 (1931). 
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the boundary layer will be partly laminar and partly turbulent, and 
any rational basis of extrapolation becomes impossible. On the other 
hand, it may be argued that- since it is at present impossible to 
correlate the measurement of turbulence with the effects it produces 
on different aerodynamic phenomena, and since the free air is believed 
to be effectively non-turbulent, tunnels should have as low a degree 
of turbulence as possible. Moreover, in a non- turbulent tunnel any 
desired degree of turbulence can be introduced by a grid. Whichever 
of these views ultimately proves to be the best as regards the practical 
use of atmospheric wind tunnels, there is no doubt that the different 
turbulence characteristics of the various types of present-day tunnel 
are a great handicap in the comparison of results from such tunnels, 
and that a complete knowledge of the effects of turbulence would 
clear up many discrepancies at present existing betw^een results from 
different sources. Only in the particular case of the compressed air 
tunnel is the position clear. Here the full-scale Reynolds number is 
reached, and it is obviously desirable that the degree of turbulence 
should be that appropriate to the free air, which, as far as boundary 
layer flow” is concerned, is believed to be very small. Since it is 
diificult to make a non-turbulent tunnel of compact design, the only 
question which arises in practice is the definition of a minimum tunnel 
turbulence which is sufficiently low to satisfy the above requirement. 

106. Force measurements. 

The number of methods which have been used in this and other 
countries to support models in a wind tunnel and to measure the 
forces and moments acting upon them is very large, and it is im- 
possible to deal wdth them all. In general, it may be said that the 
method adopted in any particular experiment depends very much 
upon the nature of the force to be measured and on the ultimate 
accuracy required. The chief concern in accurate w”ork is to avoid 
undue interference between the supporting members and the model 
itself, and to devise the system so that any interference which may 
unavoidably be present is easy to determine accurately. For 
example, in measuring the lift and drag of a complete aeroplane 
model supported on wires from roof balances, both the wire drag and 
the interference effects of the wires are small compared with the 
forces on the model, and no difficulty is experienced. On the other 
hand, in measuring the drag of a body of very good form, such as 
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a model airship hull, the wire drag may be greater than that of the 
model, and the interference of even very fine wires with the flow 
near the model may introduce serious errors, making an. accurate 
determination of the drag of the model alone a very difficult 
matter. A few notes are given below on the more commonly 
employed methods of force measurement, with particular reference 
to those which bear most directly on experiments relating to the 
study of fluid flow. 

107. Forces on a model aerofoil or complete aeroplane. 

This class forms by far the largest group of wind tunnel measure- 
ments. Generally, such work is primarily undertaken to provide 
practical data for the designer, but the results obtained, particularly 
the maximum lift and minimum drag of aerofoils, are of great 
interest in connexion with the study of the flow near the model. In 
one method of making tests of this kind the model is supported in an 
inverted position in the tunnel by two wires from the wings, while 
the tail of the aeroplane model, or a short ‘sting’ at the trailing edge 
of an aerofoil, is attached by a pin joint to a vertical arm, shielded 
as far as possible from the wind (Fig. 54). The wing wires, generally 
vertical, are attached to a balance, enabling the tension in them to 
be measured, while the tail arm forms part of a composite balance 
which measures both the vertical and horizontal components of the 
force transmitted through the pin joint at the tail of the model. 
From a knowledge of the vertical reaction at the forward wires and 
at the tail, of the horizontal reaction at the latter point, and of the 
geometrical dimensions of the system, the lift, drag, and pitching 
moment about any chosen axis can be evaluated. The wire drag 
is found by repeating the measurements with two dummy wires 
added, and the drag of the exposed part of the tail support by detach- 
ing the model from that support and holding it rigidly by wires as 
close to the support as possible. 

Other methods of measuring the forces and moments on complete 
model aeroplanes have been devised. At Gottingenf there is a six- 
wire suspension system in use which enables the three forces and 
three moments that completely define the force system on an 
asymmetrical body to be determined at one setting of the model. 
The total lift is given by the sum of the tensions in three vertical 

t Ergebnisse der Aerodynamiscken V er&uchsanstalt zu Gottingen^ 4 (1932), 8-12. 
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wires, the drag by the sum of the tensions in two horizontal wires, 
and the lateral force by the tension in a third horizontal wire per- 
pendicular to the drag wires. The latter are led forwards in the 
horizontal plane and are attached to two rings, each of which is 
tied down by a wire inclined forwards. A third vertical wire passes 
from each ring to a roof balance, the tension in these vertical wires 
being defined by the unknown drag and the known or measurable 
inclination of the wires by which the rings are anchored. A similar 
arrangement is used for measuring the lateral force. Thus, the three 
moments and forces can be measured with the model supported 
entirely by means of a wire suspension. The absence of rigid supports 
reduces the interference with the natural flow near the model to a 
minimum. 

For special experiments, special balances are often used. Thus an 
addition to an existing balance at the N.P.L. enabled yawing and 
rolling moments to be measured on a complete model aeroplane 
when yawed. f Another system of suspension has been used to 
measure separately the forces on the wings and bodies of a number 
of body -wing combinations. Automatically recording balances have 
been installed in some modern aeronautical laboratories. 

108. Drag of stream-line bodies. 

The method illustrated in Fig. 54 has been frequently used to 
determine the drag of stream-line bodies. Two wires, as fine as 
possible,, are attached at the ends of a horizontal diameter of the 
body near its centre of gravity to form a V in a vertical plane 
perpendicular to the wind direction, with their upper ends attached 
to the tunnel roof. A short spike in the tail of the model is attached 
by a free joint to the end of the arm of a drag balance placed either 
above or below the tunnel. Wire drag is measured by attaching two 
extra wires to the body, at the same point as the main supporting 
wires, and taking them to the floor of the tunnel so as to form a V 
of the same dimensions as that formed by the supporting wires. It 
is arguable that the interference of two wires attached at the same 
point of the model but leaving it in different directions might not 
be twice that of one wire, and that there might be an error in the 
drag correction in consequence. This was examined at one time by 

t Lavender, Jj'ewster, and Henderson, A.R.O. Reports and Memoranda, No. 822 
(1923). 
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supporting the model also by a single vertical wire and then adding 
successively one vertical wire underneath, and two forming a V. 
It was found that the values of the drag of the model alone, 
measured in several ways involving different wire arrangements, 
were in reasonably good agreement, and the conclusion was drawn 
that the standard method of test was reasonably accurate. In the 
light of later knowledge of boundary layer flow it would be 
expected that the wires would produce only a small effect due to 
interference if they were well behind the region of transition to 
turbulent flow in the boundary layer. This would usually be the 
fact with normal'Sized models in a 7-foot tunnel at high speeds, but 
not at the lower speeds. 

109, Force measurement in the compressed air tunnel. 

It will be seen from the above that the general principle followed 
has been to support the model -with as few wires or spindles as 
possible while allowing it the requisite freedom of movement in the 
direction of the force component to be measured. In the N.P.L. com- 
pressed-air tunnel the procedure is different, and the balance takes 
the form of a ring-frame surrounding the jet and shielded from stray 
air-currents. The model is attached to this ring by any convenient 
system x>f wiring or spindles, the sole requisite being that the attach- 
ment must be rigid so that the model cannot move relatively to the 
ring-frame. The aerodynamic reactions on the model are thus trans- 
ferred to the ring-frame, and are determined by measuring succes- 
sively the moments produced about three parallel horizontal axes 
perpendicular to the wind direction. The corrections for the drag of 
the supporting wires or spindles are determined as in other tunnels 
either by the method of duplication, or by separately supporting the 
model by wires from the balance guard, whichever is more con- 
venient. 

110. Water tanks and whirling arms. 

Most of the aerodynamic data of experimental origin available 
at the present time have been obtained from work carried out in wind 
tuimels. There are, however, other possible methods of experiment, 
of which the two that are most widely used are the towing of models 
through still water or air. In the former method the water is generally 
contained in a long tank and the model is attached to a carriage 
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which carries the necessary measuring apparatus, spans the width 
of the tank, and travels along its length. When models are to be 
moved through still air, they are usually attached to the end of a 
long arm capable of rotation about a fixed axis (whirling arm). 

Tank tests are used mainly in connexion with the design of ships 
and the hulls of flying boats or the floats of seaplanes. They have 
also provided some interesting information on surface friction. f 
Higher Reynolds numbers can generally be more easily reached in a 
large tank than in an ordinary wind tunnel, both because the 
kinematic viscosity of water is only about one-thirteenth of that of 
air and because larger models can be used. 

Whirling arms are not much used to-day, except for special classes 
of experiments such as fundamental calibrations of anemometers 
or investigations of the effects of a steady rotation about an axis. 
The measurement of forces on models carried by a whirling arm is 
obviously much more difficult than the corresponding measurement 
in wind tunnel work. 

It will be seen that the fundamental difference between the two 
methods of experiment described, viz. wind tunnel work and towing 
models through stationary air or water, is that in the one case the 
relative translational velocity between model and fluid is obtained 
by moving the fluid and in the other by moving the model. Theoretic- 
ally, if we allow for effects due to the fact that on the whirling arm the 
motion of the model is not rectilinear, this difference in technique 
should make no difference to the fluid forces acting on the model. 
But in practice it is found impossible to generate a wind tunnel 
stream without imparting turbulence to the air (see above). Turbu- 
lence is absent, or at least widely different in character, in the fluid in 
the tank or the whirling shed. Hence differences in the results may be 

t Froude, ‘Experiments on the Surface Friction Experienced by a Plane moving 
through Water’, Report of the British Association^ 42nd Meeting (1872), pp. 118-124. 
See also Report of the 44th Meeting (1874), pp. 249-255. 

Gebers, ‘Das Ahnlichkeitsgesetz fur den Flachenwiderstand im Wasser geradlinig 
fortbewegter polierter Flatten’, Schiffhau, 22 (1921), 687-690, 713-717, 738-741, 
767-770, 791-795, 842-845, 899-902, 928-930. 

Kempf ,'t)ber den Roibimgswiderstand von Flachen verschiedener Form’, Proc. 
1st Internaf. Congress for Applied Mechanics, Delft, 1924, pp. 439-448. 

Perring, ‘Some Experiments upon the Skin Friction of Smooth Surfaces’, Tracis. 
Inst. Naval Arch., 68 (1926), 91-103. 

Kempf, ‘Neue Ergebnisse der Widerstandsforschung’, Werft, Reederei, Hafen, 
10 (1929), 234-239, 247-253. 

Gebers, ‘Einige Versuche liber den Einfluss der Flaohenform auf den Flachen- 
vuderstand’, Schiffhau, 34 (1933), 18-20. 



248 APPABATUS AND METHODS OF MEASUREMENT [VT, 110 

anticipated in certain cases where the particular reaction to be 
measured is sensitive to changes of turbulence, even though the 
Reynolds numbers of two experiments are identical. 

SECTION II 

VELOCITY AND PRESSURE MEASUREMENTS 

111. The pitot-static tube. Total-head and static -pressure 
tubes. 

The pitot-static tube is the standard instrument for measuring 
air speed. It consists in effect of two tubes each of which includes 
a right-angled bend forming two branches, one usually shorter 
than the other. The head or shorter branch of one of the tubes is 
aligned with its axis along the wind direction and terminates in an 
open end. This tube — the total-head or pitot tube — measures the 
sum of the kinetic and static pressures acting in the air at its 
open end. The other tube, 'which in a suitably designed instrument 
measures the static pressure, is open to the stream through a number 
of small orifices in the walls of the head, with their axes normal to 
the axis of the tube, 'which is itself aligned with the stream. When 
the open ends of the stems are connected to opposite sides of a 
differential manometer the kinetic pressure is measured. 

In the most convenient form of instrument the two tubes are 
arranged concentrically, -with the static tube outermost, as shown 
in Fig. 55, -which represents the N.P.L. standard pitot-static tube. 
Another form, shown in Fig. 56, differs from the first mainly in that 
the thin edge in which the tapered head of the standard terminates . 
is replaced by a hemispherical nose. This facilitates manufacture 
and also makes the instrument more robust, for a thin edge is 
rather liable to damage. A round-nosed instrument (see Fig. 57) has 
also been designed by Prandtl, who has replaced the more usual 
static holes by an annular slit in the head of the static tube. 

It is a matter for experiment whether the differential pressure 
measured by a pitot-static combination is in fact equal to the kinetic 
pressure. In general, the relation between the differential pressure 
and the velocity and density of the fluid can be expressed in the form 

where A is a n'umerical factor which has to be determined by experi- 
ment. Apart from its dependence on the comiJressibility of the 
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fluid, which for our purposes may usually be ignored, h will depend 
on the form of the instrument, on the turbulence in the stream, and 
on the Reynolds number of the flow past the tube. In those forms of 
tube which are commonly used h is nearly constant and equal to unity. 

A careful calibration of the N.P.L. standard instrument was made 
at the N.P.L. in 1912.t For this purpose the instrument was attached 
to the end of a whirling arm (see § 110) of about 30-foot radius and 
moved through the initially still air in a large shed at speeds ranging 



from 20 to 60 feet per second. After allowance was made for the 
'swirl’ speed of the air set up by the motion of the arm, the value of 
Ic was found to be unity within ±0*1 per cent, over this speed range. J 
Subsequent experiments in a water tank at equivalent w-ater 
speeds showed that this value of k could be taken to hold up to air 
speeds of about 250 feet per second, while more recently a model 
twenty-five times the linear dimensions of the original was also 
found to have a factor of 1 between 20 and 90 feet per second. The 
instrument showm in Fig. 56 has been calibrated in a wind tunnel 
against the N.P.L. standard and found to have a mean factor of 
1*000 over the speed range 20 to 70 feet per second. Prandtl’s tube 
also has a factor very close to l.jl 

Calibrations of the two British instruments have been made at 
air speeds below 20 feet per second, ff Although pitot-static tubes 
are not often used at such low speeds in view of the difficulty of 

t Branxwell, Relf, and Fage, A.H.O. Reports and Memoranda^ No. 71 (1912). 

t This close approach to unity must be regarded as fortuitous, for it was not until 
some years later (see p, 252) that the distribution of pressure along the static tube 
was investigated experimentally. 

II Kumbruch, Forschungsarbeiten des Fer. deutsch. Ing,, No. 240 (1921), 29, 30. 

ft Ower and Johansen, A.R.C, Reports and Memoranda, No. 1437 (1932); Proc. 
Roy, Soc, A, 136 (1932), 153-175. 





VI. Ill] 


THE PITOT-STATIC TUBE, 


251 


measuring accurately the very small kinetic pressures that are set 
up, yet very sensitive manometers (see footnote f, p« 276) have been 
designed for this purpose, so that the pitot-static combination can, if 
desired, be used at a speed of about 2 feet per second with 1 per cent, 
accuracy on speed. The following table gives the mean value of the 
factor k for the N.P.L. standard and for the round-nosed instrument 
over the range 2 to 20 feet per second. 


Air speed 

15° C. and 760 m 77 i. 
(ft. 1 sec.) 

Mean k 

N.P.L. standard 

Mean k 

Round-nosed instrument 

z 

1*020 

1-055 

4 

0*989 

I *006 

6 

0-995 

1*001 

8 

0*992 

0*996 

10 

0*991 

0*992 

12 

0*992 

0*991 

14 

0-995 

0*992 

16 

0*998 

0*996 

18 

0*999 

0*999 

20 

1*000 

1*001 


It should be remarked that the accuracy of the results for the round- 
nosed instrument is probably inferior to that for the standard, but it 
is considered that the values given will enable an accuracy of 1 per 
cent, on air speed to be obtained even with this instrument at 2 feet 
per second. With the standard instrument the accuracy at 3 feet per 
second is believed to be within 0-5 per cent, on speed. 

In use the head of the pitot-static combination has to be aligned 
with the wind direction. Fig. 58 shows for the N.P.L. standard 
instrument the variation in kinetic pressure reading with rotation 
about the axis of the stem,t and it will be seen that the correct 
position with the tube pointing into the wind {d = 0°) corresponds 
to a minimum pressure reading. Hence, provided the wind direction 
is known approximately (as it generally is even when there is doubt 
as to the exact direction) the correct presentation of the instrument 
is easily obtained by means of a search for this pressure minimum. 
In PrandtFs tube, alignment with the wind direction coincides, 
according to Kumbruch,J with a pressure maximum, but a similar 
procedure can obviously be adopted. 

An experimental investigation of the characteristics of pitot- 

t The dotted curve shows the corresponding variation in total-head reading. 
t Op. c^^., pp. 7-14. 



252 APPARATUS AND METHODS OF MEASUREMENT [VI. Ill 

static tubes was carried out at the N.P.L, in 1925.f The most im- 
portant outcome of this work was the information it provided to 
enable the position of the static holes to be adjusted with respect to 


Pi tot- - Stcvfcic Tube - rS.RL. type. 

Tobzxl txjbc orNly. 



Ar\gle ,of 0 degr-e-es- 

Fig, 58. 


the nose and to the stem so that the negative pressure due to the 
former balances the positive pressure due to the latter and true 
static pressure is recorded at the static holes. Some previous work 
by Miss Barker had showm that the total-head tube indicates the 
true total head provided that qajp exceeds 30, where q is the air 
speed,, a the radius of the mouth of the tube, and v the kinematic 


t Ower and Johansen, A.M.C. Beports and Memoranda, No. 981 (1926). 
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viscosity of the air.t Hence the total-head tube of an instrument of 
the dimensions shown in Figs. 55 and 56, when used in air at ordinary 
temperatures and pressures, will indicate true total head at all speeds 
above about 0-7 foot per second, and if in addition the position of 
the static holes is adjusted in the way just mentioned, it follows that 
the factor of such an instrument will be unity. 

The fundamental calibrations of the pitot-static tube from which 
the factor Ic has been determined have invariably been made on 
whirling arms (§110). Thus apart from the swirls set up by the 
instruments themselves, the motion during calibration has taken place 
through stationary air. Calibration conditions have therefore been 
different from those encountered in moving air-streams, where there 
are, in general, turbulent components of velocity superimposed on 
the main translational motion. We must therefore consider the 
effect of these turbulent velocity components on the value of k. 

In the first place, it appears that the total-head tube measures 
where p is the mean static pressure, the square 
of the mean velocity, and the mean square of the turbulent 
velocity. J 

The reading of the static-pressure tube gives a measure of the 
average total pressure inside the tube, and differs from the true 
average static pressure by a pressure arising from the impact of the 
fluctuating cross velocities on the tube and its holes. The difference 
in reading due to this ‘impact’ pressure depends on the design of the 
tube, especially on the number, size, and arrangement of the static 
holes, and on the magnitude and frequency of the cross velocities. 
If a tube has a large number of small holes equally spaced around 
its periphery, the reading with the tube aligned in the mean direction 
of flow is independent of the azimuth position of the holes. It is to 
be expected that the relation between the reading of the tube p^^ 
and the true average static pressure p can be written in the form 

where is a numerical factor which has a characteristic value for the 
same tube in turbulent streams of the same kind, and and are 
the mean squares of the cross components v and w of the turbulent 

t Proc. Boy. Soc. A, 101 (1922), 435-445. According to F. Hoinann {Forsck. Ingwes, 
7 (1936), 1-10) qalv must exceed 125. Corrections to be applied to measured values 
for small Reynolds numbers are given in the papers cited. 

X For a theoretical discussion see Goldstein, Proc. Roy. Soc. A, 155 (1936), 
570, 571. 
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velocity. Certain theoretical arguments indicate that might be 
expected to have the value J, at any rate for isotropic turbulence, f 
but a reliable prediction of can be obtained only by recourse to 
experiment. FageJ has determined from values of and 

measured in turbulent flow in two sets of pipes having in the one 
case a circular and in the other a very elongated rectangular cross- 
section (so that in the second case the flow was very nearly two- 
dimensional). In these cases theoretical relations for p in terms of 
and are known, on the assumption that the stresses due to 
viscosity are small compared with the Reynolds apparent stresses. 

The relations are, for the flat rectangular pipe, 

Plp~\-v^ — constant, 

where is the mean square of the turbulent velocity component at 
right angles to the wider wall (Chap. V, ec|uation (5)); and for the 
circular pipe p 

I-^{§Ip+v^ = vl-vl, 

where v% are the mean squares of the radial and circumferential 
turbulent velocity components at a distance r from the axis of the 
pipe (Chap. V, the first equation of § 71). 

The conclusion obtained from Fage’s experiments is that the 
reading of a static-pressure tube in fully developed turbulence 
exceeds the true static pressure by an amount given by lp{v^~\~w^). 
In isotropic turbulent flow and the measured pressure 

exceeds the true pressure by ipv^ or |pg^. Hence the differential 
pressure vill be ipqH 1 + 

112. Small total-head tubes. 

Since very small combined pitot-static tubes are obviously difficult 
to construct, small total-head tubes are frequently employed for 
detailed explorations of the flow in the boundary layers of bodies 
such as cylinders or stream-line solids of revolution, and in transverse 
sections of pipes. The static pressure, a knowledge of which is 
required if velocities are to be deduced from the observations, is 
measured at holes in the surface of the body (see § 113) or in the 

t Goldstein, Proc. Boy, Soc. A, 155 (1936), 571-575. 

I Ibid,^ pp. 576-596. Kumbruch has investigated the effect of large disturbances : 
op, cit,, pp. 19-24. • ■ \ 
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walls of the pipo. In the case of boundary layer flow along bodies 
possessing curvature in the direction of motion, the assumption is 
made that the static pressure is constant through the layer along 
any normal to the surface, an assumption that ceases to be valid 
for practical purposes only if the curvature is rapid or the boundary 
layer unduly thick. Total-head tubes used for explorations of this 
kind are generally made of hypodermic tubing, nickel being a more 
suitable metal than steel as it is not liable to become choked by rust 
after long use. Usually a small diameter of tube is required, and the 
only limitation to be observed in this respect is that Miss Barker’s 
criterion, qajv > 30 (see p. 252), is still fulfilled at the lowest speed 
it is proposed to measure in any particular case. The tubes are best 
operated by means of a micrometer arrangement which, for accurate 
work, should be carried by the body or the pipe itself. In this way 
the distance of the point of measurement from the surface of the 
body is easily determined from the micrometer reading and a single 
measurement of the distance corresponding to one particular reading. 
The static-pressure observation should be made before the total -head 
tube is in place, or, at all events, when it is sufficiently distant not 
to influence the pressure at the surface hole. This is particularly 
important in measurements of the velocity distribution in pipes 
of small diameter. 

113. Measurement of the distribution of normal pressure on 
solid bodies. 

It has been mentioned in § 112 that the static pressure at a point 
in the wall of a pipe or in the surface of a body can be measured by 
boring a small hole in the surface at the point in question and 
connecting a tube to it by which the pressure acting there is con- 
veyed to a manometer. Such pressure holes should be small in 
diameter, particularly if they are located in regions of large pressure 
gradient. About 0*01 to 0*02 inch diameter is a useful average size. 
The edges of the hole should be flush with the surface at which the 
pressure is being measured, — it is very important that no protruding 
burrs be left, — and the axis should be approximately perpendicular 
to the surface. By using a number of such holes at various points 
on the body and measuring the pressure at each, the pressure distribu- 
tion on the surface can be obtained with an accuracy depending on 
the number of holes. 
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A convenient practical method of forming the holes in the surface 
is as follows: — Several soft metal tubes about 0-05 inch internal 
diameter — ‘compo’ tubing — are let into grooves cut in the surface 
of the model so that their outer surfaces protrude slightly above 
that of the model. They are held in place by wax run into the grooves 
in a molten state, and the whole is then made good by scraping to 
preserve the designed contours of the model. The tubes are soft and 
thick-walled, so that there is no difficulty in scraping their slightly 
projecting exteriors flush with the model surface. One end of each 
tube is sealed, the other being open and connected by rubber tubing 
to a manometer. The pressure on the surface of the model at any 
point along the length of the tube can then be obtained by piercing 
a hole with a fine drill or needle in the wall of the tube at the point in 
question. When the pressure there has been observed the hole can be 
sealed with a special grease mixture or covered with a small piece 
of thin paper stuck over it, and the pressure at any other point along 
the tube can then be measured in the same way. 

It should perhaps be mentioned that in such work the pressures 
are almost invariably measured as differences from the static pressure 
at some conveniently situated section of the tunnel, which is taken 
as the datum pressure, 

114. Forces due to normal pressures. 

For a cylinder the lift and drag per unit length due to norma] 
pressures only are given by 

i = J pdx, ^ = J fdy, 

where the integrations are taken right round the contour of the 
cylinder. These are the areas of the curves obtained by plotting p 
against x and y respectively right round the contour. The former 
gives a single closed curve, the latter two loops whose areas are to 
be counted of opposite sign. Fig. 59 shows the pressure distribution 
for an aerofoil plotted in this way. 

Another application of the same, method arises in the determina- 
tion of the form drag of stream-line solids of revolution with their 
axes along the wind direction. In such cases the pressure holes 
are distributed along a generator, and the form drag — ^i.e. the 
resultant drag due to pressure distribution only — is obtained by 
graphical evaluation of the integral -tt J ^ where p is the pressure 
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measured at any pressure hole, r is the radius of the body at the 
hole, and the integration is along the length of the body. The 
percentage accuracy of the form drag of a stream-hne body obtained 




in this way is generally poor unless a very large number of pressure 
holes is used. The form drag of a stream-line body is generally small, 
so that the two loops of the' curve of p against are usually of very 
nearly the same area. It is therefore difficult to obtain much 
accuracy in estimating the difference of these areas. 

115. Prediction of drag from wake measurements. 

The usual method of measuring the total drag of a stream-line 
body by balance measurements was referred to in § 108 , but this force 

3837.8 [ 
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can also be determined directly from total-head losses in the wake, 
measured at a section at right angles to the general direction of 
motion and in a region where the velocity changes due to the body 
are smaU-f This method has a number of advantages over direct 
force measurements: it can be used in flight on aeroplanes or airships; 
there is little interference from wires or supports; and it can be used 
to find the drag for two-dimensional motion unaffected by end 
effects. 

Tor an aeroplane wing in flight, measurements have to be taken 
fairly close to the trailing edge, where the velocity changes are not 
small, and a method of predicting the drag for this more general case 
has been developed by Betz.f The flow between two paraEel planes 
at right angles to the dir ection of motion, one in front and the other 
behind the wing, is considered. The velocities and pressures in the 
front plane are denoted by T^, and respectively, and the 
corresponding values in the rear plane by U^, W 2 and p 2 . At 
infinity U — Uq, V — W — 0, and p = Pq.' The relation for drag 
obtained from the momentum equation is 

= JJ (Pi+pUl) dS - IJ (p,+pUI) dS, (1) 

where the integrals are surface integrals taken over the entire area 
of the infinite planes. The merit of Betz’s analysis is that he trans- 
forms these integrals so that the integration is restricted to the 
wake. 

The total-head relations 

H,=p,+Mm+yi+wi) 

and H,=p,+MUl+yi+Wl) 

are introduced, and on substitution in (1) the drag relation becomes 

D = IJ dS +ip JJ {Ul-UD d8 

+ipjjm+Wl)-{Vl+Wl)}dS. (2) 

The total head is constant along a stream-hne when the effects of 
viscosity and apparent friction due to turbulence can be neglected, 
so is zero except in the wake, and the first integral is confined 

t Taylor, PML Trans, Boy, ^oc. A, 225 (1925), 238-241; also Fage and Jones, 
Froc, Boy. Soc. A, 111 (1926), 592-603. 

t Zeitschr.J. Flugtechn.u. Motorluftschiffahrt, 16 (1925), 42-44. See also Prandtl, 
Aerodynamic Theory {edited by Durand), 3 (Berlin, 1935), 202-206. 
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to the wake. To transform the second integral a hypothetical flow 
is taken, which is the same ever3rwhere as the actual flow except in 
the wake. In the wake the total head is taken to be the same as 
that in the undisturbed stream, the pressure to be jpg, the same as 
that in the actual flow, and the a:-component of the velocity is 
denoted by U*. The assumption made implies the existence of a 
distribution of sources at the body and in the wake ahead of the 

T 

rear measurement plane, of total strength Q = JJ (Z7|— Ug) dS-. the 
letter T denotes that the integration is confined to the wake, since 
everywhere outside Uf — Ug-f The second integral can be written 

ipjjiui-m)ds = -ipjj {Ui-ur)d8+ip jj {ur-ui)ds, 

and, on the assumptions made, it may be shown by the theory of the 
stream-line flow of an inviscid fluid that 

ip JJ iUl-Up) dS = -pQU, = -pU, Jj Wt-U,) dS. 

T 

The second integral then becomes ^p jj dS, 

and the drag relation (2) reduces to 

D = JJ dS +y JJ {Ut-U,){Ut+U^-2Uo) dS 

+ip JJ {(Fi+F|)-(F|+F|)} dS. (3) 

For the case of an aerofoil of finite span, the sum of the first two 
integrals gives the profile drag and the third integral gives the 
induced drag. 

An experimental determination of profile drag by Betz’s method 
involves therefore measurements of both total head and static 
pressure in the wake. From these measurements the values of U 2 
and can be deduced from the relations 

A value of the profile drag can then be determined graphically from 

' T 

t JJ (^*“^ 2 ) win generally have different values at different sections of the 
wake, so in the hypothetical flow there must also be sources; downstream of the 
measurement plane. The interaction between these sources and those upstream is 
simply neglected in Betz’s method. 
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the sum of the fixst two integrals of relation (3). The contribution 
of the second integral is of the nature of a correction, which is small 
when the section taken is at great distance from the body, but is 
important near the body. The method has been used by Weidingerf 
and by M. SchrenkJ to measure the profile drag of an aeroplane wing 
in flight. 

An alternative formula in terms of the total head and static 
pressure in the wake has been obtained and used by B. M. Jones|| 
to obtain the profile drag of an aeroplane wing in flight. For an 
isolated stream-line body, experiencing a drag with no lift, a plane 
normal to the undisturbed velocity, U^, can be taken far behind the 
body w’here the pressure is sensibly uniform and equal to the pressure 
in the undisturbed stream, the velocity being equal to Uq every- 
where in the plane except in the wake. If is the velocity in the 
wake and dS^ an element of area in this plane, the drag, D, is given 
by the equation ^ ^ JJ 

where the integration is taken over the wake. This relation gives 
a reliable measurement of drag when applied to a real fluid with a 
turbulent wake. In flight experiments, however, it is necessary to 
mount the measuring apparatus fairly close behind the wing in a 
plane where the static pressure is not equal to the undisturbed 
pressure. The wake, assumed for the moment to be non-turbulent, 
can be divided into stream tubes, stretching from the far distant 
plane to the plane of exploration close behind the body. If dS^ 
denotes the element of area cut off from the latter plane by a tube, 
q ,2 the velocity of flow through the element, and d' the inclination 
of the velocity to the perpendicular to the plane, the drag is given 

D = p q^Gosd'{UQ~U3)dSz. (5) 

With no loss of total head in the tube of flow between the two planes 
all the quantities on the right-hand side of (5) can be determined 
from measurements taken in the plane close behind the body. In 
practice the flow in the wake is turbulent, and it is assumed that 
differences between the real flow and the assumed hypothetical flow 

t Jahr. Wiss. Qesellsch. LuftfahH (Munich, 1926), p. 112. 

X Luftfahrtforschung, 2 (1928), 1-32. 

ji ‘Measurement of Profile Drag by the Pitot-Traverse Method’ by the Cambridge 
University Aeronautics Laboratory, (7. Reports and Memoranda, 'No. 1688 (1936). 
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do not affect the drag.f It is also assumed that the angle & is small 
so that cosd' can be taken as unity. It should be noted that when the 
mean direction of flow” in the wake is inclined to the direction of 
the undisturbed stream, as in flow behind a wing exerting a lift, 
the measurement plane should be taken perpendicular to the mean 
direction of flow and not to the direction of the undisturbed stream. 
The relation (5) then gives the profile drag. For a stream-line body 
the assumption cos?? = 1 is probably sufficiently accurate, but close 
behind a bluff body may be a source of considerable error. 

If jHg P 2 total head and pressure in the w^ake at the 

measurement plane, 

-H2 = 


Write ■ 

^ L hm J 

• 


Then 

Uo u, \ 

2— Po)]i 

wUI J ’ 


and relations (4) and (5) reduce to the forms 




(6) 

and 



(7) 


respectively. Jones’s relation (7) differs from Betz’s relation (3) (in 
which the first two terms only are to be taken), but for the con- 
dition in which the method is likely to be used in practice the tw” o 
relations become identical to first-order accuracy. The integrands 
may, in fact, be expanded in powers of {P 2 ~~Po)liiP^l 9 )^ 
found to be identical as regards the first two terms of the expansion: 
they differ in the term involving the square of 
Values of the profile drag obtained at Cambridge ffom measure- 
ments at four distances behind a smooth aeroplane wing, and 
calculated according to relations (3), (6) and (7), respectively, are 
compared in Fig. 60. J It is seen that the differences between the 
drags given by Jones’s relation (7) and Betz’s relation (3) are 
negligible except for the observation made very close behind the 
trailing edge. The drag coefficients which would have been obtained 


t Taylor {A.R.C. Reports and Memoranda, No. 1808 (1937)) lias shown theoreti- 
cally that in the worst case in Jones’s measurements the error due to turbulent 
mixing is only 1^ per cent. t See footnote [j, p. 260. 
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if the rise in static. pressure behind the wing had been neglected — 
i.e. from relation (6) — are given for comparison: the results are 
naturally more accurate the greater the distance behind the wing. 



O 002 0-04. 0*06 0*08 0*J0 0*12 O-l^ 0J6 

Distance reFanenc® plane behind brailihg 
edge in. Fractions oF chord Coc/c) 


Fig. 60. 

At some distance behind the body, g becomes very nearly equal to 
unity, and (6), which is equivalent to 

reduces approximately to 

= W JJ (1-9-) = JJ dS,. 

Since in equation (2) can be identified with Hq, this is the result 
obtained by neglecting the second term in (2). In fact at a section 
in the wake some distance from the body the second integral of 
equation (2) is negligibly small, and if there is no lift, the third 
integral is zero and the drag becomes simply 

D = jj{H^-:H,) d8. 


( 8 ) 
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Fage and Jonesf have shown that for an aerofoil at a small incidence 
the simplified expression (8) gives an accurate measure of the drag 
when the section is as close to the trailing edge as one chord length. 

For the drag of a three-dimensional body of revolution the approxi- 
mate expression corresponding to (8) is 

n 

I> = 2Trj dr, 

where Tq is the radius of the edge of the wake, — i.e. the radius at 
which is equal to 

116. The determination of wind direction. 

The mean wind direction at a small region can be determined 
by means of a pressure direction-meter 4 This makes use of the 
experimental fact that the pressure given by a total-head tube falls 
off as the axis of the head of the tube is given an increasing inclina- 
tion to the wind (see Fig. 58). When an inclination of about 45^^ is 
reached the rate of change of pressure with angle has reached a value 
not far short of its maximum, so that the sensitivity of a single total- 
head tube used as a direction meter is a maximum at about 45® 
inclination to the wind direction. 

The direction and velocity meter shown in Fig. 61 and PL 23 J 
has two pairs of fine total-head tubes, one pair being in a horizontal 
plane and the other in the vertical plane. The axes of the two 
members of each pair converge as shown at an angle of 90° towards 
their mouths, each tube being thus nearly at the angle of maximum 
sensitivity to the axis of the instrument. In use, the head is rotated 
about the axis AB until the pressures in the mouths of the two 
horizontal tubes 1 and 2 are equal, this condition being indicated on 
a differential manometer to which the tubes are connected. A rota- 
tion is then given about the perpendicular axis CD until tubes 3 and 
4 also indicate zero pressure difference. If the instrument were 
perfectly symmetrically constructed, the wind direction wnuld then 
lie along the common axis of symmetry of the two pairs of tubes form- 
ing the direction-head. Actually, however, there will always be a 
small error on each pair of tubes, and the instrument is really only 
used to indicate changes of direction from a direction of reference 

t Proc. Roy. Soc. A, 111 (1926), 592-603. 
j Lavender,' A. P.O. Reports and Memoranda^ ‘No. 844 (1923). 
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which is generally the axis of the wind tunnel. f The wind direction 
in the empty tunnel is assumed to he along the axis, and a preliminary 
adjustment of the instrument to zero pressure difference in the 
empty tunnel (i.e. before the model is in place) serves to establish 
the zero for direction changes in the plane of each pair of tubes. 
These direction changes are read off on two angle scales provided 
for the purpose. 


A ^ 



Fig. 61. 


Velocity is obtained from a reading of the difference in pressure 
between the mouth of the fifth central tube and the mouth of any 
one of the other four, the reading being taken when the head has 
been adjusted to its null position. In order to increase the velocity 
reading, tube 5 opens into the space behind a small hollow cone, 
and is thus in a region of fairly intense suction. A preliminary 
calibration against a standard pitot tube has to be made to establish 
the relation between velocity and the differential reading obtained 
from tube 5 and the selected one of the other four. Tube 5 cannot be 
seen in Fig. 61; it is a central tube with its opening sheltered by the 
apex of the cone. 

The accuracy of the instrument is about degree on angle 
and -I per cent, on velocity. 

Hot wire direction-meters are described in § 118 below. 

I The instinimerLt would indicate absolute direction if it were reversible. To make 
it so, however, leads to mechanical complication and the instrument is generally 
used in the simpler manner described. 
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117. Electrical methods. The hot wire anemometer. 

A type of instrument especially suitable for use as a low-speed 
anemometer and for recording the speed variations in turbulent flow 
consists of a fine electricallyheated wire (0-001 to 0-005 inch diameter) 
stretched across the ends of two prongs. When exposed to an air- 
stream the wire loses heat by convection, and consequently its 
temperature, and therefore electrical resistance, varies with the 
speed and current in accordance with a law which can be established 

by cahbration tests. In one method of 

using the instrument the wire is heated by 
a constant current and the speed is deter- 
mined from a measurement of the resis- notvwir« Voltmeter 
tanee; in another, the wire is maintained -*-CZ: =1=0 t 

at a constant temperature and the speed is I 

determined from the measured value of the p 

current. Either method can be used for j 

recording low speeds, but the latter is 
generally used at speeds greater than 

about 10 feet per second on account of the increased accuracy 
obtainable. 

The electrical measurements are made with the wire connected to 




Pig. 62. 


a special circuit. One form, suitable for the constant current method, 
is shown in Fig. 62. Here the wire is placed in series with a battery 
and a rheostat, the latter being adjusted to keep the current at a 
constant average value. A voltmeter is connected across the wire to 
indicate the potential drop, and so gives a reading which is related 
to the speed in a manner determinable by calibration. With a fine 
platinum wire heated to about 500° C. in still air, the method can be 
used to measxire speeds up to 100 feet per second; the accuracy, 
however, although high at the low end of the range, decreases 
with increase of speed. If a platinum wire of 0*4 inch length and 
0*005 inch diameter, heated by a current of 0*118 ampere, is used, and 
if measurements of current and voltage are accurate to 1 part in 500, 
then, from the curve of Fig. 63, it should be possible to determine a 
speed of 3 feet per second to within ±0*04 foot per second and a 
speed of 90 feet per second to within J:;3*3 feet per second. These 
figures are not, however, realized in practice, because the cali- 
bration characteristic is subject to change, partly through the 
of the wire and partly through the accumulation of 
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dust, wliicli affects the thermal conditions at the surface. For this 
reason hot wires must be frequently calibrated against a standard 
instrument. 

In the second method the hot wire forms one arm of a Wheatstone 
bridge (Fig. 64) which has in the other three arms resistances such that 
the bridge is in balance when the temperature, and consequently the 



Hot Wire 



resistance, of the w^ire reaches some desired value. Any change in 
the speed necessitates an adjustment of the heating current to 
restore the wire to its former temperature. This is effected by means 
of a rheostat in series with the battery, so that w^hen the bridge is 
again in balance the change in current gives a measure of the speed. 
For most purposes the current in the external circuit is measured, 
usually with a reflecting pointer type of ammeter, the readings of 
w^hich can be related to speed by calibration.. A typical calibration 
curwe for the platinum -wire previously referred to is shown in Fig. 65: 
from this it is evident that the changes of resistance resulting from 
the cooling are most marked at low speeds. The estimated limits of 
accuracy of measurements made at 3 and 90 feet per second are 
+0*048 and +0*65 foot per second respectively. It should be added 
that, for reasons already stated, these figures are probably unduly 
favourable. 

A more nearly linear calibration curve can be obtained if, in place 
of the ammeter, a fine, wore enclosed in a tube and connected to a 
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voltmeterf is used for measuring current. On the passage of the 
current the wire is heated to a high temperature. Any change of 
current affects the resistance, and so produces a proportionately 
greater change of potential across the wire. Thus, if the wire is 
appropriately chosen, it is possible to extend the range of the read- 
ings for the higher speeds, and thereby to secure a fairly uniform scale. 



118. Electrical methods. Hot wire direction-meters. 

Although a hot wire held transversely to the stream is insensitive 
to direction, a combination of two parallel hot w^ires placed close 
together can be used to indicate the direction of flow. The method 
depends on the fact that the cooling of the second wire is influenced 
by the wake of the first, and consequently the temperature differ- 
ence betw^een the two is a maximum when one is shielded by the 
other. To determine this position the wires are mounted on a 
support and rotated about a transverse axis until the out-of-balance 
current of a Wheatstone bridge, of which they constitute two adjacent 
arms, is a maximum. In general, the accuracy obtainable is not high, 
being seldom greater than ±0-25°. 

The two-wire direction-meter illustrated in Fig. 66 is a more 
sensitive instrument. J It comprises two short inclined wires fused 
together to the end of a vertical manganin support, the free ends 

t Huguenard, Magnan, and Planiol,. C7om^5^es Rendus, 176 (1923), 287. Also King, 
Engineering, 117 (1924), 136, 249. 

t Simmons and Bailey, A.R,C. Repo7‘ts and Memoranda, Ko. 1019 (1926). 



268 APPARATUS AlTD METHODS OF MEASUREMENT [VI. 118 

being siirdlarly fused, each to a separate support. In use the wires 
are set roughly in a plane parallel to the flow wdth the common point 
upstream. Under these conditions equal wires, heated by the same 
current, are equally cooled when the line bisecting the angle between 
them hes along the direction of flow. To find the wind direction the 
wires are therefore rotated to a position where the temperature of 
each wore is the same, as shown by the balance of a Wheatstone 



Fig. 66. Fig. 67. 

bridge, to which they are connected in the manner shown in Tig. 67. 
If, as usually happens, the wires differ shghtly in length, in the null 
position the axis of symmetry will be inclined at a small angle to the 
stream. The error arising from this cause can be measured in the 
empty tunnel, wherein the direction of flow is known, and a correction 
apphed to any subsequent measurements made in the neighbourhood 
of a model. 

119. Electrical methods. Measurements of speed variations 
in turbulent flow. 

A hot wire anemometer held transversely to the stream affords 
a convenient means of recording the variation of longitudinal speed 
due to turbulence.f In the method most commonly employed it is 
connected to a Wheatstone bridge similar to Fig. 64, which is balanced 
in the usual manner by adjusting the heating current until the 
galvanometer reading is zero. But though the average potential 

t Dryden. and Knethe, N.A.O.A. Report No. 320 (1929). Also Mock and Dryden, 
ibid.. No. 448 (1932). 
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across the wire is thus neutralized, there exists a potential varying 
with the changes of speed. These fluctuations are too fast to be 
registered by the ordinary galvanometer, and too small to be 
measured with an A.C. instrument unless first magnified. The bridge 
is accordingly coupled to a valve amplifier, and the out-of-balance 
potential measured in terms of the variations of the output current 
by a thermo-junction type of ammeter or (in cases where the wave 
form is required) by the cathode-ray oscillograph. The speed varia- 
tions are then deduced from the electrical constant of the Wheat- 
stone bridge and the amplifier, coupled with a knowledge of the law 
of cooling of the wire. 

Due allowance must be made for the decrease in the response of 
the wire at high frequencies, since even with the finest wire (of 
0-0001 inch diameter) the amplitude of the potential changes are 
neither proportional to, nor in phase with, the speed variations at 
frequencies above about 100 feet per second. Electrical methods of 
compensating the loss of response have been developed by Dryden 
and Kuethe,f and, independently, by Ziegler. J These, it has been 
shown, enable a wire to record accurately small changes of speed 
up to a frequency of 2,000 cycles per second. 

Further examples of the applications of the hot wire anemometer 
are contained in the works cited below.|l 

120. Electrical methods. Correlation measurements in turbu- 
lent flow. 

With the aid of two hot wires it is possible to measure the correla- 
tion coeflScient, i?, between the longitudinal turbulent velocity com- 
ponents at two fixed points in a stream. In the method described by 
Prandtl and Reichardtf a cathode-ray oscillograph is provided with 
two pairs of deflexion plates, and the variable potentials across the 
wires produced by the fluctuating velocities are applied, after magni- 
fication, to the plates of the oscillograph, so that at any instant the 
horizontal and vertical displacements of the beam represent the 
longitudinal velocity components at the two points. The beam 

t Loc. cit* 

j Proc, Boy, Acad, Sci,, Amsterdam^ 34 (1931), 663-672. 

li Ower, Measurement of Air Flow (London, 1933), Chap. X (with bibliography on. 
p. 221) ; Richardson, Les appareils d fil ehaud, Leurs applications dans la mecanigue 
experimentale des fluides (Inst, de Mecanique des Eluides, Paris, 1934). 

tt Deutsche Forschung, Part 21 (1934), 110-121. 
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traces out an irregular path of varying size and shape, and a photo- 
graphic record is taken on a plate exposed to the beam for some time. 
When developed this reveals a darkened area, roughly elliptical in 
shape; its outhne is ill-defined, hut a number of ellipses can be 
constructed whose boundaries connect points of the same optical 
density. The axes of the ellipses bisect the angles between axes 
representing horizontal and vertical displacements; and if B is the 
correlation coefficient between the longitudinal turbulent velocity 
components, as above, the ratio of the squares of the lengths of the 
axes of any ellipse is given by 

l-B 


so that 


R== 




This method may be used when the hot wires are close enough 
together for the correlation to be high, i.e. when 1— i? is fairly small 
and the ellipses are elongated in shape. For small correlations it is 
not so suitable as the electrodynamometer method, described below. 
A description of an alternative, and very convenient, method of 
measuring values of .5 in the neighbourhood of unity follows the 
description of the electrodynamometer method. 

In the electrodynamometer method, two hot wires are arranged 
in Wheatstone bridge circuits. The out-of-balance potentials (pro- 
portional to the longitudinal turbulent velocity components, 
at the two wes) are applied to compensated amplifiers, the output 
currents from, which are indicated by a sensitive electrodynamometer. 
The quantities and ut are measured separately: by the 

deflexion, of the dynamometer when the moving coil is energized 
bj^ the output current of the first amplifier and the fixed coil by the 
current from the second amplifier, and uf, by the deflexions, 
§2, §3, when the coils of the instrument are joined in series so as to 
measure, in turn, the mean square value of each output current. The 
coefi&cient B is then given by the ratio §1/(8283)^. 

Pig. 68 shows the Wheatstone bridges containing the wires A and 
B, the amplifiers, and the output circuits arranged for measuring 
2* These circuits include the fixed coil of the dynamometer, P, 
and the moving coil M, The compensating coils M\ M" are each 
made similar to Jf, and coils F', F" similar to F. Accordingly, when 
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the steady drop of potential across F”M" with a small resistance r in 
series is balanced against the E.M.F. of the battery E, the proportion 
of the alternating current output (through F in one case and M in 
the other) remains unchanged over the probable range, of frequencies 
associated with the type of turbulence under examination. The 
deflexions Sg and S 3 are then observed immediately after 8 ^, and are 
therefore made with the same degree of amplification. 




Fig. 68. 


When values of R in the neighbourhood of unity are required (i.e. 
when the wires are near together) 1 — may be obtained directly 
as the ratio of two deflexions of a galvanometer by a method due to 
Taylor, f Tw'o hot wires, A and B, are used in bridge circuits con- 
nected together at DF (see Fig. 69). The steady currents through 
the hot wires are balanced out in the ordinary way (the bridges 
and galvanometers used are not shown in Fig. 69), and the mean 
potentials at all points on the resistances CD and FE across the 
bridge are then identical. Let a speed variation at A produce 
a potential difference E^ between C and D, and similarly a variation 
at B produce a potential difference E^ between E and F, Then 


FiE^ 


By means of sliding contacts P and Q any proportion of either 


potential difference or E^ may be applied to an amplifier and 


t Proc. Boy. Soc. A, 157 (1936), 537-546. 
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recorded by the output current passed through a thermo-milliameter. 
If a = PDjDC, jS = FQjEF, the potential difference applied to 
the input of the amplifier is and its mean square value, to 

which the deflexion of the galvanometer is proportional, is 

With P kept fix:ed in position, Q is adjusted imtil a minimum 


40 Volts 



deflexion Smjn is observed. The minimum value, which occurs when 




B = Ct — =r 

El 


is proportional to 


El 




^M] 

T7T«> * 


JEl 


whicli is equal to i?^). 

Finally Q is moYed to F (P remaining fixed in position), and the 
new deflexion Sg is observed with the same amplification as before. 
Then Sg is proportional to and hence 




S, 


Since both deflexions can usually be read to an accuracy of ±8 
per cent., the error made in estimating 1— -P when, say, B = 0-98 
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will not exceed 16 per cent., whereas if E were found by the electro- 
dynamometer method, an error of 1 per cent, in S^, or an error of 
2 per cent, in §2 or Sg, would produce an error of 1 per cent, in E 
and an error of 50 per cent, in l—B. 

121. Electrical methods. Determination of an energy spectrum 
in turbulent flow.| 

Turbulent motion contains no true periodic components, but 
(for example) the longitudinal turbulent velocity component u at 
any point may be subjected to 
harmonic analysis by Eourier in- 
tegrals. A definite fraction of the 
kinetic energy associated with u 
lies between any given limits of 
frequency. In this sense we can 
obtain a spectrum of turbulent foAmplrfier 
motion. By the use of circuits 

called filter circuits, which cut off all frequencies either above or 
below a certain definite value, it. is possible to find the values, 
and of when all frequencies above n cycles per second in the 

first case, or below n cycles per second in the second case, are cut 
off. If these are divided by the value of without a filter in 

n CO 

circuit, the results are equal to J F{n) dn or J F{n) dn, where F{;7i) dn 

0 n 

is the fraction of for frequencies between n and n-{-dn. Hence 
by plotting results against n and finding the slopes of the resulting 
curves, curves of F{n) against n may be obtained. 

The filter circuit is inserted in the output lead of an amplifier used 
in conjunction with a hot wire. Of the two kinds of filters employed 
that shown in Fig. 70 passes currents of low frequency, but rejects 
currents whose frequency exceeds a value which is governed by the 
inductance L and the capacity C, The filter is placed as a shunt across 
a resistance R in the anode of the power valve of the amplifier, and the 
current passing through it is measured in the usual way by a thermo- 
milliameter. The sum of the resistances r and r' is equal to R and is 
also equal to the characteristic impedance, and the behaviour of the 
filter approaches closely to the ideal form which gives a uniform 

t For references see p. 233. 
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+High Tension 


response np to the critical frequency and zero response beyond. 
Values of are measured in succession with a series of filters 

of this kind, designed to cut off 
at different frequencies, and is 
determined without a filter in 
circuit. 

The type of filter shown in Fig. 71 
produces no attenuation to currents 
whose frequency is higher than a 
critical value, and is more satis- 
factory than the former type for exploring the high frequency end 
of the turbulence spectrum. 


zC C 

II II 

2C 

1" 11 I 

r 1 




)Sa!vano(T\eber 


To Amplifier 


Fig. 71. 


122. Manometers. The Chattock manometer. 

The Chattock manometerf is in effect a water U-tube so modified 
that it enables pressure differences of the order of 0*01 inch of water 
column to be observed to an accuracy of 1 per cent; that is, the 
instrument is sensitive to a differential pressure of about 0*0001 inch 
of water. This degree of sensitivity is achieved as a result of two 
distinct features. In the first place the pressure difference is not 
allowed to change the water levels in the two limbs of the U-tube: 
instead, the tube is tilted in its plane by means of a lever pivoted at 
one end and operated by a micrometer screw, the tilt given being 
just sufficient to balance the applied pressure difference. The 
manner in which balance is indicated is the other feature responsible 
for the high sensitivity: it can best be explained by reference to 
Fig. 72, which shows the glass-work of a Chattock manometer. The 
two cups A and B, which constitute in effect the two vertical limbs 
of the U-tube, communicate with the central vessel ( 7 . Cup A com- 
municates directly vith G through its walls, but the tube from cup 
B enters C from below and passes up the centre as shown, terminating 
in a ground chamfered end about two-thirds of the height of G from 
the bottom. 

The lower portions of the two cups, the tubes connecting them to 
the central vessel, and the lower part of the latter itself are filled with 
distilled water. The remaining space of G is entirely filled with 
medicinal paraf&n admitted from the small reservoir above. Medicinal 

t Pannell, Bnjmccn'ngr, 96 (1913), 343, 344; A.It.C.IteportsandMe'moranda,^o.2i'i 
(1915); Duncan, iUd. No. 1069 (1927); Joum. Sci. Insts. 4 (1927), 376-379. 
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paraffin does not mix with water, and the levels and the quantities 
of the two liquids admitted are adjusted so that when the free levels 
in the two cups are at convenient heights (i.e. about half-way up the 
cylindrical portions) a surface of separation between the water and 
the paraffin is formed on the open end of the central vertical tube in 
C. There will be another surface of separation in the annular space 
surrounding this tube, but that is incidental. The one formed on the 
end of the tube has the appearance of a bubble when viewed from 


Glass-work For 26 inch Chatbock manomeber 



outside. If now a pressure difference is applied to the two cups, this 
bubble tends to become larger or smaller, and its movement, which 
can be observed by means of a low-power microscope and suitable 
illumination from behind, is arrested by giving the whole glass -w'ork 
an appropriate tilt by means of the micrometer. In practice the 
microscope is carried by the tilting frame on which the glass -w^ork is 
supported, so that the operation of the instrument merely entails 
keeping the image of the bubble on a fixed line in the eyepiece of the 
microscope and observing the applied tilt. 

Two types of Chattock manometer are ordinarily employed. These 
differ only in the distance between the axes of the two cylindrical 
cups, which is approximately 26 inches in the larger size and 13 inches 
in the smaller. In both types the length of the lever arm which moves 
the tilting frame carrying the cups is 10 inches, and the pitch of the 
micrometer screw is 0*05 inch. About 20 turns of the screw are 
generally allowed in both types, which gives the larger a pressure 
range of about 2-6 inches of water and the smaller a range of half 
this amount. 

Manometers having a sensitivity ten or more times that of the 
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Chattock have be^n designed for special investigations. For details 
the reader is referred to the papers cited below.f 

123. Manometers. Large-range micromanometers. 

It is not practicable to extend the range of the Chattock gauge 
appreciably without introducing objectionable features. A simple 
modification of the U-tube principle^ however, enables a micromano- 
meter to be made that has a range limited only by the length of 
micrometer screw that can be cut to the desired accuracy. In this 
type of instrument the two vertical limbs of the U-tube are con- 
nected at their lower ends by a length of flexible rubber tubing, so 
that one can be moved vertically relatively to the other. One limb 
is then held fixed, while the other is raised or lowered by means of a 
micrometer screw on which a special nut travels, the nut carrying 
the moving limb of the U-tube. A differential pressure applied to the 
two limbs is balanced by the appropriate vertical displacement, 
indicated on the micrometer head and scale, of the moving limb. 
Balance may be indicated in a variety of ways. The fixed limb may 
take the form of a cup similar to those used on the Chattock gauge, 
and the moving limb may communicate with it by means of a glass 
tube passing up the centre, as in the central vessel of the Chattock. 
If the upper part of the fixed cup is filled with medicinal paraffin, 
a ‘bubble’ can be formed on the mouth of the central vertical tube 
and used to indicate balance in the manner already described. A 
manometer of this type is in regular use at the N.P.L.J It has a 
range of 4 inches of water and a sensitivity of about 0-001 inch of 
water. This sensitivity could be increased without difficulty, but is 
ample for the purpose for which the instrument is used. 

Alternatively the moving limb may terminate in an inclined glass 
tube of adjustable slope, the liquid meniscus being always brought back 
to a fixed mark etched on this tube. This system has been adopted in 
an instrument made at the University of Toronto ;|| its sensitivity is 
stated to be 0*0002 inch of water and its range is 10 inches. Other 
large-range micromanometers are described in the papers cited below, ft 

t^Fry, Phil. Mag. (6), 25 (1913), 494-501 ,* Hodgson, Joum. ScL Insts. 6 (1929), 
153^156; Ower, AM.C. Reports and Memoranda, No. 1308 (1930); Phil. Mag. (7), 10 
(1930), 544-551 ; FaJkner, A.B.C. Reports and Memoranda, ISio. 1589 (1934 ) ; Reichardt, 
Zeitschr. /. Instrumentenkunde, 55 (1935), 23“33. 

J Report of the National Physical Laboratory (1921), p. 170. 

jj Parkin, Bull. School Engrg. Res., Toronto Univ., 2, No. 1 (1921), 49-51. 

ft See, for example, Douglas, ‘Note on a Large Range Manometer for Wind Tunnel 
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124. Manometers. The inclined tube manometer. 

If one limb of the U-tube is made very large in cross-sectional 
area compared with the other, virtually all the motion of the liquid 
takes place in the narrower limb. If, in addition, this Kmb is inclined 
at a small angle a, to the horizontal the motion is magnified in the 
ratio 1/sin a. Very convenient and robust instruments may be made 
on this principle; although their sensitivity is not in general as good 
as that of a micromanometer, being of the order of 0*002 inch of water 
at 6"^ slope, it is ample for a variety of purposes. Instruments of 
this kind require calibration against a fundamental standard (such 
as a micromanometer whose readings depend only on measurable 
lengths and liquid density) since the motion of the liquid in the 
inchned tube is governed not only by its density and the slope of the 
tube, but also by certain other features whose effects cannot easily 
be determined directly, such as straightness of tube and surface 
tension as affected by variations of temperature and bore of tube. 

125. Manometers. Multitube manometers. 

In work involving measurements of the pressure distributions on the 
surfaces of bodies (see pp. 255, 256) a great saving of time and labour can 
often be effected by measuring simultaneously the pressure at a number 
of points on the surface. For this purpose multitube manometers 
have been designed. A successful typef consists of a manometer with 
a number of inclined tubes leading out of a common reservoir con- 
taining the manometric hquid — ^in this case alcohol. Each tube is 
connected to one of the tubes let into the surface of the model (see 
pp. '255, 256), while the air space above the liquid level in the reservoir 
is connected either to the atmosphere, or more usually to a source of 
static pressure at some convenient place in the wind tunnel. The 
various refinements and special features of construction embodied 
in the design confer upon this particular multitube manometer an 
accuracy approaching that of a Chattock gauge with cup centres 
26 inches apart. 

126. Surface tubes. 

The instruments commonly used for the exploration of the flow in a 
boundary layer are the small pitot tube and the hot wire velocity-meter. 

Work’, Beports and Memoranda, No. 657 (1920); also ‘Micrometer Water and 

Pressure Gauge’, The Engineer, 151 (1931), 248. 

t Warden, Beports and Memoranda, No. 1572 (1934). 
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Instruments of these types are not capable of measuring the velocity 
very close to a surface with good accuracy. The difficulty with the 
pitot tube of the ordinary type arises from the fact that a sufficiently 
close approach to a surface cannot be obtained for models of the size 
commonly used in wind tunnel experiments, even when the diameter 
of the tube is small. When an exceedingly fine hot wire is used, and 
its temperature is kept sufficiently low to avoid radiation loss, the 
heat conducted across the thin layer between the hot wire and the 



surface considerably modifies the forced convection from the wire 
due to the wind stream. 

To allow measurements of velocity to be made very close to a 
surface Stantonf designed a special form of total-head tube, shown 
in Fig, 73, which was such that the iimer wall of the tube was formed 
by the surface itself. The width of the opening could be varied by 
moving the outer wall. Owing to the extreme smallness of the 
opening of the tube, the speed deduced from the pressure at its 
mouth is not the same as that at the geometrical centre of the 
opening. The tube has therefore to be calibrated to determine the 
position of the "effective centre’ corresponding to the speed calcu- 
lated from the measured pressure. This calibration is made in a 
long pipe of rectangular cross-section, with laminar flow at the 
section at which the tube is placed. The measurements made in the 
calibration are the pressure drop down the pipe and the difference 
between the pressure at the mouth of the tube and the static pressure 
in the pipe. From the first of these measurements, the mean rate of 
flow through the pipe and the velocity distribution at the surface 
are calculated from the known relations for stream-line flow. The 
second measurement gives the velocity at the mouth of the tube. 

t Stanton, Mias Marshall, and Mrs. Bryant, Froc, Boy. Soc. A, 97 (1920), 422-434. 
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The effective distance corresponding to the velocity at the mouth is 
obtained from the calculated velocity distribution at the surface. 

A particular form of surface tube which has been used to measure 
the distribution of friction on the surface of an aerofoil| is one in 



Fig. 74. 


which the tube is constructed on the top of a circular rod designed 
to pass with a very small clearance through holes drilled in the 
polished surface of a metal model. The tube is mounted with the 
top surface of the rod flush with the model surface (see Mg. 74). 
The widths of the openings of three such tubes used in the research 
mentioned were 0-0020 inch (No. 1), 0-0032 inch (No. 2), and 0-0044 

t Fage and-Falkner, Froc. Roy. Soc. A, 129 (1930), 378-410. 
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inch (No, 3). A small hole drilled along the rod axis served to 
transmit the pressure at the mouth of the tube to a manometer. 

Data obtained from the cahbrations of the three tubes are given 
in the following table. 


(Pf = width of the opening of a tube,) 


Velocity calculated 
from the pressure 
at the mouth of the 
tube {ft, (sec,) 

j Effective distance [inch) 

No, 3 

W = 0-0044 in. 

No. z 

W = 0*0032 in. 

No. I 

W = 0*0020 m. 

8 

0^00320 

0*00320 

0*00270 

II 

0-00298 

0*00296 

0*00253 

14 

0-00281 

0-00276 

0*00238 

17 

0*00268 

0*00258 

0*00224 

20 

0-00255 

0*00241 

0*00217 


The effective centre of tube No. 3 is seen to be within the opening, 
"whereas the effective centre of No. 1 is beyond the outer edge of the 
opening. The ratio of the effective distance to the width of the 
opening increases therefore as the width is decreased. It will also be 
observed that there is an outward movement of the effective centre 
of each tube as the speed at the mouth is decreased. A very interest- 
ing characteristic exhibited is that although the opening of tube No. 1 
is less than. one-half of that of tube No. 3, yet the effective distance 
is only about 15 per cent, smaller. Tube No. 1 does not, therefore, 
allow observations to be taken much closer to the surface than 
either of the tubes No. 2 or No. 3. 

SECTION III 

VISUALIZATION AND PHOTOGEAPHY OF FLUID MOTION 
127. Stream -lines, filament lines, and particle paths. 

Various methods are used to reveal to the eye details of fluid 
motion, and to enable such details to be photographed and analysed. 
The particular feature of the flow that is observed or recorded depends 
on the method of visualization and upon the experimental arrange- 
ment. Thus a photographic record of a type of fluid motion may 
show either stream-lines, filament lines, or particle paths. A filament 
line is the line joining the instantaneous positions of all particles that 
have passed through a given point in the fluid, whdle a particle path 
is the track of any particle of the fluid. In steady motion any 
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stream-line is at the same time a filament line and a particle path, 
but in unsteady motion this is not so. If we imagine a thin jet of 
smoke introduced at a certain point into a stream of gas or air, or a 
jet of an- opaque liquid into a stream of colourless liquid, then an 
instantaneous photograph of the flow, taken under suitable illumina- 
tion, will reveal a filament line.f If, on the other hand, small puffs 
of smoke are introduced into the air-stream, or small discrete drops 
or solid particles into the liquid, a photographic exposure occupying 
a finite interval will show, in the form of streaks, the paths of the 
smoke puffs or particles during that interval. 

128. Miscellaneous methods of examining flow in a boundary 

layer. Wool tufts; coating the surface; double refraction. 

Before considering the more widely used methods of examining 
flow by visual means, we mention briefly three methods specially 
designed for examining flow in a boundary layer (of which the third 
may also be used for other purposes). The first two methods apply 
to the flow of air, the third to the flow of certain liquids. 

We mention first the method of wool tufts or streamers, a method 
which has valuable practical applications. J Light streamers con- 
sisting of threads of fine silk or cotton, attached at one end to a 
wire support or to a surface near which it is desired to explore the 
flow, will reveal by their behaviour whether there is present turbulence 
of the kind associated with separation of the boundary layer from 
the surface or with an eddying wake. This method is very valuable 
in searching for regions w^here the flow has separated from the 
surface, and has been used both in wind tunnels and on actual 
aeroplanes in flight. Interesting information on the stalling of 
aerofoils has been obtained in this way.]] 

In another method of examining air flow near a surface, the 
surface itself is coated with lead hydroxide, and sulphuretted 
hydrogen is mixed with the air-stream. A brownish stain develops 
on the surface where the gas flows along it and indicates the average 
path of the flow.ff Other combinations of chemical coating and 
vapour may also be used. 

t Actually, since the jet must have a finite thickness, the picture will show a con- 
glomeration of filament lines. 

t Clark, A.B.G. Reports and Memoranda, Ho. 1552 (1933). Other references are 
given on p. 10 of that report. 

11 Cambridge University Aeronautics Laboratory, A.R.C. Reports and Memoranda, 
Ho. 1588 (1934). tt Clark, loc. cit. 
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wind tunnel (see Fig. 75) fitted with, a honeycomb A, a contracting 
inlet B and B, and guide vanes at G and F to secure a steady and 
uniform stream through the working section F, where the model is 
held. This part has a cross-section 3 inches X 3 inches and two glass 
sides 8 inches long through which the beam of light, used to illuminate 



the smoke, passes. The flow through the tunnel is maintained by a 
fan and controlled by valves, one of which, L, can be opened or closed 
suddenly in order to examine conditions in the neighbourhood of the 
model when the air flow starts or stops. Titanium tetrachloride, 
applied on the surface of the model or introduced by a glass rod 
upstream, is used to make the flow visible. The fact that the smoke 
contains hydrochloric acid is a great disadvantage; nevertheless, by 
avoiding as far as possible the use of metal in the construction, the 
tunnel does not suffer damage. To ensure the steadiest conditions, 
it is important to exhaust the air into the room instead of into the 
open. Provision is made for absorbing the acid in the sinoke by 
allowing the air to pass through a gauze curtain, H, surrounding the 
perforated box G and dipping into the tray K containing a weak 
solution of ammonia, with the result that the stream emerging from 
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the outlet M on its way to the exhaust fan is hardly more objection- 
able than tobacco smoke.' 

Details of the optical system are shown in Fig. 76. Light from a 
250-watt metal filament lamp. A, passes through a condensing lens, 
B, and then to a larger condensing lens, C, supported in contact with 
one of the glass sides of the working section E. A good quality lens 
D of about 3 inches aperture is situated on the far side of the tunnel 
and projects an image of the model and the smoke on to the screen. 
JSTo difficulty is experienced in obtaining a sharp silhouette of the 



smoke streams lying in the centre plane of the tunnel, though, owing 
to its width, the image of the model itself is generally out of focus. 

The tunnel can be used to demonstrate some of the fundamental 
features of fluid motion, such as the change in the character of the 
flow round circular cylinders betw'een Reynolds numbers of 10 and 
1,000, to quote one example. It is also useful for research purposes, 
constituting a valuable auxiliary to other methods of investigation. 
One drawback is that tests can only be made at speeds lower than 5 feet 
a second, since, owing to the vigorous breaking up and mixing of the 
smoke, it is impossible to follow anything in the nature of turbulent 
flow at higher speeds. This, added to the small size of the tunnel, 
restricts its use to Reynolds numbers very considerably less than 
those of general interest in practical aeronautics. Nevertheless, a 
critical study of the features of the flow revealed by these small-scale 
experiments can sometimes afford valuable help in the design of full- 
scale aircraft, particularly in locating sources of high drag due to 
breakdown of flow. 

131. Air flow. Smoke photography: low and high speeds. 

While much valuable information can be obtained by observing air 
flow in the manner already described, it is impossible, by inspection 
alone, to detect the finer details of eddying motion. Photography 
proves an invaluable aid for this purpose by providing j)ermanent 
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records which can he examined at leisure. Attention is drawn to some 
of the more important methods in use, which, for convenience, are 
described separately according as they are adapted for photographing 
air moving at low speeds or at high speeds. 

{a) Low speeds. The smoke tunnel needs little adaptation to make it 
suitable for photographic purposes. Instead of the screen and project- 
ing lens, all that is required is a camera fitted with a wide aperture 
lens together with a subsidiary lens which concentrates a beam of light 
after it passes through the tunnel, so that when the camera is focused 
on the central plane it receives the maximum quantity of light. As 
is to be expected, the best results are obtained in cases where the 
model extends from wall to wall, the flow at the mid-section being 
approximately two-dimensional. Successful photographs of the 
eddying motion in the wakes of cylinders, aerofoils, etc., with time 
exposures of one-hundredth of a second, have been produced in 
this way, as well as kinematograph films showing the successive 
stages of development of the eddies. The records appear identical 
with those taken at the same Rejniolds number in water. Flow 
pictures at low speeds but at higher Reynolds numbers are ob- 
tainable by the same method in ordinary wind tunnels, larger models 
being used for the purpose. As before, the highest speed at which 
photographs can be taken is determined by the rate at which the 
smoke can be supphed. An abundant supply can be secured by 
blowing air through titanium tetrachloride contained in a flask, 
but the presence of the tube used for conveying the smoke into the 
tunnel upstream of the model introduces disturbances which make 
the method unsuitable for many investigations. Some success has 
attended efforts to maintain a continuous supply of liquid on the 
model by means of a tube having its open end flush with the surface. 
In such cases it is found advisable to add an equal volume of carbon 
tetrachloride, as the mixture is then less liable to block the mouth of 
the tube by leaving a solid residue projecting above the surface. 
The smoke produced by this process, though less effective than that 
of the undiluted liquid, provides sufficient contrast for photographs 
taken with relatively long exposures. 

Instantaneous photographs are generally more useful for studying 
vortex motion, because of the improved definition. The technique 
required is somewhat different from that previously described, since 
a mechanical shutter cannot give the extremely short exposure 





h. Smoke jet at a^wind s^Deed of 40 feet per second 





VI. 131] 


SMOKE PHOTOGRAPHY 


287 


necessary. Photographs are therefore taken in a dark room with an 
open camera exposed to a brilliant light lasting for a brief period of 
time. The light is produced by the spark discharge of a condenser, 
placed on the far side of the wind tunnel immediately opposite the 
camera. A copy of a photograph taken at the N.P.L.-j* with a spark 
lasting less than one-millionth of a second for the purpose of tracing 
the regions of vorticity generated by a disk, is reproduced in PL 24a. 
Such photographs are easily taken by charging an oil insulated con- 
denser of 1 microfarad capacity until the voltage is high enough to 
cause a spark tb jump the small gap between two strips of magnesium 
ribbon connected across it. A convenient method of charging the 
condenser is by means of a Euhmkortf coil, the secondary of which 
is joined in series with the condenser and to the plate of a 500-watt 
power valve, the latter serving as a diode to rectify the alternating 
current in the secondary cod; The time taken before the spark occurs 
varies with the condition of the points; and though magnesium gives , 
a hght rich in actinic value, it oxidizes fairly rapidly, and in conse- 
quence the width of the gap changes. Usually, however, it is possible 
to arrange for the spark to take place from one to one and a half 
minutes after the coil is started. At low wind speeds this interval is 
sufficiently long to enable the liquid to be dropped on to the model 
before the plate is exposed to the flash; but at speeds above about 
10 feet per second the smoke disperses too quickly to leave an 
adequate margin between the application of the liquid and the 
occurrence of the spark. 

(b) High speeds. An adequate supply of smoke for the photography 
of air flow at high speeds cannot easily be maintained without distur- 
bances being introduced into the flowin the form of eddies generated by 
the tube carrying the smoke into the stream, or without the speed of 
the smoke issuing from the tube exceeding that of the neighbouring 
airflow. In some problems the disturbances have little effect. A good 
example concerns the correct shaping of the roof of a bmlding, in 
order to reduce the extent of the eddjing region over the top. Here 
it is possible to examine the conditions of flow from photographs 
recording the path of a smoke stream as it issues from a tube some 
distance upstream and passes over the model. 

Ammonium chloride smoke used in one set of experiments^ was 

t Simmons and Dewey, A.B.C. Beports and Memoranda, Ho. 1334 (1931). 

j Bryant and Williains, idw?. No. 962 (1926). 
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prepared in a flask by the mixing of two air streams, one saturated 
with hydrochloric acid vapour, the other wdth ammonia. A pipe 
connected the flask to a small open-ended tube facing the model; 
and by means of compressed air a stream of smoke was injected into 
the wind tunnel, the rate of the supply being adjusted until the jet 
could be clearly seen after it was deflected by the model. Any change 
in the rate could easily b® detected by the appearance of the stream; 
for the smoke rapidly became invisible when the speed was too low^, 
and had a feathery appearance when it was too high. The illumina- 
tion w^as provided by two arc lamps, and photographs were taken by 
reflected light, up to wind speeds of 60 feet per second, wdth a 
camera mounted so that the optical axis coincided with a line passing 
through the upper edge of the model. Most of the exposures given 
were between 2 and 5 seconds, according to the density of the smoke. 
Thus the photographs recorded the average shape of the discon- 
tinuous boundary of the eddying region, but gave no indication of 
the changes that occur from time to time wdthin that region. 

Instantaneous photographs of the jet cannot be taken by the direct 
illuminatipn of a spark placed behind it and on a level with the 
camera: attempts to do so invariably lead to negatives which show 
no trace of the jet. Satisfactory’ results can, however, be obtained 
if the spark is placed in a position where the smoke reflects light into 
the camera and so produces a bright image on the plate. The 
underlying principle is the same as that whereby smoke, introduced 
into a beam of light in a dark room, is seen best when the line of 
vision is inclined at about 45° to the beam. From this it follows that 
the spark should always be placed on the far side of the smoke, on one 
or other of two lines inclined at 45° to the axis of the camera. When cir- 
cumstances permit, it should be held within a few inches of the smoke, 
with a screen supported near it to intercept the rays which w-^ould 
otherwise enter the camera without illuminating the smoke. PL 246f 
is reproduced from a spark photograph taken wdth a wide aperture 
lens (/ = 2-8), and illustrates the billowy appearance of a smoke Jet 
projected into an air current moving at a speed of 40 feet j)er second. 

132. Air flow. Change of refractive index. 

Any local change in the refractive index of the air, though not 
directly visible, may be made so by suitable illumination. A well- 


t Report of the National Physical Laboratory (1931). 
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known example is that of the photography of sound waves in which 
the wave front is revealed by its altered density. 

133. Air flow. Hot wire shadows. 

The motion of an air-stream may be made visible by mounting 
in it a fine wire which is heated by passing an electric current through 
it.f The filament of heated air in the wake of the wire, though it 
cannot be seen directly, may be detected by either the simple shadow 
method of Dvorak or by the 'Schlieren’ (striae) method. J 

In the shadow method the field of flow is illuminated from the 
side by a small arc lamp, without any lenses, which casts a shadow 
of the heated filament of air on a screen. The temperature of the 
wire is unimportant: a platinum wire about | inch long and 0*002 
inch diameter heated to a dull red is suitable, and produces a fila- 
ment line several inches in length. 

The length of the shadow depends mainly on the degree of turbu- 
lence of the stream, and may vary from an inch or two when very 
turbulent to 15 inches or more when steady. However, a shadowgraph 
made on a process plate with an exposure of about 0*001 second may 
give a longer record for turbulent motion than appears to the eye. 

There is practically no upper hmit to the air speed at which 
shadows may be observed, but at very low velocities there is a con- 
vection effect, though this is usually negligible above about 2 feet 
per second. The method is particularly useful for studying transient 
motions, e.g. the early stages of the flow round an aerofoil, etc. 

PI. 25af is a simple shadowgraph, obtained directly on gaslight 
printing paper with an exposure of about 7 seconds, of the flow 
around a slotted aerofoil at a wind speed of 40 feet per second. 
The wires are inch apart. 

PL 25511 shows the flow behind an airscrew 19 inches in diameter 
developing a fairly high thrust at a forward speed of 15 feet per 
second. This shadowgraph was obtained by light passing through 
a slit in a rotating disk driven at airscrew speed, and is equivalent 
to a snapshot. 

PL 26a shows the flow past a rotating cylinder 1 inch in diameter. 

t Townend, A.R.G. Reports and Memoranda, No. 1349 (1931). 

i Topler, Ann. d, Phys. u. Chem. 131 (1867), 33-35. See also ‘Wood, PMl. Mag. 
(5), 48 (1899), 218-227; Taylor and Waldram, Journ. JSci. Insts. 10 (1933), 378-389; 
Townend, ibid. 11 (1934), 184-187 ; Schardin, Ver.deutsch. Ing., Forschungsheft 367 
(1934). j] A.R.G. Reports and Memoranda, No. 1434 (1932). 

3837.8 "p i-| 
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In steady motions, such as PL 2oa, the filament lines obtained by 
a hot wire shadowgraph are identical with the paths of particles and 
with the stream-lines, but this is not so in periodic motions such as 
that in PL 256, where successive particles of air passing the hot wire 
do not follow the same paths. Thus in PL ,256, on account of the 
thrust of the airscrew^ particles passing on opposite sides of a blade 
receive radial velocity increments of opposite sign, and this causes 
breaks in the filament lines that widen as the motion proceeds. 

134. Airflo^v. Spark shadows. The ‘Schlieren’ method. Kine- 

matography. The determination of velocity distributions 

and measurements of turbulence: accuracy. 

In cases of the foregoing kind a hot wire will not yield the path 
of a particle directly, but this can be obtained if the heat is produced 
by a periodic electric spark instead of a wm'e.f The possibility of 
obtaining records of the motions of small masses of air heated in 
this w-ay enables measurements to be made of the instantaneous 
velocity at a point in the air-stream. J PL 266|| show-s the flow behind 
an airscrew\ In this photograph shadowgraphs of a hot wdre and of a 
series of sparks may be compared. 

Although instantaneous shadow^graphs of the hot spots may be 
made as described above, much better records are obtained by the 
use of the ' Schlieren ’ method. The extra optical sensitivity of this 
method permits smaller sparks to be used, and this is important when 
the displacements to be measured are small. The principle of the 
method may be understood from Fig. 77, w^hich shows the arrange- 
ment used for photographing air flow. 

An arc lamp is focused on to the straight edge of a stainless steel 
mirror D. An inverted image of this portion of the mirror is formed, 
by reflection in the concave mirror ilf , on the edge of a diaphragm d. 
The working edges of D and d are close together, and are placed near 
the centre of curvature of the mirror M. By means of an adjusting 
screw nearly all the light is intercepted by d, only that from the 

t Townend, Phil. Mag, (7), 14 (1932), 700-712; Journ. Aero. Sciences, 3 (1936), 
343-352. 

i Alternatively, when it is desired to determine the velocity of air from kinemato- 
graph records, suspended particles may be photographed. See 0. Chartier and J. 
Labat, Comptes Rendus, 202 (1936), 729, 730 (aluminium powder); U. Schmieschek, 
Zeitschr. f. tech. Physik, 17 (1936), 98-100 (commercial variety of polymerized 
acetaldehyde). Soap bubbles have been used by H. Redon and F. Vinsonneau, 
Aerotechnique, 15 (1936), 60-66. || A.R.G. Reports and Memoranda, No. 1434 (1932). 
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extreme edge of D being allowed to pass over into the camera C. 
This light forms in the camera a uniformly illuminated image of the 
mirror if. Any optical disturbance in front of the concave mirror, sucli 
as that produced by the heating of a small mass of air at a, will deflect 
some rays of light so that they are intercepted by d, and others which 
are normally intercepted will be thrown clear of d and pass into the 
camera. Thus there will be formed on the plate an Image’ of a 
which is bright on one side and dark on the other. In the arrange- 



ment shown the rays pass through a twice, and this increases the 
optical sensitivity of the method. 

The camera C may be a kineniatograph camera, and in that case 
the light entering it should be intercepted by a rotating disk situated 
as close behind d as possible, and having a narrow slit near its edge. 
The speed of the disk should be synchronized with that of the spark 
generator. It is unnecessary to synchronize the camera, since the 
exposure is so short (about 4;^ sec.) that the mechanism for 
moving the film intermittently through the camera may be removed 
and the film driven at constant speed by a small motor. 

A spark may be used as light source instead of an arc lamp, and 
this spark may be supplied by the same magneto or coil that provides 
the spark used as heat source in the air-stream. The rotating shutter 
is then unnecessary, f 

The velocity distribution at different points in a flow may be 
determined by using several spark gaps. PL 27 shows the distribution 
in a 3-inch square pipe using seven spark gaps. The sparks were 
discharged in series. The following conditions of flow are depicted, 
(a) and (6) Laminar motion near the entry of the pipe, velocity 
distribution uniform across the pipe; (c) laminar motion 60 
diameters downstream, velocity distribution parabolic; {d) and 
t See Report of .the National Physical Laboratory (193$), pp. 196-198. 
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(e) turbulent motion 60 diameters downstream. In records (6) 
and (e) not only are the hot spots due to the sparks visible, but 
the filament lines springing from the ends of the electrodes them- 
selves, which are kept hot by the stream of sparks, are also 
apparent. This is because the edge of diaphragm d, Fig. 77, was 
parallel to the direction of flow\ In the other records the edge was 
at right angles to the direction of flow, and then the filament lines 
are practically suppressed, because the deflexion of the light rays is 
mainly transverse to the filament lines themselves and so does not 
alter the amount of light passing over the edge of d. 

Records of the kind shown in PL 27 (^Z) have been used to make 
a statistical analysis of the turbulent velocities in the flow through 
a pipe.f By measuring the displacements of a spot relative to the 
spark gap for several hundred pictures, the mean velocity at the point 
can be found, and also the root-mean-square values of the lateral 
and axial components of the turbulence. Quantitative estimates 
of the turbulence are thus obtainable, and the distribution of turbu- 
lence across the field may be measured. { 

In non-turbulent motion the position of the centre of a hot spot 
may be estimated to about 0*02 inch at a distance of 5 or 6 inches 
downstream, since the spot does not change its shape. When 
measuring ttirbulence much less accuracy is obtainable owing to 
dispersion of the spot. If, how^ever, the turbulence is small and 
incidental to the measurements required, as in exploring a steady 
flow’ in a normal wind tunnel, the uncertainty introduced is small. 

Convection becomes appreciable below 2 feet per second, but can 
be corrected for, when necessary, by measuring it in a uniform 
stream.jl 


135. Water flow. Water channels and tanks. 

The w’ater channel provides a simple method of obtaining pictures 
of the flow around a body. The body is either held fixed in a moving 
stream or is moved through stationary water. A common method 
of making the flow visible is to inject colouring matter, such as red 

t Townend, Proc. Roy. Soc. A, 145 (1934), 18C-211. 

t Information concerning turbulent fluctuations may also be obtained by utilizing 
the effect of the air-stream on a glow discharge between two electrodes. See F. C. 
Lindvali, JElectrical Engineering, 53 (1934), 1068-1073. 

[j For later developments of the methods described in this section see Townend, 
A.R.C, Reports and Memoranda, No. 1803 (1937.) 
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ink, in the form of a fine jet, the velocity of efaux being the same as 
the local water velocity. Another method is to add to the water 
small drops of oil, and to illuminate them by a beam of light from an 
arc lamp. When the drops are viewed at the appropriate angle they 
appear as bright points of light, which can easily be photographed. 
If the time of exposure is. sufficient, the image of each illuminated 
particle traces a line on the plate, and the velocity of the particle 
can be determined from the length of this fine and the time of 
exposure. To eliminate the effects of gravity the drops used are 
obtained from a mixture of two oils in such proportions that the 
specific gravity is unity. The best results are obtained when the 
refractive index of the oil drops is such that the angle between the 
incident and emergent rays is 90°, for then all the illuminated drops 
can be brought into focus on the photographic plate at the same time, 
if the plane of illumination is sufficiently thin. A mixture of olive 
oil and nitrobenzene has been found suitable for this purpose, j 

Minute particles of aluminium or lycopodium powder scattered 
on the surface of the water have been used to reveal the flow past 
a two-dimensional obstacle when it projects beyond the surface.^ 
Very fine flakes of micay on the surface may also be used to reveal 
the flow. In such experiments the surface has to be kept very clean 
to minimize capillary effects. A test for cleanliness is to sprinkle 
aluminium powder on the surface and to spread the powder by 
blowing gently on it. If the particles do not collect together, the 
surface is clean. Movement of the aluminium particles away from 
the obstacle, under capillary action at the junction, can be prevented 
by coating the obstacle with a thin layer of paraffin. Motion of a 
regular pattern is clearly revealed by this method because a great 
number of the particles have the same orientation. 

An apparatus has been designed at Cambridgeff which allows 
observation of the flow when a model is given an impulsive start 
from rest. This apparatus consists of an enclosed tank filled with 
water and having parallel sides 6 inches apart, between which the 

t Keif, Adv. Comm, for AeronauticSf Reports and Memorandat No. 76 (1913). 

t Ahlbom, Ahhandl. Gebiete Naturwiss. 17 (1902), 8-37 ; Rubach, Forschungs- 
arheiten des Ver. deutsch. Ing.^ No. 185 (1916), 1-35. 

II Prandtl and Tietjens, Die Naturwissenschaftent 113 (1925), 1050-1053; Prandtl, 
Verhandlungen des dritten internationalen Maihematiker-Kongressesj Heidelberg^ 1904 
(Leipzig, 1905), pp. 490, 491. 

tt Jones, Farren, and Lockyer, A.R.C. Reports and Memoranda, No. 1065 (1927). 
See also Walker, ibid.. No. 1402 (1932). 
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model can be moved tbrougb the water, which is. at rest apart from 
the disturbance created by the model. Oil drops suspended in the 
water reflect light into a camera focused on the plane of flow to be 
examined, and the movements of the drops due to the disturbance 
set up by the model are photographically recorded. When the 
exposure of a plate is of short but finite duration, the photograph 
records motions relative to the undisturbed water, and a short trace 
made by a drop can be taken as a vector giving the fluid velocity at 
its middle point . The energy required to give an impulsive start to 
the carriage carrying the model is obtained from a flywheel. 

136- Water flow. The ultramicroscope. Ultramicroscope 

photography. 

The above methods involve the introduction of particles into the 
water, and reliable views of the flow are obtained when the motions 
of relatively large molar masses of w^ater are concerned. Some doubt 
arises, however, if particles are added for the examination of micro- 
turbulence, especially near the boundary of the fluid where the scale 
of the turbulence is small, since such particles may be comparable 
in size vith the molar masses, and then the internal motions of these 
masses would not be faithfully represented. The ultramicroscopef 
affords a means of obtaining reliable information on minute details 
of fluid flow without any possible interference with the motion, since 
neither particles nor measuring instruments are introduced into the 
fluid. * 

The principle of the ultramicroscope depends on the fact that very 
small particles usually present in most fluids, but invisible in ordinary 
light even under the most pow-erful microscope, become visible -when 
intensely illuminated provided they are seen against a dark back- 
ground. Even particles smaller than the wave length of light 
become visible as bright points of light, if the intensity of the light 
beam is sufficiently great. A photograph of the ultramicroscope 
arranged to examine turbulent flow in a square pipe is given in PI. 28. 
The water flowing through the pipe is illuminated through a glass 
window let into one side of the pipe, and observation is made through 
a window let into an adjacent side. The light from ah arc lamp 
taking 5 amperes is brought to a focus by a single condensing lens, and 

t Eage and Townend, Proc, Boy. Soc. A, 135 (1932), 656-677. See also Nisi and 
Porter, Phil. Mag. (6), 46 (1923), 754r-768. 
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then passed through a compound lens and through the glass window 
into the w^ater. A small cylindrical lens is interposed between the image 
of the arc and the compound lens in order to convert the conical inci- 
dent beam into a wedge-shaped beam: the width of the beam of 
illumination is thus increased up to the diameter of the field of the 
microscope without an increase in depth. The illumination of particles 
well outside the focal plane of the microscope, which w^ould impair the 
darkness of the background, is thus prevented, and the light available 
is also conserved. A fine slit placed in the focal plane of the first 
condensing lens can be used to obtain a very thin illuminating beam. 
The height of the incident beam can be adjusted by mounting the 
lens system on an optical bench pivoted at one end and provided 
with a screw adjustment at the other: this adjustment, used in 
conjunction with lateral and vertical movements of the microscope, 
allows observation to be made at any selected point in the fluid. 
Observation through the microscope can conveniently be made 
under a magnification of about 50 (except very near a surface, 
when a higher magnification to increase sensitivity is necessary in 
order to show the finer details of the motion). 

The particles passing through any fixed point in a completely 
eddying stream move in different directions. When the radii of 
curvature of the sinuous paths of these particles are large compared 
with the diameter of the field of the microscope, only short lengths of 
the paths are seen when the particles are illuminated. These short 
lengths appear as bright rectilinear streaks inclined at various 
angles to the mean direction of flow, and at high speeds they appear 
to intersect each other, owing to persistence of vision. The direction 
of a path of a particle can be measured by mounting in the focal 
plane of the eyepiece a fine platinum wire w^hich can be rotated 
about the axis of the microscope by means of a pointer moving over 
an angular scale. Observation is facilitated if this wire is rendered 
luminous by heating it electrically to a dull red glow. 

To measure the speed of a particle, use is made of the principle 
that the particle appears as a bright stationary point when view^ed 
at the speed at which it is moving. Instead of moving the microscope 
as a whole, the same effect is obtained, over a limited region, if the 
eyepiece and the microscope tube are held fixed and the objective is 
moved in the same direction as the particle. The objective is there- 
fore carried on a wheel which is rotated about an offset axis, so that 
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once in every revolution the axis of the objective coincides with the 
axis of the microscope tube. The position of the axis of rotation is 
chosen so that at the instant of this coincidence the direction of 
motion of the objective is parallel to the mean direction of flow. The 
factor for obtaining the speed of a particle from the speed of rotation 
is easily obtained by direct calibration. In turbulent flow the 
successive views seen when the objective rotates differ on account 
of the fluctuations in the velocity of the stream at any point in the 
fluid: the velocity component in the direction of mean flow fluctuates 
continually between minimum and maximum values, so that 
particles can only appear as points provided that the corresponding 
speed of the objective lies between these limits. Hence the minirnmn 
speed at a point is obtained by slowly increasing the speed of rotation 
until particles first appear, and the maximum speed until they just 
cease to appear. The mean velocity is taken as the mean of the 
maximum and minimum velocities measured at the point, and the 
maximum velocity fluctuations as one-half the difference between 
these values. 

The maximum lateral components of the turbulent velocity can 
be deduced from observations of the maximum angular deviations 
of the particle paths from the mean direction of flow.! 

It has been found possible to take photographs under a reduced 
magnification of some of the views seen with an ultramicroscope. J 
The kind of photograph obtained is illustrated in PI. 29, || where views 
are given of ordinary tap water (without any particles added) 
flowing past a long circular cylinder at very low Reynolds numbers 
{U^djv). These photographs w'ere taken with a small camera having 
an//3 lens (/= 2 inches). Photograph {a) show's the steady nature 
of the flow in the empty tunnel. Photographs {b)-{h) were taken 
on the median plane at right angles to the axis of the cylinder at 
values of U^dlv lying within the range 17-7 to 170. Photographs 
(0) (i)> (^) taken on the plane passing through the axis of 
the cylinder: in photograph (j), the flow in the standing vortices at 
Uffdjv = 38-0 is of a spiral character. 

t Fags, PM. Mag. (7), 21 (1936), 80-105. 

t Fage, Proc. Boy. Soc. A, 144 (1934), 381-386. 

II Report of the National Physical Laboratory (1933). 
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J^LOW IN PIPES AND CHANNELS AND ALONG 
ELAT PLATES 

137. Introduction. 

The subject-matter of this and the following chapter may be con- 
veniently divided into three sections: — (i) laminar fio\v ; (ii) the transi- 
tion from laminar to turbulent flow; (iii) fully developed turbulent 
flow: (i) and (ii) will be discussed in the present chapter and (iii) in 
Chapter VIII. In each section those problems which have received 
theoretical consideration will be discussed first, since they are, in 
general, fundamental. When theoretical solutions have not been 
obtained, experimental results will be reduced by dimensional con- 
siderations to forms which facilitate apphcation to other problems 
of the same type. 

The Reynolds number is defined for flow in a pipe or channel of 
any section as where m is the hydraulic mean depth (defined 

as the area of the cross-section divided by its perimeter), is the 
average velocity over a section, and v is the kinematic viscosity. 
This definition will always be used in the absence of a specific state- 
ment to the contrary. ’ (For a circular pipe m is a quarter of the 
diameter d, and the Reynolds number is u^djv: for two-dimensional 
flow between parallel walls at a distance 2h apart m is h, and the 
Reynolds number is 4zU^hlv.) 

In steady flow along straight pipes and channels, far away from 
the inlet and the exit (i.e., where the flow at any section is similar 
to that at any other), the skin-friction tq and the pressure dropf 
Ap per unit length are related by the equation 

AAp = Ltq, (1) 

where A is the area of the section and L its perimeter. (For problems 
of turbulent flow only mean values are considered.) In terms of the 
hydraulic mean depth m equation (1) may be written 

mAp = tq. .. (2) 

For any length Z of a straight pipe or channel a non-dimensional 
resistance coefficient y is defined by the equation 


^ Pi-P2 ^ 

^ ' 

t The- pressure is taken throughout as the difference of the actual pressure and the 
hydrostatic pressure. 

3837.8 Q q " 
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where and p^ are the pressures at the end sections of the length 
considered. 

For a fully developed flow (at a sufScient distance from the ends) 
the pressure gradient is constant, so that {Px—P‘^11 is and the 
definition of y in (3) is equivalent to 

y = To/(iP“m)- (4) 


SECTION I 
LAMINAR FLOW 


138. Flow through a straight pipe of circular cross-section. 

The theoretical solution of this problem has been given in Chap. I, 
§ 6 (p. 20). The following results were obtained on the assumption of 
no slip at the walls : — 

(i) The velocity distribution across a section is parabolic and such 
that the mean velocity, is half the maximum. 


(ii) 


dp 
SfM dx^ 


(5) 


w^here a is the radius of the pipe, /x is the viscosity, and —dpjdx is 
the pressure gradient; the total flux, therefore varies directly 

as the fourth power of the radius and the first power of the pressure 
gradient. 

(iii) y = 16/i?. (6) 

It was also pointed out that the velocity distribution is not parabolic 
all the w’ay from the entry; a certain length — the inlet length — ^is 
required before the parabolic distribution is attained. The flow in 
the inlet length will be considered in § 139. 

The theoretical results have been compared with experiment by 
taking measurements of the flux and obtaining its variation with 
change of radius and pressure gradient. The easiest way in practice 
to overcome the difficulty of end effects in the measurement of the 
pressure gradient is to observe the pressures at holes in the pipe wall 
in the fxiUy developed region; otherwise the pipe used must either be 
sufficiently long for the inlet length to be negligible, or some end 
correction must be applied. 

Hagenf and Poiseuille,| using water in capillary tubes, found by 

4 ; Poggendorff's Annalen d. Physik u, Chemie (2), 46 (1839), 423-442* 

4^ Gomptes Rendus, 11 (1840), 961-967; 1041-1048; 12 (1841), 112-115; Memoires 
dea'SavQnts^Etrangers, 9 (1846), 433-543. 
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experiment the proportionality of the flux to the pressure gradient 
and to the fourth power of the radius; later workers, by applying 
end corrections to the experimental results of Poiseuille, and also 
by many further experiments with various fluids in tubes of various 
materials and widely different radii, have obtained excellent agree- 
ment between theory and experiment. Stanton and Pannell,t using 
water and oil in smooth brass and steel pipes, have made a few 
velocity measurements and obtained good agreement with the pre- 
dicted values. Thus the collected results of various experimenters 
verify the theoretical predictions, and so are in accord with 'the 
assumption of no slip at the walls. 

139. Flow in the inlet length of a circular pipe. 

With a well-designed short trumpet-shaped intake, if care is 
taken to avoid disturbancesj the velocity at the entry to a circular 
pipe will be practically constant over the cross-section. The velocity 
at the , wall is, however, zero, so that an infinitely thin boundary 
layer is formed round the walls of the pipe; the thickness of this layer 
increases as we pass downstream until it becomes equal to the radius 
of the pipe. Until this happens there is a core of fluid practically 
uninfluenced by viscosity, and in it the total head may be considered 
constant. Since the flux across any section is constant, and since 
the boundary layer thickness is increasing, this core is accelerated, 
and there is a corresponding fall in pressure. The fully developed 
parabolic distribution is theoretically attained only asymptotically; 
but we are now interested in the distance which it is necessary 
to travel downstream before the difference from the parabolic dis- 
tribution becomes less than the least experimental error. It should 
be remembered that this state may not be reached simultaneously 
with the boundary layer thickness becoming equal to the pipe radius: 
calculations on pp. 304-308 indicate that the whole of the fluid across 
a section becomes influenced by viscosity some distance before the 
parabolic distribution is approached. 

We require expressions for (i) the pressure difference between any 
two sections; (ii) the velocity distribution at any section; and (ui) 
the value of x for which the fully developed parabohc flow may' be 
said to be attained. 

at PMl. Trans. A, 214 (1914), 199-224. 

t The influence of friction in the intake is neglected. 
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If the fluid enters the pipe from a cistern in which the pressure P 
is maintained and in which the velocity is negligible, and if is 
the pressure at a distance L from the entry to the pipe, at which 
distance the permanent regime may be considered attained, then 
a usual approximate result for the pressure difference is 

given by equation (8) below, whilst a more accurate result (but still 
obtained by neglect of friction in the intake before the entry to the 
pipe) is given by equation (44) with x = L, 

We obtain a first approximation to the difference between the 
pressure at the entry {x = 0) and the pressure when the final velocity 
distribution may be said to be attained {x = L) by means of the 
kinetic energy end-correction.f In this approximation the dissipa- 
tion of energy in the inlet length is supposed to be equal to the 
dissipation in the same length when the velocity distribution is 
parabolic. If Pq, pi^ are the pressures at cr = 0 and at ic = i, then 
the rate at which the pressures are doing work is 

a 

0 

since the velocity at ir = 0 is constant and equal to the average ^ 
velocity, over a section. The rate of inflow of kinetic energy at 
a; == 0 is and the rate of outflow at a: = P is 

a 

2'TTp J dr = Trpa^u^. 

0 

Thus the difference in the rate of inflow and the rate of outflow of 
kinetic energy gives rise to an additional pressure drop of ipu^^ 
between x = 0 and x — L. On these grounds it is assumed that 

ipul, pul,a^ aR 

If the fluid enters the pipe from a large cistern in which the pressure 
is P and the velocity is negligible, there is a pressure drop of ^pu^ 
between the cistern and entry (the influence of friction in the intake 
being neglected), so that 

P-Pl ^ I o _ 32.L 

aB ‘ 

t Hagenbaeh, Poggendorff^s Ann-alen d, Physih u. Chemie (4), 109 (1860), 385-426; 
Couette, Ann. de Chiniie et de Physique (6), 21 (1890), 433-510; Prandtl.and Tietjens, 
HydrO' und Aeromechanik^ 2 (Berlin, 1931), 25, 26. 
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An approximation can also be obtained by treating the retarded 
layer in a manner analogous to that used by Pohlhausen in his 
discussion of flow in a boundary layer (Chap. IV, §60 (p. 157)). 
We suppose that the retarded layer has a thickness S at any cross- 
section; we write y — a—r, and then, following Schiller.-f we put 

f/2 


U 

U-i 


>y 


r 

82 


(9) 


in the retarded layer, where is the velocity in the core. It will be 
noted that the assumption that the velocity distribution becomes 
parabolic when 8 = a is inherent in this method. 

The equation of continuity and the momentum equation give two 
relations between x and 8. Elimination of 8 leads to a relation 
between u-^ and x which, with 


integrates to 


X = 

xj{aR) =/(y). 


where R = 2au^Jv 

and 


fix) = |(Y|x-ylog(l+x)-Y5V(4+2x-2x^) 


(10) 

( 11 ) 


16(4-2xU 

5\l + xi 


37 V2 . i2y-l 


10 


-sin 


Y 


37V2 . 

sin 

10 


-1 


+ 

4- 


( 12 ) 


A graph off(x) is shown in Eig, 78. In the parabolic flow % = 
and since Uj^iax = X ~ ^ occurs first when 

= 0-0575aR; 


so according to this approximation the permanent regime is 
established after a finite distance 0-0575ajR. The approximate 
nature of the calculation is illustrated by the fact that the maximum 
velocity in the inlet length does not join on smoothly to its final 
value since dxidx does not vanish at x = 1. (Of. Eig. 80, p. 304.) 

If and _p 2 pressures at the sections x^ and x^, it follows 

from the constancy of the total head in the core, since .. 

• % = «m(X-l-l)> 

th.at 

iPi—Pz)liipUm) = [2X+X®]»,— [2X-+-X®L, = A(2y-[-x2) (13) 

t Zeitschr. f. angew. Math. u. Mech. 2 (1922), 9&-106; Handbuch der Experi- 
mentalphysik, 4, part 4 (Leipzig, 1932), 48-57. 

t This is a simplified form of Schiller’s result. 
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(say). The resistance coefficient y defined in equation (3) is there- 
fore equal to aA(2x+x^) 

The theory can he cheeked against experiment by finding y for 



X 

T^rn 7S 

fixed and and various values of B. T3rpical results found by 
Schiller are shown in Fig. 79, where the straight line gives the un- 
corrected theoretical result. 

For X ^ 0*0575^72, 

I>o—P = ip«i(2x+x^)> (1®) 

where Pq is the pressure at the entry, and p and x evaluated at 
the section at the distance x from the entry. When x == 0-067 5aB, 

X = 1 and Po—P = 

For a: > 0-0575ai?, 

—opldx = = 16 pulil(aS), 

and hence Po—p = l‘5pu^-\-^^^^~{x—0-05'J5a,B), 

CbJtt 

so that {Po—p)Kip^L) = l*16+32a:/(aiJ). (17) 

For flow out of a cistern where the pressure is P, 

{P-p)/ibO = 2-16+d2xl{aB), (18) 
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friction in the intake being neglected. The term 2-16 corresponds to 
the term 2 of the kinetic energy end-correction. 

Sohiller-f- also tested his results by measuring the value of C in 


the relation 


{P-MhO = C-^Z2xl{aB)-X 


(19) 



R 


Tig. 79. 


he found C ~ 2-115, 2*35, 2-36, 2-45 in four series of experiments. 
The mean of these results is 2-32, but Schiller attaches more weight 
to the first one than to the other three. It seems, in fact, that no 
sufficiently accurate experiments!! to determine C have yet been 
performed; if they are it will be necessary to take into account 
friction in the intake. This may be done by assuming an increase in 
the length of the pipe and determining this increase together with 
C experimentally. 

Velocity measurements in the inlet length have been made by 

f Forschungsarheiten des Ver, devtsch, Ing., No. 248 (1922), pp. 29—33; Handbuch 
der Experimentalphysik, 4, part 4 (Leipzig, 1932), 56, 57. 

} The value of G is of importance in the measurement of viscosity of liquids. For 
further details see Hatschek, The Viscosity of Liquids (London, 1928), chap. H. 

11 Results of other experiments are given by Hatschek, Zoc. cit. 
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Nikuradse, and the results for rja = 0, 0*2, 0-4, 0-6, 0*7, 0*8, and 
0-9 are reproduced in Kg. 80,*}* which also contains results calculated 
by Schiller’s method. 



0*01 0*02 0*03 0*04 0*05 0*06 0*07 0-08 0*12 0-13 

x/(aR) 

Fig. 80 . 


A more accurate solution near the pipe entry may be obtained by starting 
from the equations of motion 


du , du 
dv , dv 


1 0p / d^u I 1 _i_ 

p dx \dr'^ r dr dx^I’ 

— ^ 4_ j_ ^ ^ 4_ 

p dr \dr^ ' r dr 8xv* 


du d^u\ 
dr dx^I’ 


in which use is made of the symmetry of the motion about the axis, and v is 
the radial component of velocity (which must be present since u changes 
with x). 

The equation of continuity is 

l(«)+|(n,) = 0, (22) 

so a stream-function ^ exists such that 

r dr* r dx' 


t The experimental results in Fig. 80 are reproduced from a small-scale graph in 
Prandtl and Tietjens, Hydro- und Aeromechaniky 2 (Berlin, 1931), 28. Further details 
do not appear to have been published. 

i Atkinson and Goldstein (unpublished). The method is a variation of a method 
due to Schlichting for the corresponding problem in two dimensions. See p. 309. 
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The boundary conditions are 

u = ?; = 0 at cc = 0, 

u = 0, V — 0 at r ~ a. 

We are concerned only with large Reynolds numbers, and the approxima- 
tions usual in boundary layer theory may be made. The term vo^ujdx^ in 
the first equation of motion may be neglected, and p-^dpjdx may be taken to 
be a function of x only. So long as there is a core uninfiuenced by viscosity 
we put 



where % is the velocity in the core. We assume that 

+ (25) 

where the jK’s are constants to be determined: we shall see that with the 
assumption (25) the ’s can be determined so that the fiux across a section is 
constant. 

A solution can then be obtained by generalizing Blasius’s solution of the 


two-dimensional boundary layer equation. We put 

ip = + •••]. (26) 

so that u = (27) 

We substitute iu the equation of motion and equate coefficients of powers 
of f . This yields the following equations for the/’s: 

fr+fJl = 0, ‘ (28) 

(29) 


n'+fJl-^fJ'a+SnA = -8^,-4Kf+y^=-2/,/| + 4^/r4-4/?, (30) 


where (so long as a core exists) 

A(0) = f'„(0) = 0, /((00) = 2, /;(oo) = 2Jr^i (»1>1). (31) 

The necessary jf^’s can be determined, as below, before the respective /’s are 
calculated. 

For large values of 7;, /i ^ 2 ?]-f ^ 2Xi7]-f-42, ^ * 

where the ^’s are determined by the numerical integration of the equations 
(28), (29), etc. 

For constancy of flux the difference in the values of ^infs at r = o (i.e. r] = 0) 
and at r = 0 (i.e. rj = 1/(4^)) must be constant and equal to the flux rra^Uju, 
The stream-function i/r vanishes at ?] = O, and so long as there is a core unin- 
fluenced by viscosity, 1/(4^) must be sufficiently large for the above approxi- 
mations to hold in finding the value of ^ at = 1/(4|). The condition of 
constancy of flux therefore becomes 

Br 


3837.8 
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Hence = ~2Ai, — — 2 ^ 2 » = — 2 ^. 3 , etc. (33) 

Thus a solution is obtained for small values of xj (aR). It is found that the K ’s 
increase rapidly (K^ = 3*4415, iCg = -“9*0938, = 141*982, ~ —2788), 

Beyond about ^ = 0*05 the series (25) up to the term ^ 4 ^^ does not give 
sufficiently accurate results, whilst some allowance must be made for the 
following terms even for ^ ~ 0*05. It appears that for ^ < 0*05 the values of 
uju.^ calculated by Schiller’s method are accurate to within 1 per cent, for 
rja < 0*8 and to within 5 per cent, for rja = 0*9. It follows that the experi- 
mental results in Pig. 80 do not agree with the accurate solution for very small 
values of xl(aR). The singularity in the solution at a; = 0 will cause some 
discrepancy very near the entry; whether this is sufficient to explain the 
actual discrepancy between the observed and calculated values we cannot tell 
in the absence of further experimental details. 

The solution for small values of xl(aR) may be continued by a method due to 
Boussinesq-t If we write 

X — 2x1 {aB), Y — w = Ervj{2a) and R — 2u.^alv, (34) 


the equation of continuity becomes 


^ 4 - 2 — - 0 


SO that 


2w — 




dY 


(35) 


(since 14? = OatP = 1 ). Hence equation (20) (with neglected) becomes 

1 


du f du 1 . d 

'w\dx^^ p 

Y 

Differentiation with regard to Y gives the equation for u; also, from (36), 


du , . 



since Bp/dX is independent of Y and 


1 



r=o’ 


(because J udY is constant j . 

In the permanent regime u = 2w.^(l— F), 
so we now put u = u^{2(l — Y)-j-'ZEr}, (37) 

For a first approximation, Wi, we suppose m small and neglect squares; we 


then find that 


1 -F a / 

Y ex\ dYl 



(38) 


which is an equation for Y dmJdY, 


t CompUs jRenduSf 113 (1891), 9-15; 49-51. Actually Boussinesq applied his 
method right from the entry, but it is more accurate when used to continue a 
solution such as that described above. 
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Since J u dY is constant, J tEr^ dY = 0 ; and since teti = 0 at F = 1, 
0 0 

} dm r 

J ^ jTD-i dF = 0. 

0 0 

If we put YdmJdY = ce-^^^<j>{Y) 

in ( 38 ) we find that — 0 . 


( 39 ) 

(40) 


1 

The boundary conditions are <f>{ 0 ) = 0 and J dF = 0. Equation ( 40 ) with 

0 

these boundary conditions shows that A has one of a series of characteristic 
values. If Ai,..., A^,.., are the characteristic values, then the complete solu- 
tionis + (41) 

Hence — td-i = 0ie-2''i^®i(F)+c2 6-2^2^<[)2(V) + ..., (42) 

1 


where 


®,(F) = J^,(r)^. 


( 43 ) 


The condition to determine the c’s is that 
1 

J (Ci'Di+C2®2+...+c„<D„+i!r„)2dF 


0 

is a minimum, where Wq is the value of tc-i when X = 0, which we take to be 
the section from which the solution is started. 

Atkinson and Goldstein took into account the terms in Cj and Cg in ( 42 ), and 
also found a second approximation by substituting the result so obtained into 
the neglected terms in ( 36 ) and solving again, taking into account in this 
second approximation only the term in cf. This solution was then joined 
to the series solution ( 27 ) at I- = 0*05 by making the mean-square difference a 
minimum. The results for xl{aR) > 0-015 are shown in Fig. 81 . For smaller 
values of xj{aR) they are certainly inaccurate. 

The calculated values of (i?o— P)/(i/>^m) 8'^® shown m Table 12 below. The 


Table 12 


X 

aR 

ip'^m 

X 

aR ‘ 

Po-P 

4 p< 

o 

0 

0*015 

1*36 

o-ooi 

0*32 

0*020 

1-63 

0-002 

0-46 

0-025 

1-88 

0-003 

0-56 

0-030 

2*10 

0-004 

0-65 

0*040 

2*51 

0-005 

0-73 

0*05 

2-88 

0-007 

0-87 

0-06 

3*24 

0-009 

i-oo 

0-07 

3*59 

o-oii 

I-II 

0*08 

3*93 

0-013 

1*22 

0*09 

4-26 

0-015 

1*33 

o-io 

4*59 



o-ii 

. 4*92 
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values in the first two columns are found by Schiller’s method; those in the 
third and fourth by Atkinson and Goldstein’s extension of Boussinesq’s 
method. At xl{aB) = 0*015 the results differ by about 2 per cent. For more 
accurate results the values of found from the series (27) would have to be 
continued for larger values of xj[aE) by step-by-step calculations, and the 



-===^===^===0*6 



- = » = - ^ -=0-9 

0*12 0*13 


extension of Boussinesq’s solution joined to the values so found at a larger 
value of xliaB) than is at present possible. 

For larger values of xj{aR) than those shown in the table 


ip'^m 


32a; 

ai2 


+ 1*41, 


and for flow out of a cistern where the pressure is P 


P—p 32x 


ilKi 


aR 


+2*41. 


(44) 


140. Two-dimensional flow through a straight channel. 

At sections far from the ends the velocity distribution for steady 
flow in a channel of breadth may be obtained by integrating the 
equation of momentum for a symmetrically situated rectangular 
slab of fluid of breadth 2y, with the boundary condition = 0’ at 
y = A : the result is 



JL^ 

2fjLdx 
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where y is the distance from the middle of the channel. The mean 
velocity over a section is 

^ Sfjidx* 

The mean velocity is two-thirds the maximum, and the velocity 
distribution is parabolic. 

The hydraulic mean depth, m, is equal to the half-width, h. As 
Eeynolds number we therefore take 

B = 4:hujv, 

and for the resistance coefficient y we obtain the equation 

r = = 24/E, (46) 

where Tq is the shearing stress at a wall. 

141. Two-dimensional flow in the inlet length of a straight 
channel. 

By calculations similar to those in § 139 the velocity distribution, 
the pressure drop and the skin-friction in the inlet length may be 
determined for two-dimensional pressure flow between parallel walls. 
The equation for the pressure drop from the entry to any section 
where the parabolic flow is fully estabhshed, when calculated by 
Schiller’s method, is 

i^o-MpO = 24xl{hB)+0^626.i (47) 

The corresponding result from the kinetic energy end-correction is 
{Po-P)l(ipO = 24a;/(Ai?)-f 0-543. (48) 

A solution^ by a method similar to that described on pp. 304-308 
for a circular pipe leads to the result 

iPo—P)liiP'^m) = 24a:/(i^JS)H-0-601 : (49) 

the velocity distributions calculated by this method are shown in 
Figs. 82 and 83. The broken line in Fig. 82 is the Poiseuille parabola: 
the broken lines in Fig. 83 give the asymptotic values for the para- 
bolic flow. In Table 13, {pQ—p)l{ip'^m) tabulated against vxl{hhi^), 
where is the pressure at the entry and p is the pressure at a 
section distant x downstream. 

t ScliiUer gave 0*614 in place of 0*626. See ScHiclitiag, Zeitschr.f, angew. Math. 
Mech, 14 (1934), 372. 

t Schlichting, ojp. citt pp. 368-373. 
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142. The effect of roughness on laminar flow in pipes and 
channels. 

* We can estimate the order of magnitude of the maxiniuin size of 
protuberances which will not alter the character of the flow in a 
circular pipe.-j; If e is the maximum permissible height of a pro- 
tuberance, then (e being small) the velocity at its tip is 

to the first order. (It is assumed that the presence of the roughness 
has not altered the character of the flow.e) Therefore 

(= €ujv) — 2(€la)^R, where R = 2aujv. 

For uniform flow past an obstacle a critical Reynolds number 
exists such that for R > E^ Si vortex wake forms behind the 
obstacle, whereas for E a R^. the flow closes up behind. If the flow 
past the protuberances which form the roughness in the pipe is such 
as to cause the production of vortex wakes, then the form of the flow 
in the pipe will be considerably different from the flow in a smooth 
pipe. In order to obtain an order of magnitude for the size of the 
protuberances which do not produce great variation in the flow 
we may therefore express the condition that R^ should be less than 
the value of R^ for flow past an obstacle of the shape of the pro- 
tuberances. For a circular cylinder, for example, we may take 
Rq= 50, { and this value leads to the condition 

€ja < 5/i2h 

If for a flat plate normal to a disturbed stream we assume that 
R^ = 30, we obtain e/a < 4/ii^ as the condition for sharp-edged 
roughnesses. 

If we write for V('^o/p)j where tq is the shearing stress at the wall, 
and if we assume that tq is unaltered, then the condition can be 
expressed in the form that eU^jv must be less than Vi2^, or, with 
R^ = 30, less than about 5*5. This order of magnitude appears to be 
in satisfactory agreement with experiment. || 

For a channel R^ = ^R{elh)^, and ejh must be less than about 
6/iJ^ for sharp-edged roughnesses to be without effect. eUJv must 
again be less than Vi?^. 

t Schiller, Handbuch der Experimentalphysik, 4 , part 4 (Leipzig, 1932), 191, 192. 
t Cf. Chap. IX, § 184. 

II Schiller, op. city pp. 189-192; see also p. 377 and Nikuradse, Ver. dentsch, Ing,, 
Forschmgsheft 361 (1933). It should be observed that, with a disturbed entry, the 
above estimate will not apply till the disturbance has died down. 
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143. Flow through curved pipes. 

We confine onr attention to flow through pipes of circular cross- 
section whose axes are bent into circles. We take coordinates as 
shown in Fig. 84 {0 being the centre of curvature of the axis of the 
pipe), and denote by L the radius of curvature of the axis, by a the 
radius of the pipe, and by U, F, and Tf the velocities in the directions 
of r, < 56 , and 6 increasing. In the region where the flow is fully 

developed Z7, V and W are independent 
of 0. The equations of motion referred 
to this system of coordinates are to be 
found in a paper by Dean;t they are 
complicated. If a/X is small and if terms 
of order l/L are neglected compared 
with terms of order 1 /r, the equations 
simplify. By reducing these simplified 
equations to non-dimensional form it 
may be shown that dynamical similarity 
depends on the parameter 



Fig. 84. 






(50) 


only, where Wq is the mean velocity in flow through a straight pipe 
imder the same pressure gradient as that along the pipe axis in the 
curved pipe. Thus the ratio of the flux through the curved pipe to 

the flux Fg through a straight pipe under the same pressure gradient 
is a function of K' only for small values of ajL] further, if and 
are the resistance coefiS.cients in the curved pipej and in a straight 
pipe when the flux is F^ in both cases, it may be' shown that 
FjFg = yjjc- Expanding in powers of E\ Dean finds that 

The error when only the three- terms shown are taken into account 
increases with K\ It is probably not serious at any rate for K' < 30. 

To a first approximation the parameter K' is equal to K, defined as 
(a/L)^{2W^alv), where is the mean velocity in the flow through 


t PMZ. Mag. (7), 4 (1927), 208-223; 5 (1928), 673-695. 
t has a definition equivalent to the definition (3) for viz. 

_ 1 a 

“ ~z: ie 



oF resistance due to curvature 
smooth, circular pipe | 



3837.8 


SS 




314 FLOW IN PIPES AND CHANNELS, ETC. [VII. 143 

the curved pipe: it follows immediately from the definition of K 
that it is in any case a function of K' only (since W^/Wq is a function 
of K' only), so dynamical similarity depends on the value of K only. 
Experimenters have usually preferred to use K instead of 

Experiments have been per- 
formed by Whitef and Adler,! 
whose results are shown in Fig. 
85 by curves with logioiv chs) as 
ordinates andlog^o ^ as abscissae. 
White remarks that once turbu- 
lence sets in the parameter K is 
not sufficient to define the ratio 
yJYs; this is supported by Adler’s 
measurements. It appears, there- 
fore, that the value of log K at 
which turbulence sets in for any 
particular pipe is the abscissa of 
the point where the correspond- 
ing observed curve in Fig. 85 leaves the universal curve. 

The empirical equation 

(11-6 <K < 3000), (52) 

due to White, gives a good representation of the observed non- 
turbulent results. The corresponding curve is included in Fig. 85. 

Adler {he, cit) has made a large number of measurements of 
the velocity distribution, for which reference may be made to the 
original paper. 

The calculated projections of the particle paths on a cross-section 
of the pipe are shown in Fig. 86 for a very small value of K ; they were 
calculated by neglecting terms of order but serve to show the 
secondary motion which is set up.]! White and Adler both found 
this secondary motion experimentally for laminar flowiff the former 
observed that it was by no means as evident once the flow became 
turbulent. This he ascribed to the fact that in turbulent flow the 

t Proc. Boy.Soc.A, 123 (1929), 645-663. The results when L/a — 8-9 were obtained 
after the publication of the paper, and kindly commTinicated to us by Prof. White. 

5 Zeitschr.f, angew. Math, u. Mech, 14 (1934), 257-275. 

fj Dean, loc, cit. For a qualitative explanation, see Chap. II, § 28 (p. 84). 
ft This secondary flow has also been confirmed in a striking manner by Taylor 
using a colour thread (Proc, Boy, Soc, A, 124 (1929), 243-249). 
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velocity distribution is much more nearly uniform than in laminar 
flow, and correspondingly the pressure gradients producing the 
secondary motion are less. 


144. Two-dimensional flow through curved channels. 

We confine our attention to a channel formed by two coaxial 
cylindrical walls, and consider two-dimensional flow perpendicular 
to the common axis due to a pressure gradient parallel to the walls 
and perpendicular to the common axis. 

If we denote by W the velocity parallel to the walls and per- 
pendicular to the common axis, and by the mean value of W, 
we find from the equations of motion that 


W: 

and 


1 dp 


{bHog b—aHoga) a^b^ 


(b^-a^) 


{b^—a^)\ ajr 




(62_a2 






, bV 

log- 


(53) 


(54) 


where r is distance measured from the common axis, 6 is angular 
distance measured round the common axis, the walls are at r = a 
and r = 6 (6 > a), and p is the pressure. {Bp 1 86 may be shown to be 
a constant independent of r and 6.) The other velocity components 
vanish: there is a pressure gradient across the channel which just 
balances the centrifugal force. 

We may obtain alternative forms for (53) and (54) by WTiting 
b = r = a-f-A+y, hja = a. These forms are 


W 


W 


2[j,dd (x\ 


(l+2a)2Iog(l+2o:)' 


4a -(-4a* 


1-1-a- 


ay 


1 ■ 

c+ocylh^ 




}b l-poi“rc 

— .{l-l-a-l-a 2 //A)log(l+a-l-a?//A)|, (55) 


Curves in Fig. 87 show plotted against yjh for a = 2, 0*5, 

0*1, and 0 (straight channel). The effect of the curvature is very- 
small when a = 0*1. 

The fact that no secondary flow occurs has been pointed out 
previously .f The- pressure gradient across the channel due to 


t Chap, n, § 28 (p. 87). 
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centrifugal force produces no secondary flow in the absence of walls 
parallel to itj no retarded layers being'produced on which the pressure 
gradient could act. 





Fig. 87. 

145. Flow along a flat plate. Roughness. 

The laminar flow along a flat plate placed edgeways to a steady 
stream has been calculated on. the assumptions of the boundary layer 
theory in Chap. IV, §53 (pp. 135, 136). The velocity distribution 
has been measured experimentally by Hansenf in an open jet wind 
tunnel, and his results are compared with theory in Fig. 88 : there is 
quite good agreement. (In Fig. 88, u-^ is the velocity outside the 
boundary layer, x is distance from the leading edge, and* 7 ^ the 
forward velocity at a distance y from the plate.) The experimental 

t Zeitschr,f. angew. Math. u. Mech..S (1928), 185-199. 
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values of obtained by Drydenf in a closed tunnel, when plotted 
against y^iujvx), are also in very satisfactory agreement with the 
theoretical curve ; whereas the results of measurements in a closed 
tunnel by Burgers and Van der Hegge ZijnenJ are consistently 
greater than those of theory. Burgers attributes the discrepancy 
to the fact that the main stream may not have been quite steady, 



Fig. 88. 

and suggests that the interchange which subsequently arises in the 
boundary layer would lead to these increased values: on the other 
hand, it is possible that the acceleration of the main stream due to 
the growth of the boundary layer along both the plate and the 
channel walls would account for the discrepancy. H 

In Chapter IV it was pointed out that for flow along a cylinder open 
at both ends (with generators parallel to the main flow) the same 
results should hold as for a flat plate provided that the cylinder is 

t Report No. 562 (1936). See especially Fig. 17. 

j Proc. 1st Intemat, Congress for Applied Mechanics, Delft, 1924 (Delft, 1925), 
pp. 113-128. 

II Due account was taken of the pressure gradient in the direction of flow in 
reducing the observations, but no account was taken of the pressure gradient in the 
theoretical calculations. 
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short enough. Experiments have been carried out on small rings of this 
type by Miss Marshall, f who obtained the skin-friction from measure- 
ments in the wake; the results were larger than those of theory. 

The resistance of a flat plate has been obtained by EageJ by 
measurements in the wake in an open jet tunnel; he too finds values 
which are larger than those calculated. 

It may be remarked that considerable fluctuations in the velocity 
in the laminar’ portion of the boundary layer along a flat plate have 
been observed. || These fluctuations are due to fluctuations in the 
main flow. The fluctuating components of the velocities are un- 
correlated, and so do not give rise to any transfer of momentum or 
^apparent stresses’. The fluctuations are of amplitude several times 
the amplitude in the main stream, but are much slower. 

A limit can be set to the permissible height of roughnesses in order 
that they may not materially affect the flow. From equations (44) 
and (46) of Chapter IV 

U = '2^1 


locr]- 


OL^r)^ 


4! 


where 


a = 1*32824, 



so that at the tip of a projection of height €, 

(XU^ € 

nj ± 

" 4 vi xi 

to the first order. Thus 




\ V }~ 4: v^xi 4’ 


where 

Using the same estimates of the critical value {B^) of JS as in § 142, 
namely B^ = 50 for rounded roughnesses and 30 for sharp ones, we see 
that we require BUe/x)^ < 200/a = 150 


or ejx < 12-2(i?,^)-i 

for the former, and 

< 120/a 4= 90 

or ejx < 9*5(i2^)“^ 

t AM,C, Reports and Memoranda, No. 1004 (1926). 
i A,R.C. Reports and Memoranda, No. 1580 (1934), pp. 1-7. 

|j Dryden, Proc. Fourth Intemat. Congress for Applied Mechanics, Cambridge, 1934 
(Cambridge, 1935), p. 175; Journal of the Washington Academy of Sciences, 25 (1935), 
106; N.A.O.A. Report No. 562 (1936). 
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for the latter, if the effect of the roughness is to be inappreciable. It 
is evident that a given size of roughness is more likely to have a 
disturbing effect near the leading edge than elsewhere. 

In terms of the condition is exactly as for pipes 

and channels (§ 142). 

SECTION II 

THE transition FROM LAJMINAR TO TURBULENT FLOW 

146. The transition to turbulence in smooth pipes and 

channels. 

The phenomena in a pipe or channel are closely associated with the 
entry conditions. With disturbed conditions at entry the disturbances 
die out after a certain length if R is small enough. As R is increased a 
critical value reached such that for R > R^^^^ the disturbances 

are no longer damped out and the flow in the pipe is turbulent. There 
is a minimum value of ®rich that for B less than this minimum 
value aU disturbances, however great, are damped out sufficiently 
far downstream. This minimum value of iJ^it is determined experi- 
mentally by imposing very disturbed conditions at entry : the values 
obtained by various experimenters are shown in the following tables 
for straight and for curved pipes. 


Straight Pipes 


Bcrlt 

Shape of cross-section 

Experimenter 

Method 

2000 

Smooth circular 

Reynoldsf 

pressure drop and flux (water) 

2100 

99 99 

Ruckesf 

(air) 

2100 

J} 3f \ 


„ „ „ „ (air and 



Stanton and 

water) 

2000 

„ 

Pannelll 

and au^jv (air and 


) 


water) 

1900 

99 99 

Barnes and 

axial temperature (with pipe 



Cokerft 

surrounded by jacket) and 




flux (water) 

2800 

Rectangular pipe : ratio 

White and 

resistance and flux (water) 


of sides 104 : 1 - 165:1 

Daviestt 


2100 

Square 

Schillerllll 

99 99 99 99 

1600 

Rectangular pipe : ratio 


99 99 99 9* 


: of sides 2 * 83 : i 

Schillerllll 


2400 

Annular pipe: ratio of 




radii o*8i8:i 

Fageftt 

pressure and flux (water) 


t Fhil, Trans. 174 (1883), 935-982; Scientific Papers, 2, 51-105. 
t Ann, d. Phys. (4), 25 (1908), 983-1021. 

II Phil, Trans, A, 214.(1914), 199-224. 

It Proc, Roy, Soc, A, 74 (1905), 341-356. Ibid. 119 (1928), 92—107. 

1111 Zeitschr, f, angew. Math. u. Mech, 3 (1923), 2—13. 
ttt Broc, Boy, Soc, A, 165 (1938), 620-525. 
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The two quantities mentioned in the last column were in each 
instance plotted against each other, and a sudden change in the 
relationship was taken to indicate the onset of turbulence. The 
resistance was obtained, in those methods where it was used, from 
pressure measurements; there is therefore effectively no difference 
between the two methods. The experimental fluid is mentioned in 
brackets. 

Curved Pipes of Circular Cross-Section 


-^crifc 

a/L 

Experimenter 

Method 

759 ot 

o-o66 

Whitet 

Curves of yjys plotted against K (see 

6o2ot 

0*020 

AVhiteJ 

PP* 3i3» 314 )* Point where particular 

5620 

0*020 

Adler) 1 

curve leaves universal one taken to 

4730 

0*010 

Adler] 1 

indicate onset of turbulence. 

3980 

0*005 

Adlerjj 


227 ot 

0*00049 

Whitet 



White (loG. cit.) remarks that turbulence arises, in all his experi- 
ments, when = 0*0090. It is rather difficult to take values 
accurately from Adler’s graph; it appears that, in the order given in 
the table, his results give y^ = 0-0095, 0-0090, 0-0084. The differ- 
ence between 0-0090 and the first and last of these results is probably 
greater than the error in estimating values from the graphs. Even 
so, Yc = 0-0090 gives a rough idea of the value of 

147. The effect of roughness on the critical Reynolds number. 

If the disturbances produced by the roughnesses are less than those 
introduced in the entry, roughness may be expected to have no 
effect on i?crit* ^ they are bigger, roughness will certainly affect 
iicrit* systematic effects of roughness on the minimum value of 
jS^rit apparent from experimental data available, and no great 
differences between the minimum values of smooth and 

rough pipes have been obtained. 

jl48. The entry length. Experimental results for smooth entry 
conditions in straight pipes. 

In determining the values of jR^rit experimentally a sufficient ^ntry 
length must be . allowed in order to determine whether an initial 
disturbance will increase or be damped out. This length depends 

t These figures are given by Taylor {Proc, Roy. Soc. A, 124 ( 1929), 243-249), who 
took them jfrom White’s results. He also confirmed these values of 
of colour threads. ' 

{ Log. cit. ante (p. 314). f 


II Log. cit. ante (p. 314). 
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largely on of the disturbances. Schillerf found that a 

length of 130 was sufficient, whereas one of 65 diameters 

1 T ' 


As the disturbances at entry decrease, increases. (There does 
not seem to be any evidence concerning a possible systematic de- 
pendence of -Kcrit the form of the disturbances.) Reynolds believed 



that an upper critical number exists for flow in pipes such that for 
greater numbers the flow is necessarily turbulent: experimentally, 
using a colour thread, he found a value 6,000 for such a number. 
The available evidence seems to show, however, that could be 
increased indefinitely if the disturbances present could be decreased 
indefinitely. Barnes and Coker {loc. cU.) obtained laminar flow at 
a Reynolds number greater than 2 x 10^, and Schiller|| reached about 
the same value: Ekman,tt using Reynolds’s original apparatus, 
obtained laminar flow in one case at a Reynolds number as high as 
5 X 10^. Taylor, in some unpublished experiments with a very long 
inlet, found that laminar flow was possible up to a Reynolds number 
of 3*2x10^, and also showed that when the pipe was bent by an 
amount nearly equal to the diameter, the flow still remained laminar. 
Moreover, a filament line (shown — x — x — in Fig. 89) appeared 
nearly straight. 

f Zeitschr, f. angew. Math. u. Mech. 1 (1921), 436-444. 
t Proc. Roy, Soc. A, 119 (1928), 99. 
tt Ark.f. mat., astr. och.fys. 6 (1910), No. 12. 

3837.8 T t 


ji Op. cit.y p. 442. 
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149. The instability of laminar flow in curved channels. 

The theoretical and experimental results obtained by Taylor for 
the stabihty of the flow between two rotating cylinders were de- 
scribed in Chap. Vj §75 (pp. 196, 197).f Taylor’s experimental work 
was confined to water and glass surfaces; LewisJ has covered a larger 
range by using xylene, nitrobenzene, and a mixture of the two as 
experimental fluids and by using a lead or silver inner surface 
together with a glass outer tube. 

We discussed steady laminar flow in a curved channel on pp. 315, 
316: Deanll has made calculations concerning its stability, assuming 
infinitesimal disturbances symmetrical about the common axis and 
periodic along it. If 2h and a denote respectively the distance be- 
tween the walls and the radius of the inner wall, as before, then 
Dean found for small values of h/a a critical Reynolds number 
given by == 25*45(a/A)^. Tor greater Reynolds numbers the 

system is .unstable, the instability first manifesting itself for a dis- 
turbance with a particular wave-length in the direction parallel to 
the axis. 

The tjrpe of disturbance for which instability is produced in this 
problem does not produce instability in flow through a straight 
channel. It is evident, therefore, that curvature has a marked effect 
on the stability of steady flow.ft This result is'borne out by experi- 
ments on flow in straight and curved pipes. When turbulence appears 
in straight pipes there is a sudden increase in the loss of head, which 
is not observed in curved pipes. A possible explanation is that 
curved flow becomes unstable for infinitesimal disturbances, whereas 
straight flow becomes unstable for finite disturbances only. 

The stabihty of the flow due to a pressure gradient parallel to their 
common axis betw’een two rotating cylinders has been investigated 
theoreticaHyJJ and experimentally.HH If the radii of the cylinders 
are a, a-f 2h and their angular velocities Og, where 0 ^ 2 ! = a, then 
for small values of hja stability depends, for a given value of the 
Reynolds number B of the flow parallel to the axis, on the value of 

— s+ii — • 

t For further -information concerning critical speeds for flow between rotating 
cylinders see also pp. 388-390. t Proc. Boy. Soc, A, 117 (1928), 388-407. 

i| lUd, 121 (1928), 402-420. tt Cf- also pp. 388-390. 

ii Croldstein, Proc. Camb, Phil, JSoc, 33 (1937), 41-61. 

1 }{{ CoTrmh, Proc. Boy.Soc,A, 140 (1933), 227-240; Page, ibid, 165 (1938), 513-517. 
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If a is not nearly equal to 
values of hja to 


unity, this reduces approximately for small 


The theoretical numerical results have been evaluated for the outer 
cylinder at rest and for small values of R : for J? = 0 they agree with 
Taylor’s result. The experiments also were performed with the outer 
cylinder at rest. Apart from a rapid fall in the calculated value of 
the critical rotational speed near the highest value of R at which 
calculations were made (which was probably due to too drastic 
mathematical approximations), the calculated results are consistent 
with the results of Fage’s experiments. These experiments show a 
continual increase in with increasing R. The value of was found 
by measurements of the pressure drop down a test length, and the 
results of these measurements, at each fixed value of R, show that 
as is increased beyond the difference of the pressure drop from 
its theoretical value for laminar flow is at first very small and in- 
creases very slowly, and that this stage is followed by a much more 
rapid increase at higher speeds. 


150. Phenomena associated with a disturbed entry. Schiller’s 
theory of the transition to turbulence in straight pipes and 
channels. 

The form of the disturbances associated with the transition from 
laminar to turbulent flow in a straight pipe of circular cross-section 
with various types of entry has been examined experimentallyf by 
introducing a coloured indicator. Three distinct types of flow were 
observed. 

(i) For the smallest Reynolds numbers, even though the flow 
before entering the pipe is disturbed, the flow in the pipe is smooth 
and the colour thread straight right from the entry. For a straight 
circular pipe with a sharp entry Naumann gives jR = 280 as the 
Reynolds number at which this regime breaks down when the water 
from the reservoir is very disturbed. 

(ii) At higher Reynolds numbers the colour filament assumes a 
wave-like form in what is roughly the inlet length as calculated by 
Schiller (see p. 301), but becomes rectilinear farther downstream. 

t Schiller, Proc. Srd Internat. Congress for Applied Mechanics, Stockholm, 1930, 
1, 226-233; Zeitschr. f. angew. Math. u. Mech. 14 (1934), 36-42; Naumann, Forsch. 
Ingwes. 2 (1931), 85-98; Kurzweg, Ann. d. Phys. 18 (1933), 193—216. 

Tt2 
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Apparently a vortex-sheet, arising from the edge of the entry to the 
pipe, encloses with the wall a dead water region. It seems probable 
that this vortex-sheet is unstable for sufficiently high speeds and 
that the wave-like form is due to this instability. When the colour 
filament is moved towards the centre of the pipe the point at which 
waves begin moves continuously farther from the entry. 

With increasing velocity the amplitudes of the waves increase. 
Finally, with still further increase of velocity, the vortex-sheet rolls 
up periodicallyand discrete eddies are formed. The disturbances still 
die away downstream and the flow is laminar sufficiently far from 
the entry. This type of flow continues for a sharp entry until R is 
between 1,600 and 1,700. The greater the value of R in the range 
280-1,600 the greater the distance the disturbances travel before 
being damped out: this distance is always roughly the same as the 
inlet length found by Schiller. 

(iii) When R is between 1,600 and 1,700 a second critical stage is 
reached. The vortex-sheet rolls up into a single large stationary 
cylindrical eddy which extends from the pipe entry to a distance L 
downstream and is of thickness d {L'^d). At a distance of about 

e ' — 

y 

Fig. 90. 

|L from the entry this elongated eddy exhibits a gradually increasing 
constriction which leads finally to the separation of a disturbance 
eddy passing off downstream. This casting off occurs periodically. 
The distance between consecutive eddies is much greater than in 
stage (ii). 

With the formation of this elongated eddy damping-out of the 
initial disturbances no longer occurs and the flow is wholly turbulent. 

Similar results were found for a circular pipe with an annular 
cover — ^i.e. a plane annulus placed over the entry, effectively re- 
ducing the diameter there — and also with a semicircular cover. 

In the neighbourhood of the critical Reynolds number, Schiller 
and Naumann observed (as did Reynolds) that the laminar flow was 
occasionally interrupted for a short distance by a vigorous eddying 
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motion. Reynolds called such regions of turbulence ‘flashes’, but no 
explanation of them has yet been given. 

Naumannf has discussed two-dimensional flow in a straight chan- 
nel, and finds results of the same kind as for a pipe. White and 
Davies, independently of Schiller, discovered by means of pressure 
measurements the existence of the three separate regimes (i), (ii), 
and (iii) for a rectangular channel of great breadth/depth ratio.t 
They also found 280 as the Reynolds number at which the first 
regime breaks down. 

In a circular pipe with a sharp entry, the vorticity ^ in the dis- 
turbance is about circles round the axis of the pipe. The circulation 
r per unit length in the disturbance is defined as J ^ dS, the integral 
being taken over the area enclosed by the rectangular circuit which 
is formed by a line of unit length along the axis, two parallel radii 
at its ends, and the intercept they make on the pipe wall. Schiller 
and Kurzweg suggest that turbulence sets in when 

ar = l,170v, 

where a is the radius of the pipe.|l Naumannf obtained analogous 
results for flow in a channel. 

151. The transition to turbulence in flow along a flat plate. 

For sufficiently high velocities or sufficiently long plates laminar 
flow in the boundary layer near the leading edge of a plate at zero 
incidence is followed by a transition to turbulence farther down- 
stream. The flow does not become a fuUy developed turbulent flow 
immediately it ceases to follow the laws of laminar flow: there is a 
finite transition region. The shearing stress at the plate decreases 
with increasing distance downstream both in the laminar and in the 
fully developed turbulent regions; in the transition region, however, 
the shearing stress at the upstream end is considerably less than that 
at the downstream end. General statements concerning the length 
of the transition region, or any of the average conditions within it, 
cannot yet be made with confidence. Burgers and van der Hegge 
Zijnenf f have investigated the conditions experimentally, and Fig. 91 

t Forsch. Ingwes. 6 (1935), 139-145. ^ 

t Froc. Foy, Soc. A, 119 (1928), 92-107. 

11 Hahnemann {Forsch. Ingwes. 8 (1937), 226-237) has verified this criterion for 
sufficiently small disturbances at entry, such that jRcrit is greater than 3,200. When 
the entry disturbances are increased, so that JRcrit f^'fis from 3,200 to the lower critical 
value 2,320, (ar/v)crit rises considerably. 

fl Froc. 1st Internal. Congress for Applied Mechanics, Delft, 1924, pp. 113-128. 
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gives their measured values of the velocity gradient a at the surface 
of a glass plate in the transition region, plotted against the distance 
X from the leading edge for various values of the stream velocity 
outside the boundary layer. 

Dimensional considerations suggest that in any particular experi- 


otl,r:400 cm./sec. © LI| = 1200 cm./sec. 

• U|=800j *» ©U| = 1600 

• U,= 8002 ” Uj =2400 



Fig. 91. 

ment the transition region starts when Rx{= U-^x/v) reaches a certain 
value dependent on the turbulence in the main stream. Since 
and jKg (= where S is the thickness of the boundary layer) 

are related, any particular value of R^. corresponds to a particular 
value of J?g. The values found experimentally for R^x^ value of 
R^ at the commencement of the transition region, vary between 
9 X 10^ and 1-1 X 10®;t the corresponding range for is about 1,650 

t Dryden {Journ. Aero, Sciences, 1 (1934), 71, 72; Proc. Aih Internat. Congress for 
Applied Mechanics, Cambridge, 1934, p. 175: Nji,C,A. Report No. 562 (1936), p. 21) 
has reported that as a result of experiments in the Bureau of Standards tunnel he 
found that R^t ~ 1*1x10® for ujUx— 0*005 (free tuimel) and R^ji = 10® for 
ujUi — 0*03 (stream behind wire screen of ^-in. mesh), u denotes the root-mean- 
square of the turbulent velocity component in the direction of the main stream. The 
corresponding values of were 1,700 and 560, where denotes the displace- 

ment thickness (Chap. IV, eqn. (15), p. 123). See p. 330 for recent results. 



VII. 151] FLAT PLATE: TRANSITION TO TURBULENCE 327 

to 5,750. There is no evidence that these numbers are upper and 
lower limits to or or that such limits exist. 

Small pressure gradients in the air-stream greatly affect the value 
of U-^xjv at transition, an accelerating gradient delaying the transi- 
tion. f The value of is, however, less sensitive, (8^ denotes 

the displacement thickness: see Chap. IV, equation (15), p. 12 3.) 

Prandtl j observes that the point where transition starts oscillates 
with time. Cathode ray oscillograph records jj of the fluctuations of 
the velocity component parallel to the stream show that transition 
is actually a sudden phenomenon, wdth an intermittent change from 
laminar to eddying flow in the transition region, eddying flow 
occurring at infrequent intervals and for only a short fraction of the 
time near the beginning of the region and at more and more frequent 
intervals and for an increasing fraction of the time as the downstream 
end of the region is approached. Near the downstream end there are 
only short, infrequent occurrences of flow of the type in the laminar 
portion of the boundary layer (with slow, uncorrelated fluctuations: 
see p. 318). 

If transition is controlled by variations in the pressure gradient due 
to turbulence in the main stream, then fluctuations in the pressure 
distribution will cause fluctuations in transition; but turbulence will 
occur more frequently the thicker the boundary layer and so the 
farther downstream the section we are considering, until, sufficiently 
far downstream, it will be practically permanent. A satisfactory 
definition of a point of transition can, then, be given only on a 
statistical basis. The ideas described below furnish a beginning in 
this direction. 

We have remarked that the value of L\xlv or L^bjv at the com- 
mencement of the transition region depends on the turbulence in 
the main stream. It appears, however, that the value of L'lS/v at 
transition is not a function of ujU^ only (where u is the root-mean- 
square of the turbulent velocity component in the direction of the 
main stream) but depends also on the scale of the turbulence- 
producing mechanism, G. I. Taylorff seeks to find the correct func- 
tional relation by associating the two suggestions that the disturbance 
necessary to produce turbulence is a function of U^hlv and that 

t Dryden, Zoc. 

t Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 152, 

II Dryden, Journal of the Washington Academy, of Sciences, 25 (1935), 105—107; 
N.A.C,A, Report No. 562 (1936). tt Roy. Soc. A, 156 (1936), 307-310. 
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transition is controlled by variations in the pressure gradient due to 
turbulence in the main stream. If dujdx is the root-mean-square of 
the a;-derivative of the turbulent velocity component along the plate, 
dp/dx the root-mean-square of the a;-derivative of the turbulent 
variation in static pressure, Taylor argues that, with isotropic tur- 
bulence, dpjdx is of the same order of magnitude as pudujdx, and 
puts these two expressions proportional to one another, f From 
Chap. V, §91, equations (76), (79) and (80), we see that dujdx is u/X; 
and if ikf is a characteristic length of the turbulence-producing 
mechanism, then (Chap. V, §92, equation (84)) A is proportional to 
for sufficiently large values of Mufv. Hence 

^ = constant (57) 


Now in the Karman-Pohlhausen approximate method of consider- 
ing flow in a laminar boundary layer (Chap. IV, §60), the velocity 
distribution at any section depends only on the parameter 


8^ dp 
pvUi dx^ 


where is the velocity in the main streaih just outside the boundary 
layer, and dpjdx is the pressure gradient. This result (which rests on 
approximations of a rather drastic nature) makes the velocity dis- 
tribution depend only on the pressure gradient at the section con- 
sidered and not on the state of affairs upstream (except in so far as 
this affects 8) : it seems reasonable to suppose that for fluctuating 
pressure gradients the result may still be applied with the same 
degree of approximation as before, and that the velocity distribution 
depends on A+A', where 


A' = 


8^ dp 
nvTL dx 


(59) 


For a flat plate A = 0, and 8^ is proportional to vxj Hence 

A' = — <»' 

If it is supposed that the critical value of A' necessary to produce 
turbulence is a function of SUJv or xUJv, it follows that xUJv at the 
point of transition to turbulence is a function of {ulUj){xlM)^. 

Owing to its complexity, we cannot formulate a mathematical 

t See Proc. Boy, Soc. A, 151 (1935), 476, 477; Proc. Camh, Phil. Soc. 32 (1936), 
382-384. 
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theory of the flow in the transition region. In problems where it 
is necessary to consider a boundary layer containing both laminar 
and turbulent portions it is customary to neglect the length of the 
transition region. The point where, for mathematical purposes, the 
instantaneous transition is imagined to take place (say x == X) will 
presumably lie within the actual transition region. Suppose now 
that the actual flow is fully turbulent for x ^ L: the problem arises 
as to how X and the conditions at a; = X may be determined in 
order that calculated and observed values of the velocity and of the 
wall friction may agree for x ^ L. We assume that X is determined 
by a condition U^xlv = C, where O depends on the turbulence in the 
main flow. The equation of momentum may be writtent 


dd' tq 


(61) 


where is the wall friction and the ‘momentum thickness’ (Chap. 
IV, eqn. (37)). Tor an instantaneous transition d' is therefore con- 
tinuous at a: = X. If we take the flow as laminar on one side of a 


sudden transition, and as the completely developed turbulent flow^ 
on the other side, then if we calculate & in terms of the boundary 
layer thickness S for the laminar flow by the Karman-Pohlhausen 
approximate theory (Chap. IV, § 60) and for the turbulent flow by 
means of formulae given in Chap. VIII, § 163, we find that making 
7? continuous implies a fairly small discontinuity in 8. On the other 
hand, it implies a very large increase in Tq — a much larger increase 
than is usually observed between the beginning and the end of 
the transition region. It may be possible, then, to obtain better 
agreement with observed values, especially for the wall friction, by 
making a different ad hoc assumption at a point w^here transition 
is assumed to take place. Prandtl’s assumption,^ that for x ^ X 
the turbulent layer behaves as though it had been turbulent right 
from the leading edge, implies a considerably greater discontinuity 
in S and consequently a much smaller discontinuity in tq than making 
^ continuous; and if X is taken as the abscissa of the point where 
the flow ceases to be laminar this assumption seems to give fairly 
good agreement with experiment in the fuUy developed turbulent 
region. When some assumption is required we shall then, for flow 
along a flat plate, use Prandtl’s condition. 


t 

t 


Chap. IV, equation (38), p. 133. 

Ergehnisse der AerodgnamiscJien Versvchsanstalt zu Gottingen, 3 (1927), 1-5. 
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